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1. On Compound Denumeration.

By Major P. A. MacIVIahon, RA., Sc.D., LL.D., F.R.S.

Honorary Member Cambridge Philosophical Society.

[Received May 1, 1912. Read May 6, 1912.]

Art. 1. I propose to examine the subject of compound denumeration, otherwise the

partitions of multipartite numbers, by a direct application of the Theory of Distributions

which was developed by me in the Proceedings of the London Mathematical Society*.

It will be shewn that the actual denumeration may be made to depend upon the theory

of the symmetric functions of a single system of quantities. Such a system is

a,, a.,, ftj, ...,

and I write in the usual notation

(1 — ai.'«)(l — a,a,-)(I — a^x) ... = \ — aiX+ a.^af— a^af -\- ...

1
~

1 + hiX + k,a? + h^a? + ...'

so that the quantities a are the elementary symmetric functions and the quantities h

the homogeneous product sums of the quantities a of the system respectively. With these

functions are associated the differential operators

ds = da^ + ai9a,_^j + ar,da^_^.^ + ...,

where (d^^) denotes that the linear operator d^ is raised to the sth power in symbolic

manner so that it denotes not the performance of di, s times in succession, but rather

an operator of the order s.

I first consider the partitions of a bipartite number (pq) and note, as observed

long ago by raef, that the partitions are separable into groups which depend upon the

partitions of the unipartite numbers (p), (q) respectively. Thus the partitions of the

bipartite number (22) nine in number are separated into four groups

:

Gr (2, 2), Gr (2, 1% Gr (1^ 2), Gr (1=, 1%

(22) (21 01) (12 10) (11 11)

(20 02) (20 01 01) (10 10 02) (11 10 01)

(10 10 01 01),

* Proc. Land. Math. Soc. vol. xix. 1887, " Sjrmmetric Functions and the Theory of Distributions."

+ American Jour, of Math. vol. xi. 1888, p. 29, "Memoir on a New Theory of Symmetric Functions."

Vol. XXII. No. 1. 1



2 MAJOR MACMAHON, ON COMPOUND DENUMERATION.

where it is to be observed that supposing the partible number to be (pg) (here p = q = 2)

the p number is in partition (2) in the two first groups and in partition (1-) in the last

two; while the q number is in partition (2) in the first and third groups and in partition

(1-) in the second and fourth. In fact if the numbers p, q have P, Q partitions respec-

tively the partitions of ( pq) are separable into PQ groups for every partition of p may be

associated with every partition of q.

We will now study the enumeration of the partitions appertaining to a given group.

Consider the group
Gr{(p,"p,-'...), iq.^'q.^' ...)],

where ipi^p'- ), fe"'?:"' ••) are given partitions of jj and q.

The most extended partition of the group contains Stt + ^X P^^s, while that which

is least extended contains a number of parts equal to the greatest of the integers lir, S^-

No generality is lost by the supposition Stt ^ 1x-

In a partition of the group the biparts may be ordered so that, as regards the

partition of p, the first Stt biparts are

ipi-) ""i times (^2-) n's times, &c.,

and this will be the case for every partition of the group.

The second element of any bipart may be either zero or one of the parts g,, 70, ...

of the partition {q^^'qJ^' ...) of q. There may be also biparts of the form (0(/,), (Og.,),

—

The biparts are therefore of one of the three forms {psqt), iPs^X (Oqt), and their number

has lower and upper limits Stt and Svr + l^-

We now suppose there to be

TTi parcels of one kind

TT; „ a second kind

&c.

1x parcels of another kind differing from those above.

Altogether — tt + 'S.-^ parcels of a specification which may be denoted by the partition

(ttiTt, ... S;^) of the number —tt + '^x-

We also suppose there to he

;^i objects of one kind

;^j „ a second kind

&c.

'Ett objects of another kind ditiering from those above.

Altogether ILtt + 1x objects of a specification whicli may be denoted by the partition

(t^'.t^j ... Stt) of the number Stt + li;^.

The number of objects is ei|Vial to tlie number of parcels and we may consider the

number of ways of distributing the objects in the parcels so that each parcel contains

one oV)ject. When, as in the present case, the number of objects is equal to the number

of parcels and one object goes into each parcel the notion of the parcel is not essential

and we may consider two sets of objects of specifications

(tt, tt, . . . Sx), (x^ X'i -"^^ respectively
;
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and the problem is the enumeration of the sets of two-fold objects that can be formed

by making ^tt + Ix pairs of objects, each pair consisting of an object from each set of

objects.

This problem is precise!}- the same as that of determining the number of partitions

of the bipartite number (pq) which appertain to the group

Gr{(pi-'p/^...), (qi'^'q.^^...)}.

To explain this consider the partitions of the bipart (33) which appertain to the group

Gr{(21). (P)}.

Here •7r, = l, 7r, = l, Stt = 2, Xi = 3, Sx=3.

We consider objects specified by (113) as being the first elements of biparts ; these are

2, 1, 0, 0, 0;

or if we want to exhibit the fact that they are first elements we may write them

2*, 1*, 0*, 0*, 0*.

With these' consider objects specified by (32) as being the second elements of biparts

;

these are

1, 1, 1, 0, 0;

or as they may be written

*1, *1, *1, *0, *0.

Combining the two sets of objects in all possible ways so as to form a single set of two-

fold objects we obtain the four sets

21, 11, 01, 00, 00,

21, 10, 01, 01, 00,

20, 11, 01, 01, 00,

20, 10, 01, 01, 01,

corresponding to the four partitions

(21, 11, 01),

(21, 10, 01, 01),

(20, 11, 01, 01),

(20, 10, 01, 01, 01),

of the bipartite number (33) appertaining to the group

Gr{(21), (P)}.

It is clear that there is in every case a one-to-one correspondence between the distri-

butions as defined and the partitions under examination.

The number of the distributions was shewn {loc. cit.) to have either of the two

expressions

Dj^^ Z)^, . . . D%„ h^^ h„„ . . . Av^

.

1—2



4 MAJOR MACMAHON, ON COMPOUND DENUMERATION.

The expressions are equivalent and may be evaluated by means of theorems given {loc. cit.).

The whole number of partitions of the bipart (pq) is in consequence

the double summation being for every partition (/),"• p/» ... ) of (j)) and for every partition

(q.^'q.:^'...) of (q).

We apply the method to find the number of partitions of the bipartite (33). We have

Group
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In fact, formally and algebraically but not operationally, the double sum

may be written

llD„D^^...D.^hJi^^...h,

\^D..D^ . 1h, [^D._,hji„..

The factorized form may be regarded as a symbolical expression.

By the above method the following numbers have been calculated
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the double summation being for all partitions

(pi"' Pi'' )> C?!*^'
92^'

• • • ) °* ^^^ numbers (p) and (5);

and a similar summation gives the whole number of partitions which contain exactly

Stt+s parts. The expression for the number of partitions which contain Stt + s or fewer

parts can be given the factorized symbolic form

As an example let us consider the partitions of the bipartite (44) which appertain to

the group ;(211), (211)].

Here s may have the values 0, 1, 2, 3.

7r,= l, 77, = 2, 2x=3, Xi = l. X2=2, 5:7r = 3.

For s — 0, we have D„Dih^}ii=1, and the two partitions into o parts are

(22, 11, 11),

(21, 12, 11).

For s = 1, we have D.Di-h„h{- = 7, shewing that there are 7 partitions into 4 or fewer

parts; in addition to the 2 which have exactly 3 parts already written down we have

.5 which contain exactly 4 parts ; these are

(22, 11, 10, 01),

(21, 12, 10, 01),

(21, 11, 10, 02),

(20. 12, 11, 01),

(20, 11, 11, 02).

For s=2, we have D„'Dilu?hi=ll, and we find that in addition to the 7 forms

already written we have 4 which contain exactly 5 parts ; these are

(22 10 10 01 01),

(21 10 10 02 01),

(20 12 10 01 01),

(20 11 10 02 01).

Finally for s = S we have D,D.iDMuh^=l2, and wo have 12-11 = 1 partition which

contains exactly 6 parts ; this is

(20 10 10 02 01 01).

•To explain the general method of calculation it is to be noted that

^»''m ^ "'m—tt

and that when operating upon a product, J), acts through each of the partitions of s. Thus

BJtih^ = hi_Ji„ + hih^_.i + /i(_,/i„._,

D^hikmhn = lll-alhnl'n + I'llttn-Jln + /'i/'m/*n-3

+ lil-allm-iltn + /'j-2''m/'ii-i + /'j/'m-j/'n-i

+ /i,_,/l ,„_,/(„_,.

• Vide Proc. Land. Math. Soc. vol. %ix. 1887, pp. 127— 128, "The Algebra of Multi-linear partial differential operators."
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The calculation of DsD^A- ''s/'^^i therefore proceeds as follows:

—

= A (2hJh + fh' + 2/i,/i, +/(,' + Ih + 2/i../i, + h.,h, + A3 + luh,)

= A (2/i,' + 8/iA + 2A3) = 2 + 8 + 2=12.

Art. 3. lu the next place we examine the effect of employing the elementary func-

tions Oi, a^, Os, ... instead of the homogeneous product sums h^, A.,, Ii-j, .... The distributions

enumerated by the number

D^^D^^... A (J-x, «X: • • • «2.r - Sx + s

.

are those of objects of type (ttiTTo ... s) into parcels of type (p^^i^^j ... Stt — 2;i^ +s) one

object being placed in each parcel subject to the restriction that no two similar objects

are to be placed in similar parcels.

The corresponding partitions of the bipartite number {pq) are those which appertain

to the group {{pi'^iir- ...), {q-^^qj'' ...)], which contain exactly Stt + s parts, the zero bipart

00 not being excluded as a permissible bipart, and in which no particular part (includinof

the bipart 00) occurs more than once.

Of course the double sum

2 2 -0:7,A, ••• Aax.^te ••• «s^-5x+s.
- X

enumerates such partitions for the totality of the groups.

To see the meaning of this result consider again the partitions of the bipartite

number (44) which appertain to the group {(211), (211)j.

For s = 0, we have AAa2«i=l; since Stt = .3, this means that of all the partitions

of the group which contain exactly 3 parts, the zero part 00 being admissible, there is

but one in which there are no similarities of parts. This partition is in fact

(21 12 11).

For s = l, we have A,Z)i-a,ai-= 5 ; for a Table which expresses a products in terms of

monomial symmetric functions gives

a^a^-= ... + 5(21-)+ ...,

giving D.2Di-a^a^-= 5.

Thence we conclude that there are just 5 partitions which contain 4 parts involving

no similarities. These are

(21 12 11 00),

(22 11 10 01),

(21 12 10 01),

(21 11 10 02),

(20 12 11 01),

the set including the one previously found with the part 00 added.
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For s=2, we have Do-Djfls'ai = 5, since

a„^a, = ... + 5(2=l) + ...;

and the 5 forms indicated are found to be

(22 11 10 01 00),

(21 12 10 01 00),

(21 11 10 02 00),

(20 12 11 01 00),

(20 11 10 02 01),

the parts in each involving no similarities.

Finally for s = 3, we have D3DoD^a^a«ai=\, since

a3a,a^= ... +(321) + ..,

and the form indicated is

(20 11 10 02 01 00)

containing no similarities of parts.

We obtain information concerning the partitions of the group which contain different

parts when 00 is excluded as a part ; for denote by Qg the numbers of partitions of

the group which contain exactlj' s different parts, the zero part being excluded, we have

Q3=l, Q. + Q4 = 5, Q. + Q. = 5, Q, = l,

whence Q4 = 4 and Q3 + Qi+Qi = 6.

This number 6 which enumerates the partitions of the group which possess different

parts is either

or D^DiU^a^ + D^D^a^a^.

In general we have the relations

Q-s., = D,^D^^ ... a^,a^, ... a.„^.^.

Hence the number which enumerates those partitions of the group which have different

parts, the zero part being excluded, has two expressions; for

= D,^D,, ... a„a„ ... aj,.,^ + D.,D,,... D,a^a^^... a,„..^+,

+ Z),,i),, ... D.a^a^... as,_s^+4+ ...

where if S^ be uneven both series extend to ^(2^ + 1) terms, whilst if S^ be even

the first and .second series extend to ^Zx and ^S;;^ — 1 terms respectively.
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That these two series are equivalent may be shewn algebraically as follows.

For brevity put 'Ev — 'Ex = ai'^ "ote that

Daffl^^a^^ ... ag+3 = za.^^_i a^__ia^^ ... ag+„ + .-n^,_iffl^^_,a;^j_]a^, ... ag^,,

&c.

Directly we operate upon the relations with D^^ D„, . . . the equivalence is obvious.

Art. 4. There is no difficulty in e.xtending this theory by filling up the gap between

the elementary functions and the homogeneous product sums. For suppose k^, k^, k^, ...

be functions derived from the homogeneous product sums by deleting therefrom all terms

which involve quantities of the system (from which the symmetric functions are derived)

to a higher power than k. Then the distributions enumerated by the number

are those of objects of type (ttiTTo...*) into parcels of type (;^i;;;^., ... Stt — S;^ + s) one

object being placed in each parcel subject to the restriction that more than k similar

objects are not to be placed in similar parcels. The corresponding partitions of the

bipartite number (pq) are those which appertain to the group {{p''P2"- ), (qi''-^qo'^- ...)],

which contain exactly Stt + s parts, the zero part 00 not being e.xcluded from being an

admissible part, and in which no particular part (including the part 00) occurs more than

k times.

Art. 5. I pass on to consider the similar theory of tripartite partitions and it will

be found to shew what the theory is for multipartite partitions in general. Consider

the tripartite number (pqr) and the partitions appertaining to the group

wherein we will suppose Stt ^ 2;^ > 2p.

The partitions involve at least Stt and at most -tt + 'Ex
+

'S.p parts. Reasoning as in

the bipartite case we find that for partitions into Stt + s parts, where 0^s^'2x + -p, we

have to do with three assemblages of objects of types

(ttiTt, ... s), ixiX^---^)' {piP2---u) respectively,

where Stt + s = 2^ + <= 2p+ m.

We have to consider the number of ways of forming Stt + s triads of objects by

taking one object from each assemblage to form a triad.

This number is also the number of partitions, appertaining to the gi'oup, which

involve Stt + s or fewer parts.

This problem in 'Distributions' was solved by me in American Journal of Mathe-

matics, vol. XIV. 1892, pp. 33 et seq., " Fourth Memoir on a New Theory of Symmetric
Functions."

Vol. XXII. No. I. 2
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Let there be two systems of quantities

«!, «•>, ^3, •
A, 0„ /33, ...

and let their symmetric functions be denoted by partitions with suffixes 1 and 2 respec-

tively. Then write

^. = (1),

A = (3),+(21X + (P)i

£i = (l).4,

B, = {B),A, + (2l).A,A, + iV),A,'

where it will be noted that A^, A., A^, ... are the successive homogeneous product sums of

the quantities o, , a„, ot,, ...*.

We now form the product

and eliminate the quantities A,, A.,, A,, ... so as to express it as a linear function of

terms each of which is a product of two symmetric functions denoted by partitions with

suffixes 1 and 2 respectively.

One of these terms will be

where M is an integer which is equal to the number of distributions in question.

We have therefore to find the coefficient of

(XiXs--. t\{p,p....u%,

in the development of the product

B„^B„,...B,.

Let Z),'", A"'. A™ ...; A'-'. A'-', A'", ..., be obliterating operators associated with

symmetric functions of the quantities a,, a«, a^, ...; yS,, A, ^3,... respectively. Then the

operators D"', Z)'^', act upon functions which are denoted by partitions in brackets ( ),, ( )j,

respectively.

From the well-known properties of these operators we know that

A."' A."' ••• A"' . A/'' -0.;=' - ^u'^' • S",K B, = M.

The reader will have no difficulty in establishing that

A"M„ = J,„^,

A'^' B„ = A.B„_,.

* These quantities were denoted by A,, li.,, //j, ... in Art. 2.
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relations which much facilitate tlie calculation of the number M. To take a simple example,

consider the partitions of the tripartite number (333) which appertain to the group

K2JL.), (21), (2i)).

Here 7ri= 1, 7r„= 1, %, = 1, Xn = 1, /jj = 1, p, = 1,

t=ii = s,

and s may have the values 0, 1, 2, 3, 4, for

s = 0, (A"')'(A"')'-'^i' = 4,

s = l, (A"')'(A'-0'5/ = 36,

s = 2, (Dmy (i)„w) (AM)2 (D„J-^) B,'B, = 74,

s = 3, (A"')= (A"')(A'-^0' (A'^O A=53 = 86.

s= 4, (A'")MA"0(A'-^')% {D,^')B,^B, = 87
;

shewing that the number of partitions of the group which contain

exactly 2 parts is 4,

„ 3 „ 32,

„ 4 „ 38,

5 „ 12,

„ 6 „ 1;

and of course the total number of the partitions of the group is 87.

To explain the above calculations the reader is reminded that -Dg"' and A'-' operate

through the whole of the partitions of s upon a B product. Thus for example

A<^' B.B^B^ = (Ds'^' B,) BtB„ + B, (
A'^' 5,) 5„ + B,Bt (

A'=' A.)

+ (Z)^'^' A) (^.'=' A) A, + (A'-^' A) A (^i'^' A) + A (
A'=' i?.) (^i'^'A)

+ (7)/^i A) (
A'^'' A) A + (!»,•=' A) A (A''^*A) +A (A'^' A) (A<='A)

+ (A'^'A)(A'='A)(A'-^'A)

= -4 3 (A-a^eA; + A A-3A + AAAf-s)
+ -4,^1 (A-2A-1A+ A-sA^K-i + BsBt-.Bu-i

+ A_iA-2A( + Bs_iBiB„-2 + BsBf-iBu-i)

+ 4i=A-iA-iA-i,

where the partitions of 3 being (3), (21), (1^) the first line, the next two lines, and the

fourth line are given by the three partitions respectively. The result

(A»')=(A"').(A'=')HA'=').A-^5.= 87,

is obtained as follows :

—

(A'^O^ (A<=') . A=A = (A«') (A''^') (2^1AA + ^iA=A)
= 4iA'-' (2^iA + 2^iAA + 24iAA + ^lA'A)
= ^r (2^4+ 441^3 + ^r^.);

therefore (A"0= (A"') • (A'"')' (A'-') • A"

A

= (A") (A'") {4>A,A, + '2ArA, + UA'^A, + 'iAi>A, + 4A^A, + A,")

= (A'") (A"') {'iA.A, + 14A,'A, + 8A,'A, + A,')

= (A"') (4^4 + 4^i^3 + 284,^3 + 14 AM'2+^4<AM2 + 8A,' + 5A,')

= (A"') (4^4 + 32^,^3 + S8A,^A, + ISA,*)

= 4 + 32 + 38 + 13 = 87.

2—2
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We have found that the Dumber of partitions of the group which have Stt + s or fewer

parts is equal to the coefiScient of

in the development of the product

B„,B„^ ... Bg.

By a well known theorem of symmetry we may in this theorem interchange in any

manner the partitions

(tti ttj . . . s), (x, X,--- 0> (Pi P-2--- ")•

We may therefore carry out the calculation in 3 ! different ways ; a circumstance

that is convenient for the purpose of verification.

The total number of partitions of the tripartite (pqr) is

£ S S D,.<" i),,'" ... A"' . -D,/^' D,^^^ ... i)„'^'' . 5., B„^ ... B„
X P "

the summation being for the whole of the partitions of p, q and r.

Art. 6. We have also the theory of the partitions of the group which are composed

of different parts; it is merely necessary in the above to substitute for the homogeneous

product sums ^i, A„, A,, ... the elementary functions Oj, ao, a,, ....

Thus in the above particular case

(A'")' -(A'")'- B,'

= (A"')^(2rtr) = A"'.4«. = 4,

(Di^»y.(B,'->y.Bi>

= (A"')' • (6ai') = (A'")' • ISoi' = 36,

(A^O'CA"') • (A''')" (A'") • A'

A

= (A"')" (A"') • (5ai* + 2ai=cij) = (A"')' (34aa- + 2a,) = 70,

(A^OHA*") . (A'^')' (A'^O A'A
= (A"')'(A"') . («i° + 4a,'(/,, + 2«,=(0 = (A"*)- (•22«r + 6«,) = 50,

(A"')'(A"')-(A''')'(A'") . A'A
= (A'")' (A"') (ai'ch + ich'us + 2(i,-a,)= (A"')' (M' + oa,,) = 13.

For a given number of parts we take all the corresponding partitions of the group

zero parts 000 being admissible as parts: then the numbers found indicate the number

of partitions which have no repeated parts.

Thus of 2 parts there are 4 partitions in which no part is repeated

3 „ 36 „ „

4 ,, 70

5 „ 50 „ „

6 „ 13
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Moreover if Q^ denote the number of partitions of the groups which contain exactly s

different parts, zero parts excluded,

Q^+Q, = S6,

Q, + Q,= 70,

Q4 + Q5=50,

$5 + ^6= 13;

whence Q, = i, Q, = 32, Q, = 38, Q^ = 12, Q, = 1.

Comparing these numbers with those found in Art. 6 we see that there are in fact

no partitions, of the group, which involve repeated parts.

Art. 7. The theorj' in respect of multipartite numbers in general is now clear. We
take the multipartite number (pqrs...) and the partitions appertaining to the group

{(p,-' j3/« . .
. ), (q,^' q.^^ ...), ( r/i r./^ . .

. ), (s,'"' sf' ...)...}.

We continue the series of relations

A, = (l\ B, = {l),A, C, = {1%B, ilf, = (!)„_, A
&c.

A,= (2\ + {V\ B, = {2),A, + (1%A^ C, = C2),B,+ {r-\B,' "" if, = (2)„_,i, + (l%_.4=

&c. &c. &c.

where if the multipartite number be «,-partite, L, M are the ?i — 2th and ?i — 1th letters

of the alphabet. We have then to find the coefficient of

in the development of M„^M^^... Mt^. We have the .sought number equal to

and observe that Ds™ . C,„ = i?sC,„_s,

n (4) /I —CT)m—s 1

relations which enable the regular and progressive calculations of the sought number.

In all cases the theory of the partitions into dissimilar parts is reached by substituting

the elementary functions a^, a.,, ch, ... for the homogeneous product sums A^, An, A,,

The totality of the partitions into Stt + 1^ or fewer parts is given by the expression

2 S 2 ... Z),,'" 2)„<" ... A,"' . Dp,«' D,/^ ... As'^' ^./'' DJ^' ... I),f> 3I^JhJh^... il/,,,

the summation being in regard to all the partitions

ipi^'P;,'"' ), (g/'?./"...), (r^f'n^f ...), (si'is/'...), ...

of the numbers p, q, r, s, ... respectively.
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II. A class of mtegral functions defined by Taylor's series.

By G. N. Watson, M.A.

[Received ^e^t. 20, 1912. Read Nov. 11, 1912.]

1. It is sometimes possible to determine the complete asymptotic e.xpansion of aa

integral function by making use of asymptotic expansions of more simple integral functions.

An instance is afforded by the deduction* of the complete asymptotic expansion of the function

[where x^il) '•'' analytic-)- in the vicinity of _y= cc ] from the asymptotic expansions of functions

of the type

In this memoir, I propose to obtain the asymptotic expansion of a class of integral

functions of a more general nature than the function Fp(x; ^) defined above. Jam inclined

to think that the integral functions which will be considered are the most general integral

functions which possess the two properties (i) that the coefficient of the ?ith term in the

Taylor's series which defines the function is a simple function of n, and (ii) that the asymptotic

expansions of the functions involve only powers and exponentials of the variable.

2. Let /(«) be a function defined by Taylor's series

f {x) = Co + CiX + c^oc- + ... , (1),

and let it be possible to define a function
(f>

(s), which is analytic in certain regions (to be

specified presently) of the plane of the complex variable s, such that when s is equal to

any positive integer 7i,

e!'"-(f)(n)

r(a»i+l)~'^'"

where <^ (;i). exp }j8'log?i} —»a finite limit as it, —*qo; in order that f(x) may be an integral

function we must take

R{a)>0;

* Barnes, Phil. Trails. Roy. Soc, vol. ccvi. a. (1906), x (j/) possesses an asymptotic expansion of the form

pp. 273-278. x(y)=f>o+i'iy-^+hy'-+—
t There is a large class of functions Fp (x ; d) which are when y is large and real ; to such functions Barnes' results

such that X (!/) is not analytic for large values of y, although do not apply.

Vol. XXII. No. II. 3
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apart from this restriction, a, /3', g are any constants, real or complex ; it is convenient to

determine o so that arg a <\it.

The hypotheses* which we shall now make concerning the function ^ (s) are as follows

:

(i) That a number, A,, exists such that <^(s) is analytic on the right of the line

(ii) That numbers 7' and X exist such that 7' > 0, < X < ^tt and such that when

I
s

; > 7', arg (s/a) ^X + ^tt, then <^ (s/a). exp (/3'log s) possesses an asymptotic expansiont in

negative powers of s, the grade^ and outer grade^ of the expansion being equal to 1 ; that is

to say, that when s ^7', arg (s/a)
j
^ X + ^ tt, then (pis'a) can be expanded into a series

^ («/«)= exp (- /3' log .). [ao" + ?^' + ^' + ...+ ^' + i?„] ,

where a„" <^,.p".H', R„s'^'^' < ^j. o-," . n!, it being supposed that .4i, A„, p and cr,

are independent of n.

When ^ (s) is subject to these conditions, I have shewn§ that
<f>

(s/a) can be expanded into

either of the two following series of inverse factorials:

(i)
<l>

(s/a) =

(ii)
<f>

(s/a) =
1

(,s + e)3

+

«0 +
a, Oo

iVs + l"*"(i/s+l)(i/s + 2)

(Ah + 1) (Ms + 2) (Ms + 3)
+ .. (Sa),

+
{M (s-^) + V, [M{s-fi)+l\{M(s- n) + 2

+ .. (2i).
{M(s-,j.)+l]{M(s-,j,) + 2\{M(s-fi) + 3}

In these expansions, is any complex
||
number such that -R(@)>y'; the expansions

are valid and the series on the right converge when R(s + @)>0; /i= — ii(fe)) and /8 is a

number*^ such that R(0)<O; and if B be the integer such that 0> R(0 + B)'^ -1, then

the coefficients in the expansions satisfy the inequalities

\ at\ <H.T(k).k-^ [log (k+l)]'^ (2c),

[ai\<H.r(k).{\og(k+l)]" (id),

when k^l and H is some number independent of A-; M is any number less than M^ where M^

is a positive number depending on p and X.

In this memoir, I propose to investigate the asymptotic expansion of f(x), defined by the

series (1), for large values of a; when the conditions stated above are satisfied by c^ (s/a), so that

* These conditions are satislied if be a member of a

very large class of functions which can easily be constructed.

Some examples are given below in § 15.

t A comparison of equation (S) below with Part v. of

Barnes' memoir (Joe. cit.) shews that, in the special case

when the expansion for </> («/a) is not asymptotic but con-

vergent, the asymptotic expansion of the function/(.r) can

easily be obtained by Uarnes' methods.

t These terms are introduced in a memoir by the writer

"A theory of asymptotic series," Phil. Trans. Hoy. Soc
vol. ccxi. .K. (1911), pp. 279—313.

§ See J!eiidiconti del Circolo ilatematico di PaUmu},

t. XXXIV. pp. 65—84.

1 6 must not be purely real.

1; If R (f)') .. we take /3=jS' ; if i? (jS^ > we choose /3

so that /J' - /S is a positive integer.
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the expansions (2o) and (2b) are valid when R(s +@) >0; these two expansions will be utilised

in obtaining the asymptotic expansion in question.

When
j

a — 1
I

> 1, it will be shewn that the asymptotic expansion of f{ic) ca.n be obtained

for all values of arg a:

When ja— 1|$I, the asymptotic expansion of /(a;) can be obtained for a certain range

of values of arg x ; in the part of the plane not included in this range the asymptotic expansion

o{f(x) depends on the behaviour oi'/(s) on the left of the line i2 (««) = /*,.

The analysis to be employed is so much simpler when we may take il/= 1 than when it is

necessary to take il/< 1, that we investigate the case M = 1 separately in Parts I and II of the

paper ; the case when M < I is investigated in Parts III and IV.

The symbols* K, and o will be employed throughout to mean 'a definite constant,' 'of the order of,'

and 'of order less than,' respectively; thxis f{.v)= [g (.c)) means that Lt sup{[f{.v)\-i-(ji{x)] is finite; while

/(.r) = o(g' (:!•)) means that Lt sup {\f{x)\-i-g {.%•)} =0.

In Parts I and III of the paper, K will be supposed to be independent of the variables .v and y and

also of a variable integer I:

Part I. Preliminary asymptotic formulae.

.3. Let us define the integral function + Ei, [x) by the series,

^W=J„ir(4i^ (3),

where k is a (large) integer ; we shall obtain asymptotic expressions for Ej^ (x) for all values of ./;.

(i) Let |.<i$l ; then

I
^* (•»)

I

=
fT?^ 1 ) I

{i

+

fIt + (kT\)-{h-^) + • • •)
I

•^ r(i+r) x^kVi + {k+\f'^
•••)

2

Thus, when \x\<\ and l-^\,
r(^+])

wlien / > 1.

l^(")l<r(FM) (=^«)-

(ii) Let |.r|^l,
|
arg.t;

|
^in- — 8 where 8>0 ; then by multiplication of series

along a contour which may be taken parallel to the imaginary axisj passing through the point s=-l;
where I is some fixed integer, and I: is taken to be such that k^l+ l.

On the contour
1

^(s+/-)-i
|

^?+l and j \r{-s)x-'ds\<2TrK where A' depends on I and S only when
\x\>l.

Thus, when
|

.''
|
> 1 , |

arg j:\^h-n- -S, k^l+l

l^(-)l<r(i^)ISl (^*)-

* The use of the symbols 7v' and is explained by t Some properties of this function have been given by

Hardy, "Orders of Infinity" {Gamb. Math. Tracts, No. 12)

;

Hardy {Pioc. Land. Math. Soc. ser. 2, vol. il. pp. 404—405).
the symbol was introduced by Landau {Primzahhii, J See Barnes' memoir (he. cit.). Part i.

Bd I. p. 61).

3—2
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To discuss the function £t{x) for other values of x, we need the following Lemma*:

Lemma. If 1 >Mi^!(-j^...^O, and if «„ denote the sum of ;j + 1 terms of the series H-Wje'"" + !/oe-""+ ...

u being a real angle, then
|s„l^lcosec(i<a)l.

[For (1-O S,= l + («,- l)e""+(«-.-«i)e''"+ ... + («„-«»-,)e'»"-«„ «<"+'"",

so that |(l-e''")S„|«l + (l-Ml) + («I-«2) + ...+(M„-l-M„) + «„

ie. |5n|<lcosec(4«)l.]

(iii) Let x=re'" where r:^L; S^a^iw-S and 0<8<i7r.

Then
^*(-)-r(;rn)[^+/Ti-'"+ (,^ir(,^.,)

-""+••]

Applying the lemma, we get

„ , ^ cosec hS ,„ ,

^^'^)'<f(;t+!)
(3c).

(iv^ Let j;= ce'" where r'^i, S^w^'tt-S ind 0<8<i7r.

..<.,,4=-^,[..t=-.,--,tiHtl).-..,...].

Applying the lemma, we get .

„ , , e'l cosec i8 ,„ ,,

^^^''>-^\<i^rm
('''^-

The results (3a). ..(3</) are those which will be required concerning Ei{x).

4. Let us now consider the behaviour of the integral function

where \x\ is large, k is a (large) integer, O<R{0)i^l and R{0)<O; for convenience we

take
I

a;
!
^ 2.

As in the portiou of Barnes' memoirf which deals with the function Gg (x, 6) we may

shew that

the integral being taken along a contour starting from the point a, encircling the origin

in a positive direction and returning to the point .r. This contour is marked with double

arrows in Fig. 1. The many-valued functions are specified by taking

arg (1 - y/x) = 0, arg {- log (1 - y/x)] = 0,

when y lies on xO before the circuit of the origin has been made.

Now let us deform the contour into that marked by single arrows in Fig. 1 ; the four

parallel lines make a non-zero angle with the line Ox, and they make an angle less than

^tr with the real axis; the circle surrounding is the circle \y^ = l; the lines PQ are

* Cp. Bromwioh, Theory of Infinite Series, § 20. by term, of the series

t We have « iP-> e-(*+^)'x''

_i -. =
' -"" ni - ">

[ ,3 . .-(».»). rf.
"=» r (»T*+^

•

(n + 9)P 'in I round this coDtonr by Bromwioh, Theory of Infinite Series,

round a contour starting from + x , cncirolinR the origin «) 170 a, and then put 1 - yjx = e-'; the function Gg (,r, 9)

and returning to +od ; we may juatiiy the integration term Is dealt with in Part iii. of the memoir already quoted.
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parallel to the imaginary axis and at a distance from it eqtKil to x
\

{I + k eKp\x\];

so that the lengths aP and OQ lie between ^• exp
[

a;
|

and \x\ [2 + i exp
|
a; |} sec |7r; i.e. if

k^l, .rP and OQ are less than 6k'a;\ex^ x . We note that on the loop from Q round the

origin, when \y\'^2\x\, R{x-y)^0, since OQ is inclined at an angle less than ^tt to the

real axis.

Fit,'. 1.

We may now write the formula for G^ (x: 0, k) in the form

G,(x;e,k) =
e—'^r(l-0)

L log 1- y

-«-mi/,J-'»8('-|)
' '

' '»«(-3r(-')'

3-1 / ii\9-l

S-1 / I/,*-!

(l-f) E,{x-y)dy

l^l-yJ~'EU^-y)dy

E,(-v)dv (4),

where C denotes the contour starting from Q, encircling the origin, and returning to Q;

in the second and third integi-als the many-valued functions are specified by the values

which they had at P in the original loop integral before the circuit of the origin was

made ; since we have written y = rj + x, OP' is a line equal and parallel to xP.

We write this formula for G^ {x; 6, k) in the form

Gp{x;d,k)=I,+I, + I, (4a),

and we proceed to find inequalities satisfied by /jj, 'Z,!. I-Tsl-

Let us first consider I,; on PQ we have the following inequalities satisfied:

loff (- X \ (^-3i>^'
arg

[
log 1- y <K, ars

('-S
<K-

also i? (a- — y) < 0, so that by (3a), (3c) and {M) we have \Ek{x — y)<K^T{k+l); and

it is easy to see that the length PQ is less than 2|a;j.
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Consequently

Hence
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1

i^^!<>ro3)L^^'l^^^- + i)!-"^'^l-
>'r(/3) jpQ

L.<
K

.(5 a).
r(A: + l)

We next cousider the integral I/, it is easj' to shew, by (3c) and {^id), that on the

path of integration

K
1 (k).{/c+\r]\]

Putting r) = — 7-a;e"" on the path of integration (r being real and positive), we see that

1 fr, , . .«_., ,. ...» ., K\a!\

I
\{-\ogr-io)Y-^\.'{re'"y

where p is some number less than 6^'exp|a;|.

Since
j

(— log /• — ro))
|
> | {| log?"| + w jj, it is easy to see that

dr,

\h\<
K f" r-K(»)-irf>-

ra-)./„
I

logr| + >tji-B(^){^ + rta;i}-

We now divide the path of integration into three parts, viz.

(i) from r = to r = k\, where ki = k^,

(ii) from ; = k\ to ?• = /„•,

(iii) from r = k to r = p.

There are two cases to be considered, the first when 0<ii(6^)<l, the second when

i2(^)= 1 ; in both cases we observe that:

on (i), ||logr| + ]w|)«(^)-i<A',

on (ii), {|logr| + io)|}«(^)-i< /TflogJfc.j^W-",

on (iii), {|logr|+ j<u||«W-^</^{log^•j«W-'.

111 the first case, we see that

1 (A.) L^(i)^ + ' 1*1 J(n)k+r\x\ ' " '

.'(iii) A; + r|a;i

K
<r(^)

K
^ r (k)

So that

j i-' »«(»)-• (^r+ji log Jt}«W -if /.-';•««')-• r/r + {log A;|*<'')-'r
-•'(') .'(ii) J It

i.}«(»)-i + /,.«(»)-ijlogi.j«o)-i^|^j-i/^./n«)-i jiogjNj/jo)-

+ r\x\



DEFINED BY TAYLOR'S SERIES. 21

In the second case, when R(0)= 1, we have to treat the integral along the path (iii) in a
slightly different manner ; we have

f
,-«(«)-i II' dr 1 , k + p\x\ 1 ,

(iii) K + r
I

,/
i J ,. h- + r\ x\ \x

and hence (56) is still true even when R{6)=\

Fis. 2.

We next have to estimate the value of the integral

/c{-^^^g
1- y 1-|)" E,{x-y).dy.

We divide the path of integration into two portions, the first portion being such that

on it J2/|^2|a;j, the second being such that on it |3/|^2|a;|: we call the integrals along

these portions /,' and /," respectively.

On the portion for which
| y j

^ 2
|
a;

|

, we notice that

|^log(l-|)j>i^, |a,^^+arg{-log(l-9}<ir,

so that

ai

-1

i^'\<^\\^T\^--y^'^'"-y^-'^i'

ywhile we remember that
| y |

^ 1, and ( 1 — -
J

< A', since R (6) $ 1.

IT r

It follows that
I

-fi'
I
< \—a=ri \Ei^{''-y)-'^y\-

\x \J

Now all the asymptotic expressions for E^ {x — y) are comprised in the single formula :

\E,{x-y)\<K\ — gx-y

+
K

\{x-yf r(A; + l)i"r(^-+l)'

and on the portion of the contour under consideration \x — y\ >K\x\.

Hence
'

^-'
'

<
,

.a-,
j

. r (il- + 1) /
^^^

'^

'

'^•"' ^^"' +l!-l^2/l-

Also, on the contour, \e~y\<K, while the length of the contour is less than K\x\

Therefore, finally,

I /,'
i < ,

AT e^i K

Lastly we have to estimate the value of

.(5 c)

''=/ los 1 - 'l-|) ' Ek{x-y)dy,



22 Me WATSON, ON A CLASS OF INTEGRAL FUNCTIONS

the integration being along those portions of C for which \y'['^2\x''-, on these portions of C,

R(x-i/)^0, so that by (3c) and (3rf)

Putting l — i/Lv = re'" (r real) we di\-ide the path of integration into three portions*,

viz. (i) from the point where y = 2\x to the point where \1 —y/x\ = k-; (ii) from this point

to the point where
j
1 — y/x

,

= k ;
(iii) from this last point to the point where y — OQ ; noticing

that \dy \<K\x\.dr, we may provei", in precisely the same way as we proved (5 b), that

'

^

^ rW+ihi^^gW^' ^ ''

[From Fig. 1 we observe that each of the three portions above lias to be taken twice,

but that fact does not alter the form of this result.]

Collecting the results numbered (5) we see that, if i be a tixed integer, k^l + l, x > 2,

and 0<R(e)^l, then

'

^^ ^-^'^ ^' ''^ ^ x^^^-\ . i\k+i) + r(k+ 1)
+ r(^ + 1) . ;iog if

-J«(?) ^^^'

where K is independent of k and ir.

We wish to extend this result, so as to cover a greater range of values of 0.

First, \et0 = N+<f}, where iV is a positive integer and < I{{<j))^l.

Then G,(..; 0,k)= ^. G, (', t>^f^-^ -"^^nn + k+l -N^.^n- N -,0f
"

We easily deduce from (6) that, when N<R(d)^A^+l and k^N + l+1,

I
f'o (^' ^' ^•) I < ^^.v+,+,-i|.r(i-+i) + —rik+1) + r(^ + i).tiogIp^

<^''>-

Similarly, when - N < R {0) i^— N + 1, N being a positive integer and k^ —N + l + l,

r(A;+ 1)
"^ ;a;'+^-A'-i

,

r(iV + A.-+ I)
^ r(/.+ .V + I) r(/u- + 1) . (log/i;)!-*'^'

(66).

It is convenient to quote the complete <\symptotic expansion of Gp{x;0,k) when \x\

is large and k i.s fixed; we have

G, (.'
; 0, k) = ^ G^ (.r; 0-k)- s' p, ^.w' i ^ p^b '

consequently^, if [log (1 -y)]^-' (1 -^)«-*-> h(- i/)»-> I,d„{-y)",

where largx^Tr, arg(-a)i$7r and JV is any assigned integer.

• Some of these portions will be incomplete or niisHing t The work is not worth setting out in full.

when k is not large. * Barnes' memoir, U>c. cit. Part iii.
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These form the set of asymptotic formulae whicli will be sufficient for our purposes

at present.

Part II. Tlie asymptotic expansion of f{x) when M=l.

5. We are now in a position to attack the asymptotic expan.sion of /"(*') as defined

in I 2. When a ^ 1, it is necessary to employ a preliminary transformation which is sug-

gested by the work in that part of Barnes' memoir on integral functions whicli deals with the

generalised function of Mittag-Leffler

:

i7.(.<-;^,/S)= i
a;"

The transformation is derived by considering the contour integral

i,=-±.f -4^i<^-''>M.^^^^«;;;..^^,
(7),

27n j 2> sin (oTTs) . sm (tts) 1 (as+1) ^
''

the contour of integration is parallel to* the line R(as) = hi, and on the right of this line; let

h and j be the integers such that the points s =j, s = hia, s = — B/a lie on the left of D while

the points s=j+l, s = (A + l)/a lie on the right of D; also let q be an odd positive integer

(= 2p + 1 ) ; we defer, for the moment, the choice of the numbers q and p.

The integral I^ converges if

j

(sin 7 log
j 2 1

— cos 7 arg z]\<^7rA + tt cos 7 — tt
j
(5 cos 7 - .4 ) |

(7 a),

whei-e z = e!'x, a=Ae^y,

the numbers A and 7 being real and
1 7 1 < .ttt.

[We notice that h + l> - R (@) so that h + I - /x > 0.]

Now if (7 a) is satisfied we may shew that /j is 0( ,</-) where L is the value o{ R{as)/R(a)

on the contour B. Further, we may shew, by Cauchy's theorem, that li is equal to minus the

sum of the residues of the integrand at those poles which lie on the right of D.

We thus get

1= S ^("I«i" ,,,«_ ? siD(7r.yH/a) <f>(»/«) ,„

' «=7+i ^ («» + 1)
' u=Tn »i" (7r«/a) r {n + 1) ^ ^ '

Remembering that g = 2/j + 1, we get

^ FSTn-" = ^+ ^ ^ exp(2...Va).j^(-^)- (8).

We are thus led to consider the behaviour of the integral function

-«=.i,^-if^ «•

where y = (xe^y'" exp (iTrit/a).

But, for the values of n involved in this summation, we may expand <^(«/o) into a conver-

gent series of inverse factorials (by the result of § 2), so that

1

•/-W") -(« + ©).
''^
+ 7-ri "^

(« + i)T'i + 2)

+

• We take the contour to lie on the right ut the line 22 (as) = 7'; 7' being defined as iu § 2.
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(On comparing both sides of this equation as n —> x ,
we see that the fii-st /3' — /3 of the

coeflBcients a^, «i, •• vanish.)

From this expansion, we may shew that F(y) can be expressed as the sum of a series of

functions of the type G^ {y ; 6, k) ; for we have

where

F{y)= S S

h. n

amy" h.ny"

„=A+i (w + ey r(»i + m+ 1) " ,,.7+1 {n+®fr{n + \y

(« + l)(« + 2)...(«+A-+l) (h + 1)(m + 2)...(h + /;- + 2)

Also, since p '^ h + I,

\h.n <(/* + !)!
ttt+i

I
: «i+.

+ ...
(h + k + 2)\ {k+k + S}\

and, since
| a^+i I

< Kk ! ki^ (log (A" + 2)}-^, we easily find that, qua function of /« and n.

= log {k + 2)^

—* 0, as k —> X since h + 1 — fi > 0.

Further, if 6,4, be the greatest value of
1 6*,,, i

for n'^li + 1, we have

S ^M.y" Lt, 5 'ill

„=7+i(w + 0)^r(« + l)P '*' „=T+i|(7i + 0)S|.n!-

Since ii(?i + 0)>O throughout the summation, S ,— vt;«- , is finite for any

assigned value of y. And consequently

i'(i/)= :£ a,„y"+'G^{y; & + h + I, m + h + i) + J,,

where |Jt|$6,t, 2 \y\
• 0, as /• —» X when y is assigned.

That is to say, for every finite value of y,

F{y)= i a,„y''+'G^(y; @ +h + 1, m + I, + 1).

6. We shall now shew that when
\

a,vgy\ < ^tt, F(y) possesses the asymptotic expansion

^•w=,. .(10)

where iS„ = S p-
"m • mCm • m^n—in

; the coefficients ,„c„ are given by the expansion

[log (1 - a;)]"- (1 - .r)^-"- = (- .t/-' i ,„c„ (- .r)»,

n=U
.uiil ^ = H + /* + I while v is any fixed integer.
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We shall also shetu that when
\

arg (- y) , $ | tt, F{y) is 0( y f) where \ is determinate.

We have

F{ij)= i a,„y'-> (?p ((/;© + /( + 1, »i + /( + 1) + i «,„y''+' G^iu; H + h+\,m + h + \ ).

in = n m=v+\

On substituting the result (Oc) into the first series in this equation, we get at once when

[ arg y .^TT and arg (— y) ^ it,

«=o y
+ 0( ,!/'')+ 0((/-e [log (-3/)}^-

)

+ S a„y'-'(?^(^; 0-f A+1, M+/i + I).

Making use of the formulae (6) and (6a) we find, on remembering that i?(6 + /f + 1) > 0,

that

I

S a,„/-*-i(T^(^; © + /( + !, »i + /( + !)
m=v-T\

K I
6"/+'

I

=

y I
w= v+i

a,rt(m + A + 1)

+ K\f^

r{m + h + 2)

>»=r+i
I

r («i + /i + 2) [log {m + h + l)}i--«i^)

where iV is the integer such that N < R{€> + h + l)< X + 1, and I is any fixed positive integer,

I and V being so chosen that i' > ^V + 1.

Remembering that, for the values of Hi under consideration, «„, qua function of m, is such

that a,„ = (F (m) {log (??i + 1)}^ m^), we see without difficulty that

and-

a,a{m + h+i y''' ^ / {log m}^\

^=0(- .).r (,/;i -th + 'I) [log {m + A + l)J'->'<3i " \,yt {log nij'-Ri^i-

Now /( + !-.V-;a>0 since R{% + h + l)>N, and i2(/3)+S<0; and hence the series

V iM^
„ = 2 «iA-:;--V-,t

'

^ —n
,. B,., R are absolutelv convergent.

„=2 wHlogmj'--'''^'--^
^ °

Hence it is evident that

K 1
pyiA+^

!

Consequently, when |arg^':$7r,

^ Sn.T (l-l3)e^

r
+ o{\y-'')+0{\y^l^*"-i-^) + 0{yr),

where \ is the greatest of the numbers A + 1, I — R (@), 2 — R {/B) + h.

This result may be written in the form :

^(y) ^
^ vN+t-h-i s„.ra B)

f L "=o y
+ o{ yl'^'-i-^') + 0(,^,U

» [^=-/;(e)].

4—2
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and V may be chosen in such a way that N + I - li — I is any fixed positive integer ; for v is any

fixed integer and I is subject only to the condition that v > K + 1.

Writing v in place ofN + I — h - 1, we see that this result may be written in the form :

y L"=t' y
when

I

arg y\^-n:

This is, effectively, the result stated at the beginning of this section.

7. If we substitute the asymptotic formula of § 6 for F{ii) in the equation (S) we see that

if one or more of the numbers

I

arg 2'" + arg {exp (27rt>/a)}
|

{fi = -ii,\ -p,'l -p, ..., +p)

is less than ^tt, and if none are greater than fir, the asymptotic expansion of /(x) is given by

the formula
exp(a;i/«e^/»+2"W«) [^ ^„.r

(
l-/3)

•(11),

where v is any fixed positive integer.

8. In order to appreciate clearly the range of validity of the asymptotic expansion (II),

we have to consider the inequality (7 a), viz.

I

(sin 7 log \z[ — cos y arg z]
j
< ^ttA + it cos 7 — tt |(g cos y — A)

,

in some detail.

(A) In the first instance let us suppose that

A <2 cos 7

;

this inequality may al.so be written
|

o — 1
|

< 1.

When z lies in the portion of the plane* defined by the inequalities

— hirA < sin 7 log |2| —cos 7 arg z < ^irA (12),

then it is easy to see that R{x"e'"'')>0 and the inequality (7o) is satisfied if 5=1.

In other words, if
j

a — 1
j
< 1 and 1 sin 7 log \z\ — cos 7 arg z

;
< hvA, then f{.v) possesses

the asymptotic expansion

/W ^/«g,,^,. |_i ^„,.g^,„ ^o{\x Dj- (I.i).

(B) If, however, w does not lie in the region of the plane which we have been consider-

ing in (A), we may choose arg (— z) so that

-(tt cos 7 -^-77.4) < sin 7 log ' 2\- cos 7 arg (-^) <7rcos7— Att^ (I-*)-

And, when z is such that (14) is satisfied, we may shew thai

'^ ' „r„r(a« + l)-27rti„sin(7r«)r(as+l)'**
^^^^'

If the subject of integration be a uniform function of s and if it tends to zero as >s' —» »
when -Ih^ R{cui) $/i, for every fi.xed value of lit, a knowledge of tlip poles of cj){s) on the left

* That ia to say, x is ooafiaed to a region of the plane between two equiangular spirals.
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of the Hue 7J(as) = /(, will yield the asymptotic expansion of /(a;) in the usual manner; fur

we have

4 <^(»)e^a;» 1 [ -jr . <f>
(s) {- zf ds ^ . „ . ., . ir .

<f,
(s) (- zY

t{x)- Z ^ -— = —-.
I

-. / /J^ ; J- + the sum of the residues of -. , ~^vvs^ ,

,

n=or(aM+I) 271-8 J£ sin (tts) r (as + 1) sin (tts) P (as 4- 1

)

at those poles which lie between D and E; E being a contour parallel to D and on the left of it.

If on E, E{as)/R(a) = — h.^, the integral along A' is 0{\z'~''^). If, however, h., could not

exceed some definite value, we should not get a complete asymptotic expansion, but we should

obtain an asymptotic formula containing a definite number of terms, valid over the region

specified by (14).

In the immediate vicinity of the curves

sin 7 log \z\— cos y arg z = ± ^irA,

the only result concerning /(^) which we can obtain is an equation of the form

/(a;) = O(:*-,-0.

where Xi is determinate; this follows without difficulty from (10).

(C) Let A =2 cos 7, i.e. 1 a - 1 !

= 1. (.-14= 0.)

By taking 5 = 1, we get the expansion (13) as before, valid over the region

— TT cos 7 < sin 7 log
i

2
!

— cos 7 arg z < tt cos 7.

That is to say, we have obtained the asymptotic expansion of /(«) over the whole plane

with the exception of the neighbourhood of the .spiral

arg z — tan 7 log ' z = ± tt.

Near this spiral, we only know that /'(;') = 0(a'^') ; and we get no more information

by taking 5 = 3, 5,

(D) Lastly let ^ > 2 cos 7, i.e. a - 1 1 > 1.

Let us choose q to be such an odd integer that

A — cos y ^q cos y < A + cos 7 (16).

Whatever be the position of *• in the plane, we can always choose arg z so that the

inequalities

— ^ttA < sin 7 log \z
[

—cos 7 arg z < ^irA (16 a)

are satisfied ; so that with this determination of arg z and arg x we have

R («!/» eS") > 0, 1 arg (x"» e^'") < ^tt ;

and then (J a) is satisfied since cos 7 — i (5 cos 7 — J.)
j
^ 0.

Further, we have to ensure that the arguments of all the expressions x^''e^''e^''^''^ lie

between + |7r. But this is certainly the case, for

I

arg (a;i/»e»/ae2'ri:w«)
;
< Itt + arg (e^wp/.-)

< i TT + irpA-' cos 7 < Itt {1 + (5 — I) A~^ cos 7} < tt.

Thus, when a — 1 >1, the asymptotic expansion o{ f(x), valid over the whole plane, is

given by
p

M= -P L

exp(^i/- eg/'+-^"Wa)
I
^ s^.m-^) ,.,^-,,.,y
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where arga; is determined by the inequality

I

[sin 7 {log \x\+ R ((/){ — cos 7 {arg x + I(g)]] < ^ttA,

(j — 2p + l, q is defined by (16) and the coefiBcients S„ are those defined in connection with

equation (10).

Since the first /3' — /S of the coefiicieots a,, «i, ... vanish, so also do the first /S' — /3 of the

coeflScients So, Su ; it will, therefore, be possible to modify the above expansion slightly

when 0' — fi is a positive integer and not zero ; we shall not carry out this modification, as a

more convenient form of the expansion will be obtained in Part IV.

P.\RT III. Asymptotic formulae required tvhen M<1.

9. The fundamental function to be investigated in place of Et{.v), wheu J/<1, is the integral function

Ei{x; M, c)=
_2^„ , {j^(„ + c)+ij {Min+c)+2) ... {M {n+c)+k)

'

The asymptotic formulae are required for this fimction when c is au assigned positive number, i- is a

(large) integer and x has any value.

. . ., , „ , „ ^ • 1 S .V" r{Mn+ Mc+ l)r{i:)
It IS evdeut that A, (x ; .¥, c)= -^^ S^ -

r(j^„^.j^,+^+i)
•

Now 2 — f'tf(" + <')(l -<)'-' is uniformly convergent and each term of the series is continuous (when

it>l) for the range 0$«$1 for all values of .c; consequently* we may integrate term by-term and we get

E, {.V ; J^. <•)=
fj^tj

/'^ (1 - 0'-
' «'"' exp (x<-v) dt.

If R{x)'^0, |e.'cp(.rt-W)l^lexp.r 1
on the path of integi-ation.

Hence, when R {x) ^ 0,

In hke manner, when /i'(x)$0,
|
exp (.rt-")

|
$ 1 ; so that, when R{x)^0,

i^.(.;.iAc)i<^;;,^f;+;\^ dv^).

Kurther, we have fC' E,,{x; .V,c)\^-\j- I '(l-0*-'<*exp {i?(.r) («-V-l)}d<.
r (»; J

Xow, if R{x)>0, (1 -<•")' exp {yi (x). (t-^— l)], qva function of t, has one (and only one) maximum when

U$<$1, viz. when 1 - <-w = ^y, ,
provided that R{x)'^l.

Consequently if R(x)'^l and i:^l+\ we have

(l-«-W)'exp!«(.r).(/W-l)}«(^y when 0«<^1.

So that if i be fixed.

But, when -l/$l, (I -/)/(] -<")< -l/" ' when 0§<$1,

- '"^'^^ l-'^'^-' ''''^•)l<r(?;i^./>"('-')*-'-''^'<iWifc)}'T^^^

• See Bromwich, Theory of Infinite Serie», p. 116.
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But if X>( + 1, -;—

j

=-< where /•=!, 2, ...«, so that
i--l+r-l r

(3Ic+i-l+l) (Mc+l--!+2) ... {Jfc+ t: (Mc+ -2) {Mc + 3) ... (JA-+ ?+ l )

(k-l)(i:-l+l)...(i!-l)
<

1.2...^

Consequently, if ? be an assigned int^er t'^l+\ and R{x)'^l, then

\pi,.. VA\^^— ^(^— ^) v:Mc+t+\) Tiifc-^l) ,,^,
l-^*^ ' • ^''^{^(x)}'- r(/-) r(Jrc+/--i+i)- r(J/c+iC-+i)'^''

'E,{x;M,c)\<-. .(17 c).
{«(.r}}'r(i/c+i(-+ l)

And, by (17 a), this inequality is true when 0-^R{x)^l.

Lastly, we get on int^:rating by parts, when R{x)^0,

Et{x; M, c)= J^|^l-(l-<)'=-'<^-^--V-'exp(.r«^W)J' -J^^j\-iJJ-iexf{xtii).^^{(l-t/-U-'''-i'-^].di,

i.e. if /•>1, EtU: Jlc)=-^j'^^^^^^{~(t-l)il-t)''-'-t'''--'V^i + (Mc-3f+i);i-t*-Uiic-M}cU.

Since
|
exp (;jr<^

[ < 1 when iJ(.r)$0, we see that

2rfJ/r-J/+2)

^M\x\r{J/c-Ar+t:+lj-

The reader will easily see, on making the necessary modifications in the work, that this is true when /! = 1.

Hence when R{x)^0, we have, in addition to (17 6),

\Et{x; M,c)\<
2 \Vc-JI-i-2)

M .! r Mc-il+h + l)
.{\1dj.

The results (17) are all true when J/=l.

10. We now have to discuss the asymptotic behaviour of the integral function

G^{x: e,k; J/", c)= S —
„=on\(n-i-ef[M{n + c) + l\\M{H-i-c)->t2\...[M(n+c) + k\'

when X is large, k is a (large) integer, O<R{0)<\, R (^) < 0, c = R{d) and M ^1.

As in § 4. we may shew that

Gp{x; e,k\ M,c)--
e—'»T{\-8)

I [- •"^ (^ - l)J
' (i - iT' ^' *' - y- ^^^' '^ '^'j'

round the contour marked with double arrows in Fig. 1 ; and, as in § 4, we may deform the

contour into that marked with single arrows in Fig. 1, so that, preserving the notation of § 4,

we have

G^ (x; e,k;M,o)= '"°%^^" ^^

\^ [-
log (l -

f)]'"
(l - |)"' E, {x - y; M, c) . dy

= ./, + ./j + J, .(18a).
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Ou PQ, as in § -i. log (l -
f)]^

'

(l -
f,)*"'

I

< K, aud since, on PQ, R (.v - y) < 0,

\Eii(x — y; JJ, c) < K \r (Mc + k + 1)]~' ; while the length PQ is less than or equal to 2ia;l

Hence '^' ^
ia; r (y8) ' JpQ r (jfc + ^• + 1 )

'^^'

I.e. ./:,:<
K

.(19 a).

•/,i<ir
Jo

r(Mc + k;+l)

We have now to estimate the value of ./s | ;
putting rj = ra:e'" where r is real and positive,

we get

I

J,
I
< ^p-/

o) I

j"^ .

(- l-Jg '• - "" )^~'
!

•
;

{re-")^'
, . L't {- V- M, c) . x dr,

where p < 6k exp x ; whence we deduce that

logr'V^iP-^^'
-'-^^-^'^^-^)'-

We now divide the range of integration into three parts, viz.

(i) from r = to r = A-., where k^ = k ,

(ii) from r = A-., to r = A-'^,

(iii) from r = A"" to r = p ;

we observe that

:

on (i), ;,log/- 4- o) ]«<^'-'< A^

on (ii), .
{

I log r
I

+
1
w

j

}*»•-' < K {log A-^}**-',

on (iii),
j I

log 7-
j
+

j

ft) '

}«»'-> < K {log ij^-^i-'

;

ul.so in (i) and (ii) we use the inequality A\.(— ij)i <K{r{Mc + k+ l)]~' derived from (176);

and in (iii) we use the inequality lE^i— r))\< K {\tj\ {Mc — .1/ + k + l)}~' derived from (17rf)

;

and we deduce that

\J^\<J{f „ ,,'" ', dr + xi „ ,/' '

, (/r;iogA-.,!«<^'-'
' " }^,)^^Mc + k+l) j(ii)r(.l/c + A-+ 1)

^ -'

+ ^ rr 7Tr tt—i—
-, ; ^r I log A!

"

(fl)-i

<K L' + A;"" (log L}**'-' A-""^-" (log k}"^'-' '

V\Mc + k+l) '^\x,r(Mc-M +k+l)

.(196).

since < c < 1 ; on substituting for k, and making use of Stirling's formula, we may write this

result in the form

'
'^ r(A-'+l){logA"|'-«'^'

Next we have to estimate the value of the integral

j^
^- log (l - l^^J" (l - '^y E,{x-y; M, c)dy.
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We divide the path of integration into two portions, the first portion being such that on

it \y\^2\x\, the second being such that ou it >/\^2\x\; we call the integrals, along these

portions, J/ and J/' respectively.

As in investigating /,' in § 4, we may shew that

|J/|<|-^^,,|i£',(,r-y; 3I,c)dyi (19c).

We now have two cases to consider, according as R (x) ^0 or ii (x) ^ 0.

(A) If R (*•) $ then i? (.r - y) sg 1 throughout the contour and the length of the contour

is less than k\a;\; so that by substituting for Ek{x — y\ M, c) from (17 n) and (176), we get

'" ''^'''<
|^--|r(i^c + fc + i)

(^^^^'

when R (x) ^ 0.

(B) If ii(a,') 5: 0, let arg *• = n where |fl|:$i7r. If fl is not actually equal to + ^tt, we

can divide the path of integration into two parts, on one of which R(x — y)^ ^R(x), and on the

other R {x — y) -^ ^R (x) ; and the length of each of these parts is less than K\x\.

On the first part we have from (17c), if k'Sil + \,

\E,{x-y; M,c)\<
^^^^^-^^^f^^^^j^^y

i.e., since R{x — y)^^R(x),
"

I r- / 1/ M i^(secn)'je^l.|e-3'l ,
, „,

On the second part, by (17a),

^(i^7c+^"+l)

r(i/c + ;fc + l)'

Hence, by (19c), we see that, when arg« = 0, R{x)>0 and Z;^Z + ],

g(secn)'|e-| g|e^"|
'

'

' |«'+^-=Vr(i¥c+/i- + i) |a^-^l^(i/c+^ + l) ^ '-

A modified form of this result is desirable when £1 is nearly equal to + ^tt. To obtain it,

we notice that, on the path of integration, i2(?/)> — 1. and hence by (17a) and (176), when

R{x)^0,

\E,(x-y;M,o)\<^-^^^^.

From this result we derive, by (19c), the following inequality when R{x)^0:

A'
j
e*

I

''^'''^|^-|r(iic+/t + i)
^^^'^)-

Lastly, we have to estimate the value of the integral
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taken along that portion of the contour C for which 3/ > 2 a;
|

; on this portion of the contour

the formulae (176) and (17 d) ai-e applicable.

By putting 1 — yjx = re'" (r real) and dividing the path of integi'ation into three portions,

viz. (i) from the point where y ,
= 2 '

ir ' to the point where 1 — i//x ' = k^
;

(ii) from this point

to the point where 1 — y'x = /c^
;

(iii) from this point to the point where y = OQ, and ou

making use of (176) in (i) and (ii) and of (lid) in (iii) we find, in just the same way as that in

which we obtained (5d), that

r" Ji. \iC i /iQi
' ^r(A- + i){iogAf-*«3) ^'^^ff>-

Collecting the results numbered (19) we find that the asymptotic inequality for

Gp{x; 0, k; M, c) may be written in the following form:

Let Z be a fixed integer, k a (large) integer such that k^l + 1. and let I a; > 2, arg x = n.

Then

\ G^{x; e, k; 21 c) < ^-|r(j/,+^.+i) + r(Mc'+k + i)
+ r(A-+i)(iog^!-««"

••^^^^'

where U is defined by the following inequalities

:

(i) when R(x)^0, U=l (20«),

(ii) when R(x)^0, both the inequalities,

fr<^V,+ e^- (206),

U< e', (20c),
are true.

Part IV. The asymptotic expansion of f(x) when M < 1.

11. The analysis of § 5 down to equation (8) still holds when .!/< 1, so that, as before, if

2 = e^x, tt=Ae'y, 5 = 27+1,

and
I
(sin 7 log

|
2

j

- cos 7 arg 2]\<^TrA + -tt cos y - -rr {q cos y — A)
,

'' A (n) e^ P
*'^"

„=?.. r^i) ^" = ^^ +
J_,

F(ixe^y"e.fi2^^/a)),

where /^ = (.r^) and L <j+l:

also F(y)= I yn±0}l^_

Now we know that when s ^y and
j
arg (s/a) ^$ \ + ivr, (^{s'a) is analytic and

<^ (s/a) = exp (- /3' log s) . 1^0," + ^" + ^' + . . . + i^' + i?„

where |a„"| <.4,p".?j!, |
i?„s»+' <.4,o-,".h!.

Let h be an integer greater than 7' and let © be such that /< < - 7i (0) < /» + I ; then, if

A, denote any of the numbers 1, 2, ... /(, we have

_1 _1
! — /l. S

K , /'./
. ,

A," /i2"+' f, /j, 1

i + -' + -i +... + "v.+ „ l-Al].
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so that, if h < k. < — R (@), then, wlieii s
\

> li

I _ I

s — hn s
((„ + -' + ...+ ~ +R„

s s"

where \a„\ < A.-p"' . iil,
^
RnS'^*' \< A^a^"' . iil, and A.,,,, A^ are independent of n. (This follows,

without difficulty, from Stirling's formula.)

Now if we have a finite number of asymptotic expansion.s with the same 'characteristics,'

their product may be represented by an asymptotic expansion with the same characteristics*,

that is to say that, when
|
s

j

^ /r,,
|
arg s -^X + ^tt,

^(74^A) = -PK/3'-/-l)log.l

where
|

«„<"
j

< Jii'V" . «.!,
|
7?„">s"+>

;

< A J'* a," .n\.

Applying the expansion (2 6) to the function ^ (s/a) . (s(.s— 1) ... (s — /()J~' instead of to

the functionf (f){s/a}, we get, when i? (s + ©) > 0,

</) (s/a)

s{s-l)...{s-h) (« + ©)"
bo + h

...(21)," M(s-ti) + l
"^

{M{s-fi) + l][M{s-fi) + 2]
"^

where \bk\<H"r (k) {log (k -f 1 )] '', (k>\, H" independent of k),

and R{h)<0, while F is the integer such that 0>R(h + V)^-\, /j, = -R{@).

Using the notation of § 7, we put

/(, + 1 + 6 = ^, R{li + l + @) = c,

so that < c < 1.

It maybe noted that the first b~l3' — h — l of the coefficients bo, bj, h.,, ... vanish; this

is evident when we consider the effect of making s —> x in (21).

From (9) and (21) it follows that

6i

;« = (1

/*" "^ M(n + c) + 1
•

{M{n + c)+ l}{M(n+ c)+ 2]
+ ...

where

= ,--6,„G.„;(^,..J/,c) + ,-^^^^^^^,^,^^.

Ok+l 6*+.

{M{n + c}+ l}...{Al(n+c} + k+ 1) {M{n+c) + l\ ...\AI(:n +c) + k+2 , + ...

^ i6t+, ir(i/c + i) ^ fct+.
I

r (Ttfc + 1) ^
r(ii/c + A: + 2)

"^
r(Arc + ^+3)

(2m« function of k and wi, b/c+m is ([log(A: + «t + 1)1''(^' + «*. + l)"'^^''""), so that

5 jlog(A-+m + l)}''' ,llog(A- + l)|''71 , \ I .c I'-JK V" "^ '"• + 1)1 \ • II • - 1 / iioy (ft' -t-

J

^^••" '^ '^ L3,h&«rTi)^)' '•«• ^^••" ^^ ^ 1^f:m)^
by Cauchy's condensation formula, since

Mc > and {log (A,' + m +1)1'' (A,- + m + 1)-'^'^-'

diminishes as lu increases when A'+ »i + 1 > exp |F(il/c + 1)~'}.

* See Fhil. Trans. Hoy. Soc, vol. ccxi. A. (1911), t This is legitimate since tlie former function satisfies

pp. 279—313, § 4. the requisite conditions.

5—2
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Since ^t,n IS
1^ (k+l)^'= )'

it follows that, for any fixed value of y (i.e. any value not depending on k),

^ 7 ^ta—^r

^0 as A- -* X :

n=o('* + ^)''-n!

that is to say,

^(3/) = y'+' tb,„Gt{y;e,m;M,c).
m=0

Taking i* to be any fixed integer, we have the equation

F iy) = y>^+' i b,„ Gk (y ; 0, m :M.c) + y''^' I b„, Go(y: 0, m ; M, c).

Now, by the theory of partial fractions, we may write

1
'" n

[M (n + c) + 1\[M {n + c) + -^l
... [M {n +c) + m} ,ri M(n + c) + s'

1 1-c-sM-' (l-r-s^f-'){•2-c-sM-^)
]and also

1 ^1

this series converging absolutely when « + 1 > 1 — c —sM-^ ; this condition is certainly satisfied

when n ^ 0.

That is to say, when h^O, 0<m^v {v fixed), we may expand

_1

{Min + c) + l]{M{7i + c) + 2}...{M(n+c) + m\

into the absolutely convergent series

where di,,„, qua function of k; is (F (/, - c - J/"')); we may now justify the rearrangement

of the series

S b„,Gt,{y; 0,m; M,c),

in the form KGb(y,0) + {b,d,,, + b,d,,,+ ... +b,d,,,)Gt,(y,0,l)

+ (6, d,, , + b,d,,,+ ...+ b^ d,, ..) G, {y, 0, 2)

+ ...,

a.s in the somewhat similar work of § 5, .so that we may write

S 6m Oi (y •,e,m; M, c)= ^ d,„ Gi (y -,0,111)+ i rf',„ G^ (y ; 0, m),
m=0 m=(i )n = i'+l

where d'm. (Ji>a function of )ii, is {V (in — c — M~')).

Consequently

F{y) = y^*> i d,nG,(y;0,m)+ i y"^' {d',nGb(y; 0.m) + b,„Goiy; 0,m; M,c)].
m=0 m = i-+l

[Since the coefficient of y-^-'^" in the general term of the second summation, qxa function

of n, ia

0( --1
]

\{,i+0f.(n + m)U'
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it is not difficult to see that the coefficients d,,, are those which occur* iu the formal

expansion

:

/n+/t + l \ _ (>i + h + l)[ r ^^ d,
\

'P[ a J" «!(n + ^)* P^« + l^(« + l)(R + 2)"^""r

even though this expansion does not converge for any value of »!.]

From the equation

F(y)=y'^^' S d^Gb{y:e,m)+ S y''''{d',„G,iy:0,m)+b,„Gt,(y;d,m:M,c)\...i22).

we may deduce the asymptotic expansion of F(y); for we have, by (6 c),

m=0 i' L'"=o 2^

where in — —
„=oril-6-n)'

and the coefficients Cn^m are defined by the expansion

[\ogil-y)f-'{l-y)e~'»-^^{-y)0-' S c„,^(-yr
>i=0

Also from (6 a) and (20) we have

2 {d'm Gft (y ; 0, m) + b,r, Gb (y ; 0, m ; if, c)}

m=i'+l

i Id'n.iJ
A' , e!'

.

A^r + ^

K . «t

+ S |6„
»M= »'+1

2^6+fr-i|r(TO+i) r(TO + I) r(m + l)llogmji-*'*)

gp- ^ Ai2^>-^ A
+

j
y''-'^

I

r (ifc + m + 1) r (Mc + m + 1) r(/« + I)(log»i>

Since d',„ = (F (»i-c - i¥-»)), it follows that

^ T..^"'^^ = 2 0(7«-'-0<A' since c> 0,
m=,.+ir(m + I) ,,,=,+1

i-«(6»|
•

and
d',„

j
m" — V

,+1 r (m + 1) {log m}'-*'*' „=7+i j?i {logm
Also since 6,„ = {r(m)(logm)^), it follows that

f5;:^^<A, since R(b)<0.

and

.,+1 r(il/c+m + l) „=,+!

1 6m

= 2 0(»i-i-''^'{log7>i}'')< A, since J/oO,

.,=,^ir(m + l){logm}'

Consequently, if I ^v,

y^^:^^-=20 (»i-i {log m}''+'5<»'-0 <A since F+ R (b) < 0.

»I= r+l

2
m=v-i-l

I d'm Gi,(y;e,m) + b„Gt(y;6,

m

; if, c)

I

Ale!';

2/'
,6+6-1 + K,f-»'.+K + KU,,\f-^ (23),

where Uy=l H R{y)^0; ii R{y)^{), CT^ < (sec argy)'
j y [-'j e"! +| e*^

I

and Uy < e" .

* The coefficients can be obtained successively by a limiting process.
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That is to say, if argy ]^i7r— ^, A > 0,

i {d',n Gi (y; 6, m) + b,„ Gt (y; 0,m; M,c)]\=0(\ e^'y-*-' ) (23 a),

while if TT ^ aig y^^ir — A,

I S [d',„G,(y;0,m)+b,nGi(y: 0,m: M,c)]\= 0{\ey y^\)+0(y^) (236),

•(24).

where L is determinate.

We deduce that, if arg^^^Tr — A, F (y) possesses the asymptotic expansion

y \_ 111=0 y
while if TT > arg (/ ^ ^tt — A,

i'(y) = 0(|ei'y^|)+0(/) (24a),

where I is any fixed integer and L is determinate.

12. From equation (8), quoted at the beginning of § II, we can now see at once that if

any one or more of the expressions (xe^f' exp {•iTritja), where t=—p, l—p,...p, has its

argument ^^tt— A, the asymptotic expansion of /(«) is given by the formula:

.(25).I |-
exp(.^-^-^-^^) U T.rq-b) ^ .,^.-.. ))

The choice of the numbers p and q with the corresponding determination of the value

of arg a; is now made in precisely the same manner as in § 8, subsections (A)...(D).

Remembering that the first I + li + ^' - h of the coefficients bo,b,,... vanish, we see

that the first l+h+^' — b of the coefficients T„, T, , ... vanish, and so it is convenient to

take i; > 1 + /i 4 /3' - /'.

13. It is ea.«y to .see that the Hth of the coefficients To, T^,... (commencing with tiie

firet which does not vanish) is a linear combination of a„" , «/' ""n-i, where

^(s/o) = exp(-/5'logs) a„" + ^^ +

and the only other arbitrary elements in J",, are /S' and 6; and it is evident that the

expressions for T,, will be unaltered in form if we supposed that the development

,, a, a.,

were not asymptotic but convergent.

That is to .say, tue may obtain the asymptotic expansion of f{x) when
<f>

(s) satisjies

the conditions specified in § 2, by treating the development for <^(s/'a), viz.

exp(-y9'log.)J«,"+'^ + ^+...},

as if it luere not asymptotic but convergent; and, in particular, by taking a= 1, if the function

T^ (h + 0) of § 1 be not analytic in the vicinity of « = » , but possess an asymptotic development,

with grades equal to unity, valid for the range
;
arg n $ ^tt + \, (X > 0), Baine>' develop-

ment* is still valid.

The asymptotic development which we have obtained seems to be an interesting example

of the fact that in certain circumstances it is permissible to treat a subsidiary asymptotic

development as if it were a convergent series.

• See S 1.
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14. The theorem wliich we have proved may be enunciated formally as follows*:

Let/(a;) be an integral function detined by Taylor's seriesi,

f{x) = Co + Ci.r + c.,x'=- + . ..,

and let it be possible to define a function <^ {s\ such that when s is an integer

and ^(s) is such that when \s >7',
j

args]^ J7r+ \, (\>0), <f)(s/a) is aualytict, and possesses

the asymptotic expansion

:

<}) (s/a) = exp (- /3' log s)
s s- s" J

where |a„"
j

< ^ip" . ?i !, ,J?„5" ' <^.>o-i"./i! and A^, A., p, o-j are independent of n.

Let 6 be a number such that R(b)<0 and /3'— 6 is zero or a positive integer; let W
be such that — R (&) > y' and let /( be the integer such that h <—R(€t)<h +1.

Let
<li(s/a)(s + &)'>

s(s- !)...(« -A)

be expanded formally into the series of inverse factorials

+ /- . .W- . ^X / . ^ . . , . ..^ + ••(s+l)(s + '2)...{s + l3'-b + h + l)^ {s+l){s + 2)...(s + ^-b+h + ->)

(this development does not necessarily converge for any value of s).

Then, for the range of values of a; specified in § 8, /(x) can be expanded into an

aggi'egate of series which are asymptotic in the sense of Poincare, thus,

where v is any fixed integer and the coefficients Un are given by the series

n p

m = r(i-6-?>i)

and the coeflScients dm,n ^^re given by the expansion

[log (1 - y)]*- (1 - y)e-"-3-. = (_ y)6-i I d,„,„ (- y)'",

m=

so that the coefficients Un can be calculated with sufficient labour, should they be required.

15. It is not difiBcuIt to shew that in the case of the generalised hypergeometric series

pFg{ai, 02, ... Op; pi, p-i, ... p,; x) {q + l>p),

the coefficients satisfy the conditions laid down for the functions discussed in this memoir. We thus

obtain an independent proof of the results contained in Barnes' memoir on the generalised hypergeometric

function I

.

Another class of functions which satisfy the conditions of this memoir is obtained by replacing

the gamma ftmctions involved in the generalised hypergeometric series by reciprocals of ff-functions ; it

will be remembered § that the ff-funotiou is an integral function satisfying the diiJerence-equation

G {n+ \)= T {n) O {n) ; and it is not difficult to construct other functions whose asymptotic expansions are

given by the result stated in § 14.

* We have changed the notation slightly, in such a J Proc. Loud. Math. Soc, ser. 2, vol. v. (1906), pp.

wav that the first coefficient in the asymptotic expansion of -59—118.

/(j) does not vanish. § See Barnes, Quart. -Journ. Math. vol. xxxi. (18;i9),

+ c„ is supposed to be finite when n is such that <^ (s) is pp. 264—314.

not analvtic uear s = n.
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III. The Hydrodynamical Theory of Lubrication with Special Reference

to Air as a Lubricant.

By W. J. Harrison, M.A., Fellow of Clare College, Cambridge :

Lecturer in Mathematics, Liverpool University.

[Received 11 May 1913. Bead 19 May 1913.]

The theory of the lubrication of surfaces moving relatively to one another and separated

by a thin film of oil or other lubricant is one of considerable practical interest. The cognate

problems are essentially hydrodynamical in their character, and have this interest, that they

are among the few problems in the motion of viscous fluids which can be solved approximately

for the case of large velocitie.s. The theoretical work of Osborne Reynolds* and of P^troff'f

is of extreme complexity, partly because Reynolds considered the case of an incomplete

cylindrical bearing, and P^troff introduced further complications into its form. It must be

admitted that the forms of the bearing considered by these investigators are those which

occur most frequently in practice, but their analysis is so complex and methods of approxi-

mation so laborious, that even the mathematician may fail to grasp the essential character

of the results obtained, or to be expected. This fact alone is a valid reason for treating a

simpler form of bearing. All results become simple, and the theory of lubrication can be

elegantly illustrated by considering the case of a complete cylindrical bearing.

It was not till after I had completed my investigations in this case that I came across

the very elaborate treatment by A. SommerfeldJ of the same problem. Our resulting

formulae are identical. But the present treatment of the problem being somewhat different

from Sommerfeld's, shorter and in one or two points more direct, will perhaps appeal more

directly to experimenters.

A question is raised in the course of this paper as to the validity of experiments which

have hitherto been made to determine the moment exerted by the traction of the lubricant

on the journal. This point is of importance, as by means of this moment the nominal

coefficient of friction of the journal is obtained.

In the latter part of this paper the method is extended to take account of lubrication

by means of an elastic viscous fluid such as air. It was stated as long ago as 188.5 by Hirn§,

that under suitable circumstances air is the most perfect lubricant. In 1897 a series of

very beautiful experiments was carried out by Prof Kingsbury|| on the lubrication of a

cylindrical journal by air. The results he obtained, which are apparently accurate to a fair

' Phil. Trans., 1886. § Engineering, Jan. 30, 1885, p. 118.

t Memoires de I'Acad. de St Fetersbourg, viii Ser. || Jour. Amer. Soc. Nacal Engineers, Vol. ix, 1897,

Classe Phys.-Math., Vol. x, 1900. p. 267.

+ Zeits. filr Mathematik, Leipzig, 50, pp. 97—155, 190i.

Vol. XXII. No. III. 6
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degree, exhibit in certain details wide variation from tliose to be looked for in the case

of lubrication by an incompressible liquid. I have not succeeded in obtaining an explicit

solution of the differential equation determining the pressure in the film of air, but I have

integrated it numerically by Runge's method, using the data of Kingsbury's experiments.

The degree of approximation of theory to experiment is quite satisfactory. I have integrated

the diflferential equation in the ease of plane surfaces, and give some results below which

exhibit more clearly the very marked effects of the compressibility of the air on the magnitude

and distribution of the pressure.

But apart from the new results obtained, this paper will serve the useful purpose of

recalling attention to Sommerfeld's work. A subsequent paper by A. G. B. Michell* is also

worth attention and will be referred to below.

It might be in place to remark here that I have obtained some results and have work

in hand treating of cases in which the influence of variable speed and variable load on the

lubrication of a cylindrical bearing is taken into account.

Case of Incompressible Liquid.

In proceeding to determine the equations which give the motion and the pressure of a

film of liquid separating two surfaces moving relatively to one another, it is to be observed

that the inertia terms can be neglected as well as the effect of gravity, since forces depending

on these terms are negligible compared with the internal stresses arising from the rapid

shearing of the liquid. Again, on account of the thinness of the film its curvature can be

neglected, and therefore the same equations hold whether the surfaces are plane or cylindrical.

Sommerfeld has transformed the equation V^rlr = 0, which is satisfied by the stream function i/r,

from Cartesian coordinates (x, y) to polar coordinates (r, 6). He proceeds to use essentially the

same method of approximation as employed by Osborne Reynolds. The only result of this

transformation is to introduce relatively unimportant terms, as will be seen below.

The coordinate a: will be measured along the moving surface in the direction of motion,

the coordinate y normal to this surface. The motion is steady and will be assumed to be

two-dimensional.

If M, V be tlie component velocities at any point in the liquid, p the pressure, the equations

of motion are •

I-"'- m.

I""''' <2>.

where (i is the coefficient of viscosity, and the equation of continuity is

du 9y _ f.

9a! dy ^ '"

• /.eiUchrift J'lir MittheiiKitili, Leipzig, .52, lllO.'), pp. 123—137.
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(4),

The boundary conditions are

V = U, V = 0, when y =
u = 0, V — 0, when y = h

where /( is the variable distance between the surfaces and is a function of x.

Since the surfaces are nearly parallel v will be small compared with u, and the rate of

variation of u in the direction of x will be very small compared with its rate of variation in

the direction of y.

Accordingly equations (1) and (2) become

3^ _ d'-u

(•5),

dp

dy
= .(6).

From (6) it is seen that p is independent of y, and (5) is then integrable, giving

in which the constants of integration have been adjusted to suit the boundary conditions (4).

Now from (3)

Hence

\?i^y^
= 0.

hm-'K.-
h^^£:^^,iU{h-f>,),which gives

where Ih is the value of /; at a place of stationary pressure.

Fig. 1.

In the case of a cylindrical journal, let be its centre, a its radius ;
0' the centre of

the outer bearing, a + ?? its radius. Let 00' = cr}, < c < 1. Then the radial distance between

6—2
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the two surfaces can be pnt into the form h=ri(l + ccos0), where 6 is the angle POO'. Hence,

writing x = a6, A, = 17 (1 + c cos ^j), we obtain

dp 6u Vac (cos 6 — cos 6-^

)

d0~ Tf (1 + c cos 6f

This equation can be integrated out in finite t€rms, but Osborne Reynolds, owing to

the fact that he was solving the case of an incomplete cylindrical bearing, found it more

convenient to expand in a series of ascending jx)wers of c, and integrate term by term.

It is easily found that

^ (1 — c'/«y'l_(l + ccos^/

'

<- ">

+ (1 -c=)-* (2 (1 - c')-(l + c cos ^0(2 + 0*); tan-> |^l^tan|| .

Now jo must be a single-valued function of B, hence

3c + (2+c»)cos^, = (7).

This equation determines the positions of the max.-min. values of the pressure. The

remaining constant can be determined if the pressure is known at any one fwint. It is to

be noticed that equation (7) does not restrict the value of c except to the range — 1 < c < 1.

Substituting the value of cos d^ so obtained, we have

_ ,, 6/i Uac sin (2 + c cos 6)
P^ "^

7?=(2 + c=Kl+ccos^

The positions of maximum and minimum pressure are equidistant from the point of

nearest approach, and the one value rises above the value of the pressure at that pwint by

as much as the other value falls below it.

It remains to calculate the resultant forces and couples acting on the surfiaw;es of the

journal and bearing due to the pressure and traction of the liquid.

The component of force exerted on the journal due to the pressure p is R acting

downwards through (see figure 1). The component along 00' vanishes, and

K=
\ p Bin 6 ado = ^

. .

J» 17^(2 -l-c')(l-c»)*

The component of force exerted on the journal by the traction / (measured in a direction

ofjposite to that of the rotation) is S acting along 00'.

Now f=->^&)

^M^r 4 .
6(1 -c) -|

17 \\+cco%e (2 +c»)(l+ccos^)'J

Hence H = i '/siu Bade = *"'*^"
\-2 ^^

-J .

•'« vc I (2+c')(l-c')*J
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The couple exerted on the journal is

M = fa"
Jo

(le
iTrtiUaUl+'2d')

V (-2 + c") (1 - (f)i

'

being measured in a direction opposite to that of the rotation.

Now if /' be the tangential traction on the surface of the bearing, measured in the

direction of rotation,

Hence on the outer surface the corresponding forces and couples are

Bf (acting upwards through 0') = J?,

2 + c=

„, 4fTrfj,lTa

M' =
47rfi.Ha- {1 - (f)i

I

V (2 + c=)

In the first place it is to be noticed that iS and S' are not equal and opposite, but these

components are of a smaller order than R and iJ', and will therefore be neglected ; a closer

approximation would establish their equality—in feet, in Sommerfeld's work they are shown

to vanish. The expressions for R and J/ given above are the same as those obtained by

Sommerfeld.

But the inequality of M and M' is essential. Taking into account the fact that R
acts at the point 0, and R' at the point (/, it is easily verified that the force system (R, M)
is balanced by the system {R', 31').

The ratio of 31 to M' for different values of c is as follows

:

c= 1 i -6 -9

3IM'= 1 103 1-51 2-69 138

Xow this difference between 31 and 31' is of very considerable importance, and so far

as I am aware has not been previously noticed.

The following conventional terms are usually adopted

:

-, - , , , load per unit length of bearing:
Nominal load = y-. ^,

diameter

„ . , , . . couple due to traction
Nommai tnction = ^-j- r >

radius x diameter

„ „ . , , • nominal finiction
Loetncient ot tnction = -.—p-;

—

t- .

nominal load

Hence the coefficient of firiction \ for the journal is given by

31 77(1 +2c=)
\ = R .

a

Bac

for the bearing \' = ^57- = ^-— ^^

.

Ka 3ac

2v2n
X has a mioimum value —^— when c=l v2: ^' has no minimum value except zero.

When X has its minimum value, X = 4X'.
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It is immediately obvious that, if the coefficient of friction be determined by experiment,

it is important to know what is the couple which is measured. It may be safely assumed

that in experiments hitherto conducted the object has been to measure the couple exerted

on the bearing, the direct measurement of the couple exerted on the journal being out of

the question. But if this is so the actual coefficient of friction for a given journal is greater

than that derived from experiments made upon it, unless the speed be sufficiently great

to make c comparatively small.

It is important to observe that there are in reality three force systems under consideration

which are equivalent but not identical. The force R and couple M exerted on the journal

by the liquid, the force B' and couple M' exerted by the liquid on the bearing, the force

R" and couple J/" applied to the bearing to keep it in position. Now R = R' = R", in

magnitude, but M and J/' are always unequal since the lines of action of R and R' are not

the same, and the magnitude of M" depends on the line of action of R". It is necessary that

M" should be equal to M, if the correct coefficient of friction is to be obtained by experiment,

and accordingly the line of action of R" must be adjusted so as to pass through the centre

of the journal, which is a variable point depending on the load and velocity. Since the relative

magnitudes of Ra and M are so disproportionate, the slightest error in this adjustment, even

if the line of action of R" be only y^L^ of an inch out, causes a considerable percentage error

in the measured moment. In the case of incomplete cylindrical bearings, for which the arc

of contact may be 120° or less, M and M' will be more nearly equal. But there is the same

possibility that M" will be equal to neither the one nor the other.

Suppose now the line of action of R" to act at a constant distance x from 0' towards

0, i.e. we suppose the line of action of the applied force to be independent of the velocity

of the journal and of the load applied to it.

Then AJ' = M" - R"x,

hence X" = X' + x/a,

where X" is the apparent observed coefficient nf friction (x/a may be very small and yet

comparable with X', as seen previously for a; = c?? = UO').

Velocity of bearing.

Fig. 2.
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The variations of \, \', X" with the speed are exhibited in figure 2. The graphs are

not drawn quite accurately to scale, but they represent closely the behaviour of the three

coefficients. Curve 1 shows the variation of \ with its minimum value at c = 1/V2 ; curve
•2 exhibits X', and this curve displaced a constant distance along the ordinates into the position

of curve 3 exhibits \". The displacement of curve 2 to produce curve 3 may be either upwards
or downwards.

Fig. 3.

In figure 3 a typical curve is drawn showing the variation of the coefficient of friction, as

observed, with the speed. It would appear that the part of the curve AB represents the effect

of imperfect lubrication owing to insufficient speed. The remainder of the curve BC might

ver}" well be a part of any one of the curves shown in figure 2, or roughly approximate

to one of them. But there is a good reason why it cannot be associated in general with

curve 1, which exhibits the true coefficient of friction. For it is a fact worthy of attention

that the observed minimum value of the coefficient of fi-iction may be less than the minimum
calculated value of \; this is so in the case of Kingsbury's data. It is, moreover, clear that

he measured the value of M', and not that of M. He measured the couple exerted on the

journal, while it was kept at rest and the outer bearing rotated, by the torsion of a wire

fastened to a point on its axis.

It may be considered as moderately certain that experiments hitherto conducted cannot

be relied on to give more than a rough estimate of the true coefficient of friction at fairly low

speeds. It is hoped that some attention may be given to the points here raised in future

experiments. Sufficient is now known about the theory of lubrication for all practical

purposes, so that such refinements as are here proposed have for their object merely the

possibilitv of obtaining data on which to base a closer comparison between theory and

experiment.

If it is affirmed that the comparison which is presented in Osborne Reynolds' paper is

sufficiently close, two objections to that comparison may be raised, (a) PetroS" has pointed

out what seems to be a serious mistake in sign, which is carried on in subsequent operations.

(b) Osborne Reynolds was compelled first to estimate the distance between the bearing

surfaces by means of his theory and then make a final comparison between theory and experiment.
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Such a (XMirso as that indicated in {b) is practically inevitable except in the case of

a closed cylindrical bearing ; in other cases the difficulty of obtaining by observation the relative

})ositious of jotirnal and bearing is great. Now this relative position of the two surfaces has

boon dotorniinod by Kingsbury iu the case of an air-lubricated journal. Thus his data allow of

a oomploio ooinp-aiison. To a considoi-ation of these experiments we now proceed.

It may bo added that Sonnnerfeld gives a very complete treatment of the lubrication of

a cylindricAl journal by an incompressible liquid, which is further illuminated by a number

of curves showing the relations between the various quantities J/, E, \, c, U which enter into

the theory. One such curve is reproduced in curve 1 oi tigure 2.

Cast of Elastic Fluid,

Some of the most accurate experiments which have been made on the lubrication of

a complete cylindrical journal wer« those conducted by Prof Kingsbury, using air as a

lubricjuit.

He investigated the distribution of pi-essure round the journal and along its length, the

point of closest approach and the magnitude of the shortest distance, and also the moment
of the friction exerted on the l>earing. But, regjvnied generally, the results show a marked

divergence from the state of afifivirs indicated by the theory for an incompressible lubricant

This divor^Mice is of course due to the ehvsticity of the air, and presents a somewhat interesting

problem for investigation. The main points of this difference will be found exhibited in the

table below, in which the air is treateti as inelastic, having the density of atmospheric air, and

average pressure equal to atmospheric pressure 11. All quantities ;\i>e expressed in foot, lb.,

soiMnd unit*. The diameter of the journal was | ft., and the differejice of the radii | x 10-* {L

V is the velocity at the surfece of the journal. The pressure p is of course given in poundals

per st'jtiare ftytt. The lirst row of the double sets of data comprises those obtained bv obser-

vation, the second row those calculated from the theory already developed in thL'i paper.

1

Revs, per min.

U
<
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It is clearly seen that the facts which need explanation are these: (I) the range of the

pressure decreases and seems to approach more or less to a definite limit as the velocity

increases
; (2) the position of the maximum pressure is displaced nearer to the point of

closest approach
; (3) the position of the minimum pressure is displaced further from that

point.

Steady Flow of Air under Pressure.

In the same way that the steady flow of liquid under pressure between two parallel

planes is introductory to the problems of lubrication, so the flow of air in the same case

serves as an introduction to our extended theory*.

Consider the flow of air in two dimensions between the parallel planes y = ± d. It will

be assumed as an approximation that the equations of motion and continuity are

l-l (8),

'*£!* = o (10).
OX

The conditions are such that the relation between the pressure and the density is

P = ^?-

Hence from (10) pu or pii is a function of y only. Also from (9) p is independent of y, and

therefore from (8)

- = -1?^''-^'^ (11)'

taking into account the condition it = at y = ±d.

It follows that ^ -p is a function of y only ; accordingly put jf = ax + b.

Let })„ be the pressure at ./ = 0, pi the pressure at x = I. Then

p- = Po'-(p,:--p>'')^/i-

Thus the velocity at any point is given by

(p^-p^')(d'-f)
U — y

.

4'fj.l{p,'-ip„--p^')x/l}-'

For a circuLir tube of radius a and length I, it is easily shown thatf

8f.l{p--{po'-p,^)zjlf

r being the distance liom the axis, z the distance along the tube.

* In addition it has some bearing on the researches of Searle by a different method, Proc. Camb. Phil. Soc,

Prof. A. H. Gibson on the flow of air through pipes. The Vol. xvii, Pt ii, 1913.

formula obtained below has also been arrived at by G. F. C. t Cf. Lamb, HijdroihjnamicsS^ g§ 338, 339.

Vol. XXII. No. III. 7
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The mass of air crossing any section of the tube per unit time is

I
oil -I-n-r dr = I {a- - r-) -l-Trr dr 1 ' -^—

-,[

IQfjikl

This is the formula assumed by Prof. Gibson *.

It remains to investigate the order of the terms neglected in the equations (8), (9), (10).

Using the data of Gibson's experiments for velocities below the critical value, I find the

following approximations, taking —- as unity:

It would appear therefore from the order of the quantities neglected that in all ordinary

cases of stream-line flow in pipes the approximation assumed is quite accurate. In fact, long

before the velocities are such as to cause the approximation to break down turbulent motion

supervenes.

In the same way the use of these approximations in the theory of lubrication could bo

justified. But it must be pointed out that, as a matter of fact, the approximations necessarily

break down immediately in the neighbourhood of stationary pressure. But the effect of this

failure is proi)ably negligible, since it is confined to a very small part of the lubricant.

Motion of a Film of Ai?- between Two Surfaces, one of which is in Motion.

It is necessary to solve equations (8), (9), (10), subject to boundary conditions (4).

Equation (11), above, becomes

^ dp , ,. U^ ,.

''=2^da:y^^-''^-l,^!'-''^-

II
.'O'l

Hence pv

But I' = at // = 0, ij = li, and accordingly

-''"^ + QUhJ (12).
fj,

ax p

where k is a constant. It may be as well to remark that for a gas /a is independent of

the j)ressure.

' I'roc. Itay. Soc, Vol. i.xxx, \\ 114, 11)08.
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.(13).

Lubrication of a Cylindrical Journal by Air.

Using the same notation as in the previous part of the paper, equation (12) becomes

dp _ 6/i Ua k

dd rj'-(l +c cos Of \_ r}{\ + c cos 6)p

This equation I liave not been able to integrate in any form convenient for calculation.

But equation (12) is easily integrable in the case of inclined plane surfaces. I have solved

a number of cases of motion between such surfaces to illustrate the effect of elasticity. These

results have an interest of their own, and I shall present them later. But since making these

calculations, which were intended to explain roughly the discrepancies between theory and

experiment in the case of Kingsbury's data, I have integrated equation (13) numerically by

Runge's method of numerical integration, using the data of Kingsbury's experiments. These

numerical solutions will be found shown by curves 2 in figures 4, .5, 6. The ordinate

represents pressure (6'83 x lO* is atmospheric pressure), the abscissa is 6, the angle POO' in

figure 1. Curves 3 give the distribution of pressure round the journal observed by Kings-

bury ; curves 1 give the pressure on the supposition that air is inelastic. It is seen that the

extended theory goes far towards the explanation of the discrepancies referred to above.

It will be noticed that in figures 4 and 6 the observed and calculated maxima and

minima of the pressure are in good agreement. As regards the maximum pressure the

agi'eement is not so good in figure 5. In connection with the differences which still remain

it needs to be pointed out that the theory is based on the assumption of an infinitely long

bearing. In particular the differences in position of max.-min. pressures in curves 2 and 3 are

to be attributed partly to the finite length of the bearing. Michell, whose paper has been

referred to above, has investigated the influence of finite length in the case of inclined plane

surfaces. He states that he was unable to solve the same problem for a cylindrical journal.

It might be as well to add a few words on the numerical solution of equation (13). It

was found necessary to divide the range of 360" up into intervals of 10" or 20°, according to

7-83

6-83

5-83
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7-83

6-83
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could be commenced. These two constants were practically the pressure and its gradient at

the beginning of the first interval. The tests as to the correctness of these assumed values

are (1) the pressure at ^ = 0° must be equal to that at = 360°, (2) the total mass of air

must be constant, or

'"'(p-U) (1 +cos6') M = 0.
'

The assumed values of the constants have to be varied until these conditions are satisfied. To

give further details here would take up too much space, but it is believed that the curves

obtained are quite accurate.

Case of Inclined Planes.

Consider two plane surfaces of wliich the upper is fixed and is of unit breadth, inclined

so that their greatest distance apart is d„, and their least distance apart (i,. In the first

place let the motion of the lower plane be as indicated in figure 7. This case has been

treated by Osborne Reynolds for incompressible liquid, and lie virtually obtained the

following results :

Position of maximum pressure a'l = d„/(do + d^),

Distance between planes at this point hi = '2dodJ{d„ + di),

nr • -1 1-, Su,U(do — di)
Maximum pressure given by /)„,^^

~
'^ rf rf ( c/^TT)

'

In the extension to the case of elastic fluid we write li = d^— hx, where b = df, — d^, in

equation (,12), which can then be written

blr' dp „ „, k
1, + bUh = '.

fj,
an p

- tu dw ,
,

Put ph = IV, and we have

b „ ,.TT , !>

-tu' — b Uw + A

The form of the integral depends on the sign of fikb — 9 U'-fi- = A'-, and for our present

purpose this will be found to be positive within the required range of U.

Hence ^ log (ft^V/x - QUiv + k) + -^ tan- ^'^zl!^ -\ogk = C (14).

Now p = n for ;c = 0, h = d„; x=\, h — di.

Hence substituting and subtracting the two equations so obtained, we have an equation

from which to determine k ; G can then be determined. To find the value and position of

d'D
the maximum pressure, we notice that when -j- = 0,

GfiUph = k (1.5).

Hence the position a;, of the maximum pressure is given by the equation

do-bx, _ , ,

2 (^^/6 UY
log ^^ -i log

^ ^„_^^^^^ _ y ^ ^^^^ ^ ^,

+ K
\ bklQU-^fiU ^ bUd„-SnU
tan~'

j^
tan~'

j^
.(IG).
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Having found a-, from this equation the value of the maximum pressure follows at once

from equation (14).

The foUowiug tables exhibit the results of calculations, for the purpose of which it was

taken that IT = 7 x 10^ (15 lbs. per sq. in. approximately), /i = 10~\

The second row of figures in each case comprises those obtained from Osborne Reynolds'

formulae.
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rfo =
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Treating the equation for p between B and C in the same way, we have

i log -
, „ .

'

, ^ff~:r
—

T - log(«o/«i)
^ ° bsrdi-lfi + 6 1/ wtf, — k

ZfiU jK' + hWd, + 2,^ U) (K'- b7^d, - SfiU)
.(18),

2K' '"^ (A" - blld, - S/mU) {K' + b^d, + :3/if/")

where K' = fikb + 9 U-fr.

The equations (17) and (18) determine the value of the constants h, ay.

From the previous numerical calculation, if we take d„ = 10~\ rfj = "4 x 10~', U=5, it is

known that ct=7 x 10*, A;= 129-2 satisfy (17), and ^ = 7 x 10*, A- = 111-3 satisfy (18). Now

assume ct = ~o x 10* (say), and find the values of k- which satisfy (17) and (18), respectively.

These two sets of values can be plotted, and the intersection of the lines joining them gives

approximately the common solutions of (17) and (18), some slight adjustment being necessary.

The following tables give the results of the calculations. The corresponding calculations

in the case of incompressible liquid are not repeated, since they are the same as in the two

separate cases, and have already been given.
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IV. The Superior and Inferior Indices of Permutations.

By Major P. A. MacMahon, F.R.S., Hon. Member Camb. Phil. Soc.

\Received 12 January 1914.]

Reference is made to the paper on Indices of Permutations*.

I here define indices of a new kind and subject them to investigation.

Let any assemblage of letters be

«i'ia.'- ... or,'"-

and consider any permutation of them.

If any letter precedes p^ letters which have a smaller subscript we obtain the component

Pi of the Superior Index.

The Superior Index of the permutation is defined to be

the summation being in respect to every letter of the permutation.

On the other hand if any letter precedes »•/ letters which have a larger subscript we obtain

the component ?•/ of the Inferior Index.

The Inferior Index is defined to be

2?-/ = r\

the summation being in respect to every letter of the permutation.

Ex. gr. Consider the assemblage a'fi^y-S and the permutation

4 ti-i ,4 + 6 + 4 = 14 the Superior Index

355 3311 , 3 + 5 + 5 + 3 + 3 + 1 + 1 = 21 the Inferior Index.

If the permutation be reversed

'Y^0aayBaa/3

744 33 , 7 + 4 + 4 + 3 + 3 = 21 the Superior Index

122331 11 , 1 + 2 + 2 + 3 + 3 + 1 + 1 + 1 = 14 the Inferior Index,

and we see that the Superior and Inferior Indices of the permutation are respectively equal to

* "The Indices of Permutations and the Derivation therefrom of Functions of a Single Variable associated with

the Permutations of any Assemblage of Objects." Atnerican Journal of ilathetiiatics, Vol. sxxv. No. 3, 1913.

Vol. XXII. No. IV. 8
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the Inferior and Superior Indices of the reversed permutation. This is obviously true in

general so that we can assert in regard to the assemblage

a/'ao'- ... a/"

that the collection of numbers which specifies the superior indices of the permutations is

identical with the collection which specifies the inferior indices.

Hence, in regard to the permutations of any assemblage,

It is also readily established that, for every permutation,

p' + r = H^i,
;

for consider that part of a permutation which involves two letters a^, a,a.

Suppose it to be

. . . ai>' . . . a,,,'"'' . . . a,,/"'" . . . a^'"" . . . fti''"' . . . a,,,''-'" ....

The portion of the superior index due to these two letters is, if k > m,

ik (iJ + im" + im" + ...) + (ik" + U-"' ) (im" +)
and the portion of the inferior index is

(im + im") (ik + ik" +) + im"'()
Adding these together we find that the two letters contribute to the sums of the two

indices the number
imik-

Thence obviously ^' + r' = Siiio,

leading to the relation Sa;^' = x^'^^'^x'^'.

The maximum value of p' is clearly 2^2 and its average value h St'i^.

The function Sa;P' is of degree Sv', in x and if it be divided by a;i^'''' it is unaltered by the

substitution of- for x because
X

A function of x which satisfies these conditions is

(l-a;)(l-a;=) (1 _ a,-'i + ''^ + •• + •.)

(\-x)(l-x')...(\-x^^)..{\-x)(\-a?)...(l-x'^) (1- a;) (I -a?).., (!-«;••)

and it will be shewn that this is in fact equal to 2a;P'.

In the first place consider the assemblage a'yS', and write Sx^ = Fx(i,j).

All permutations which terminate with ^, contribute

F.(i.j-l)

to Fx(i, j), and those which terminate with a, contribute

xJF{i-lJ).

Hence the difiference equation

Fx (i. j) = xiFx {i -\,j) + Fx {i, j - 1 ).
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the solution of which, satisfying the above couditious, is

'^^'•^^
(l)(2)...(i).(l)(2)...(j)

where (m) has been written to denote (after Cayley) 1 — x'".

Similarly for the assemblage a'ff^y'', write -.vp' = Fx (i, j, k). The permutations terminating

with 7, /9, a respectively contribute

FAiJ,k-l), x^FxiiJ-l.k) and xJ^i^Fxii-lJ.k-l) to Fx{i,j,k),

leading us to the difference equation

FAij, k) = x^+>^Fx(i-l,j, k) + a.-^F,(i,j-l, k)+Fxii,j, k-l),

the solution of which, satisfying the conditions, is

Similarly we reach the difference equation

+ x'^+ + '>F^(i„ 4-1, ...{^)+ ...+F,{i„ L, ... {,- 1),

the solution of which, satisfying the conditions, is

•(l)...(i,+L,+ ...+U

This result is remarkable because it establishes that

l.rP' = IxP,

where p is the Greater Index of a permutation (vide American Jouni. Math. Vol. xxxv. No. 3,

1913). In fact the whole collection of Superior Indices coincides with the whole collection of

Greater Indices, but it is not easy to establish this by a one-to-one correspondence.

Observe the permutations of aa/37.

rmutatii
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The particular result

(l)(2)...(i+j)

establishes that the permutations of the assemblage a' ^i which have a superior (or greater)

index equal to p are equinumerous with the partitions of the number p into parts, not

exceeding i in magnitude and not exceeding j in number.

The property of Ix''' that is before us leads to interesting relations between the functions

Write the assemblage o'/8^ in the form

wherein a, h are any two numbers, such that a If- i, b :!^j.

It is to be shewn that

F^ (i, j) = StO-^' " F, {i - a, j - b) F^ {a, b)

wherein the summation is in respect of every composition a, b of the constant number a + b.

The number zero is not excluded so that if for instance a + b=i, the summation will be in

respect of the compositions 40, 31, 22, 13, 04, it being understood, as above stated, that a :^ i,

b>j.

It will be admitted that when the permutations admit of representation in the form

Some permutation of a.'~''^J~'' followed by some permutation of a"^',

the expression a;W-*'»i^, (i - a, j - b) F^{a, b) denotes ^.r?' for the permutations in question. If

we sum this expression for all values of a and b which give permutations involving i +j — a — b

letters followed by permutations involving a +b letters we must arrive at the expression of 2a;^

for the whole of the permutations of a'/S-'.

Hence F^, {i, j) = ^x^'» " F^ (i - a, j - b) F^ (a, b)

where a + 6 = any constant number.

This interesting relation between the functions x has a very interesting particular case.

If a + 6 = cr a constant, we have

-fx (i. j) = a^' F^ (<r, 0) F^ {i - a, j) + .r"-" U-> F,{<t - I, 1) F^{i - a + l,j - 1) + ...

+ F,{0,a)F^(ij-a).
Putting (T=j we obtain

FAi.}) = ^^'FAj. ^nF,ii-j,j)+xO-^y'F,iJ-l, l)FAi-j+lJ-l)+...+F:,iO,j)FAi, 0)

and if we now put i =
;'

F^ ( j, j) = xi' {F, (i, 0)p + x'J-'>' [F, (,--1,1)}= + .r-u-=)= [F, (j - 2, 2)j= + . . . + 1^, (0, j)}\

This result is a generalization of the theorem in regard to the sum of the squares of the

binomial coefficients, for putting a;= 1, it becomes

(?)=«r^(0'-(i)'— (j
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In general the reader will see that we have the relation

Fx{h-a-„ i^ — a.2, ... is — aa) . Fxiata^ ... ««),

the summation being for every composition of a given number a^ + Oo + ... + cig into s or fewer

parts Oi, a.,, ...Us such that a^ :!\- ig for all values of s.

The Superior Index as defined is obtained by adding several numbers together. This is

the simplest way of obtaining the index, but the numbers so added are not the most interesting

that come up for consideration. If v > u the letter a^ adds a number to the index if it precedes

one or more letters a„. Denote by p\u the number added to the index due to the positions of

the letters a,,, a„. Moreover «„ may precede 1, 2, ... or i„ letters a,,. Denote by p'm.a the

number of letters a„ which precede exactly o- letters a„. Every time an «» precedes exactly a

letters «„ the number a is added to the index. Hence

P'vu = P'vu, 1 + '^Pvu, 2 + ^P'vu, 3 + • • • + hip'vu, t„-

Also if p"otj denotes, in regard to the whole of the permutations, the sum of the numbers added

to the indices by reason of the relative positions of the letters a„, «„ and p"m,<r the number of

times in the whole of the permutations that a letter «„ precedes exactly cr letters «„,

P"vu=P"vu, 1 + ^P"vu, 2 + ^p"vu, 3 + •• + iuP"vu, („•

Now we know the value of p'\u from the following consideration. In any permutation consider

merely the letters o„, a„. If ?•'„„ denotes the number added to the Inferior Index by the

relative positions of these letters we see that

p vu "1 ^* «u ^^ ^M^y

»

for any one letter o,, contributes to the sum of the Superior and Inferior indices the number i„

and therefore the total of 4 letters a„ contributes the number {„i^. Hence the average value

of »'„„ in a permutation is ^iyi% and thence the number contributed to the Superior Indices of

all of the permutations by the relative positions of «„ and a„ is

It will now be proved that p vu.u

has a value which is independent of the number a.

Consider the permutations of the assemblage

"1 "2 • M-1 « V V+ 1 S'

which is derived from the original assemblage by adding an a„ and subtracting an a„.

In any permutation fix the attention upon the t„ + 1 letters a„. Call the one on the

extreme right the last a„, the one nearest to it the last but one a„, the next one again the last

but two «„ and so on. Now delete the last a„ but a- from the permutation and substitute for it

the letter «„. We have thus an o„ followed by cr letters «« and the assemblage is the original

assemblage of letters. We thus construct a case of an a„ followed by exactly a letters a„ from

every one of the
(2t)!

. t„_i ! (i« + 1) ! (t„ - 1 ) ! iv+i ! . . . is

!
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permutations of the assemblage

a value which is independent of a.

Therefore p"„„, =P"vu, !=•••= P"vu, ;„>

, ,. „ (in + 1\ „ , . . (St-)

!

leading to p vu = \ .-, jV ru,a= i^uK- ,
• , 7-,.

i„ (It)!

We deduce that the average value of p"ru, „ in a permutation is



V. The Dortiains of Steccdy Motion for a Liquid Ellipsoid, and the

Oscillations of the Jacobian Figure.

By R. Hargreaves, M.A.

[Received 8 February 1914.]

OxE of the oscillations of ellipsoidal type for Maclauriu's figure of equilibrium has, at the

junction with Jacobi's series, a period exactly one-half that of rotation ; i.e. if a day means

a period of rotation, the natural equatorial tide is here semi-daily.

This isolated result was reached some twenty years ago, and seemed of sufficient interest

to stimulate enquiry into the course of the periods of oscillation of the Jacobian figure.

As the present work is of recent date the stimulus has been tardy in operation.

The scope of the investigation has been extended to cover other matters which, like

the question of periods of oscillation, require for their complete discussion much laborious

calculation with transcendental equations. The results are made accessible by the use of

diagrams to represent the domains of steady motion for a homogeneous liquid ellipsoid under

its own gravitation, and an inspection of these is sufficient to shew what kinds of steady motion

are possible for an ellipsoid of given shape.

Special attention is given to the Jacobian furm where a full series is treated with reference

to shape, angular velocity and momentum, and kinetic energy ; while the periods of the

ellipsoidal oscillations are added for a smaller number of cases, sufficient to make the course

clear through the entire range. In respect to the Jacobian an interesting feature is the

connexion of the movement in values of angular velocity and momentum along the series, with

the quantities on which secular stability depends.

With respect to motion about two axes the most interesting point is that the conditions

laid down by Riemann for his Case II are entirely superseded by the condition of positive

pressure.

It is proposed to describe the main results in general terms before proceeding to the

analysis on which they ai'C based.

For the spheroids the oscillations may be called j}olar and equatorial ; in the former the

equator remains a circle but its radius and the polar axis are subject to periodic change, in the

latter the polar axis is unaltered, the equator suffers a periodic elliptical deformation.

The oscillations of the Jacobian near the opening of the series differ little from those of

the spheroid ; as the form moves away from the spheroidal the terms polar and equatorial fail

to describe them, but in the ultimate position the oscillations become respectively equatorial and

Vol. .XXII. No. V. 9
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polar if the word polar is now applied to the long axis, equator to the nearly circular ellipse

containing the short axis.

At the initial point of Jacobi's series as stated above the equatorial oscillation has exactly

a semi-daily period, the polar oscillation has a slightly shorter period. The periods diverge as

the ellipsoid is elongated, the former increasing the latter decreasing. In the limit of extreme

elongation the former period is daily, the latter has a finite value while the period of rotation

is indefinitely long. For a certain range from the initial Jacobian, and also for a range of

Maclaurin's spheroids on each side of the junction, the periods differ little from the half-day in

exce.ss or defect, both cases being represented.

The position for spheroids is that the frequencies n^ and iip are finite for the spherical form

where the rotation is indefinitely slow : the former, at first the greater, fiiUs the more rapidly

with increase of oblateness, and equality is attained for

c/a = •5892 = cos 53° 54', when ;r/&)- = 4^.

The Jacobian junction is reached when

c> = -5827 = cos 54° 21' 27", and n,= -Ico, n/!oo- = 'i-UH2.

The value n„ = 2(b is reached for

c/a = -5612 = cos 55° 52'.

With these values may be compared the entries in the table for Jacobians for values of a up

to 30°.

Now any external body in the presence of which a liquid ellipsoid is rotating, will shew

a period something more or less than the day according as the relative orbital motion is

direct or retrograde, and its quasi-statical tidal influence will have a period near the half-day.

Accordingly ellipsoids of a shape deviating to some moderate extent from that at the Maclaurin-

Jacobi junction'will be specially sensitive to the tides induced, in consequence of the closeness

of periods of the natural and forced oscillations.

The first calculations of periods were based on material provided in Sir George Darwin's

paper on 'Jacobi's Figure of Equilibrium*.' Some irregularity appeared in the succession of

values for these periods, and a new series of points was determined, generally in close agreement

with Darwin's paper. In one point of some importance there is disagreement. Darwin found

a maximum for the velocity of rotation at some little distance from the beginning of the

Jacobian series, I find an uninterrupted fall. This question and that of the rise in value of the

momentum appear to be connected with quantities occurring in what is called the test of

secular stability, as restricted to deformations consistent with ellipsoidal shape. I find this

restricted test to be satisfied through the whole range of Jacobians, and in connexion with it a

regular fall in velocity of rotation, a rise in angular momentum, and for kinetic energv a rise

to a maximum situated, as Darwin found it, in the range where elongation is considerable.

Ellipsoids of given shape may be represented on a diagram by coordinates .r, i/ the

ratios of one axis to the two others. If we take a standard order a >h > c and write

x = cla, y = cjb, then with .r^l, y^l, x^y the representative point lies in a triangle

• Proceedings Royal Society, 1886, pp. 319—336. Until revision iu preparation for the issue of his Collected I'lipers.

after the communication of this paper the autlior was not Tlie corrections there made liave removed the discrepancies
aware that Darwin's paper liad undergone a thorough to which reference is made here and in S 12.
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OSP. OS gives Maclaurin's series, the disk eud, <S' the spherical end, SP represents

prolate spheroids with P for the case of extreme elongation. For points near S, P,

the direction of deviation from these positions is important and we find boundaries different in

character reaching these points as a terminus in different directions. Thus points near make

cja and c/b both small witii ratio y:x = a:b finite so that elliptical disks are represented, with

a circular disk for y = x. The line OP and its neighbourhood represent the series of cases in

which with c always small, the ratio b : a has degrees of smallness falling to the case b = c

at P.

For one case, that of rotation about a single axis, I have found it more convenient to

take the axis of rotation as numerator whether it is least or mean axis. In this way we

separate the fields of rotation about mean and least axis, which are dynamically distinct,

leaving them contiguous along the line SP at which one merges into the other.

The standard system has been used in all other diagrams and has the advantage of

shewing by the overlapping of areas what shapes are capable of more than one type of steady

motion.

The boundaries of the field of steady motion about one axis are determined by the

vanishing of Riemann's constants t and t'. The line RP (fig. 1) represents r = 0, and

i-4r

•2 -4 -6 -8 1-0 1-2

Fig. 1. Field of steady motion about one axis.

1-4

rotation about the least axis covers the field RSP. Along the line SP it merges in the

case of rotation about mean axis the field for which extends to the boundary t' = or

SGP. The figure may be duplicated by interchanging x and y or taking the two axes

about which there is no rotation in a different order. The whole field is then a flattened

9—2
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oval, with Maclaurin's line for a line of symmetry, while the Jacobian is a curved diagimal

from P where one axis is indefinitely increased to P' where the other is increased, and cuts

OS at right angles. This affords a more satisfactory representation of the relations of these

lines to the field than we get by taking half the figure and regarding Maclaurin's line as

a third boundary. [At the same time t = for Maclaurin's case, vanishing through the

factor (a - 6)" while for the curve RP the vanishing factor is transcendental]

The point R where Riemann found instability for the spheroids is the point where OS

ceases to be in contact with the general field. Here iig- vanishes and becomes negative

;

n„^ is not affected because the polar oscillation does not postulate a difference between a and

b, it remains positive and is ultimately = tor.

If we use the least axis as numerator of coordinates the field of motion about a mean

axis is represented by a space below SP. The boundary SEP (fig. 2") proceeds from 6' aloug

Fig. 2. Fiflii of steady motion about two axes. Biemanu's Cases I and HI.

the line y + 1 = 2a-, crosses the Jacobian at H and reaches P touching OP. For Jacobians

between H and P an alternative motion is possible having the mean axis as axis of rotation.

At H the values of the elements in these alternative motions are different ; the point H cannot

be a point of bifurcation in the usual sense, and there is no ground for supposing it to bo a

starling point of possible instability in the Jacobian series. The algebraical inequalities

which are known to exist in connexion with the transcendental curves t, t', J, are not in

fact of much service in drawing the curves : they are generally wide ejccept near a terminal

point. But the condition

X- + xy + y" < 1 for t,

when reversed gives some clue to the Jacobian line. The ineijuahty a- + i/ < 2.i\j is close for

a considerable range, and in tiiese coordinates the principal section of a flat saucer is a good

representation of the line.

There are three cases of steady motion involving two axes, for which we shall use the

standard order u>b>c and coortlinates x = cja, y = cjb.
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Case I, in which the greatest and least axes are those of rotation, has for field a narrow

liiue (fig. 2) skirting the line OS and bounded by the hypei-bola y{l+x) = 2x representing

the equality 2b = a + c. A vertex V of the hyperbola (a;=V2— 1, y = 2 — V2) lies symmetrically

with regard to OS, the boundary has at iS a tangent a; + 1 = 2^/ in common with the boundary

for rotation about a mean axis, but the fields lie on opposite sides.

Case II, in which again the greatest and least axes are those of rotation, is defined in

a preliminary way by OP, an arc OQ (fig. 3) of the hyperbola y{l-a;) = 2x representing

26 = o — c, and an arc QP of the quartic y- — iafi = y- (y- — a;-). The intersection

x=2- V;1, y = V3 - I

is the point where the loop of the quartic has x a maximum.

O -2 -4

Fig. 3. Field of steady motion about two axes. Eiemaun's Case II.

In this connexion an interesting feature emerges. For all other cases of steady motion

the condition for a positive value of the pressure is satisfied as a necessary consequence of

other conditions. In this one case it is not ; it proves to be more stringent than either

alo-ebraical relation, and the line of zero pressure therefore supersedes them as the effective

boundary. If we suppose motion possible between the pressure line and the algebraical

boundaries, this is the one region in the whole range of steady motions where there is a

manifest occasion for the separation into distinct masses.

Case III, in which the greatest and mean axes are those of rotation, has a field OTP

(fig. 2).

The part OT is the hyperbola i/ (1 - 2.r) = .r representing 2c = a-b, the part TP is given

by a transcendental equation.

It will be noticed that the boundary of I is single and algebraical, that of II single

and transcendental, that of III composite with sections of each type.
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With the aid of the diagrams it is easy to examine all the cases where overlapping

shews that more than one type of motion is possible for certain shapes of ellipsoid. We
may note that there is a small region in the neighbourhood of *'="22, y=S8, not a case

of extreme dimensions, for which no state of steady motion exists. [PR of fig. 1 crosses

OT and OF of fig. 2 above their point of intersection.]

2 -4 -6 -8 1-0

Fig. 4. Field of Koche's steady motion. Contour shews extreme cases.

Roche has made use of equilibrium forms* in which the attraction of a distant body

is taken into account, with the limitation that the rotation and relative orbital revolution

have the same period. The connexion with the above seems sufficient to justify the inclusion

of this case in the diagrams.

The case represented is that in which the liquid mass is extremely small in relation to

the attracting body, and the interval between the smooth curve SP and the broken line SJP
corresponding to the other extreme where the distant body is small, will be bridged by a

O -2 4 6 8 K
Fig. 6. Grapli of u- for figures of Maclauriu, Jacobi and Roche.

succes.sion of intermediate forms. The graph for (o'/4<Trp is also set in the diagram (fig. o)

for the same quantity in relation to Jacobi's ellipsoids and Maclaurin's spheroids.

I have only gcen the reference In M. Poincnre's llypolheses Cosinogoniqiies, p. .54.
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§ 1. Riemann's* equations to determine the frequencies n and the ratios of amplitudes

da:db:dc may be written

[a'Ea„ - vr {a? + c^} - + {abE.u - n'c') f = o]
" ^

(1),

\b^-E^ - n"- (¥ + c"-)} ^ + {abE„, - if-c^) ~ = o\

giving a quadratic in n" when the ratios are eliminated. The total energy is mEjo, and

Eaa denotes the second differential coefficient of E with regard to a, when a and b are

independent variables with which c is connected by the condition of constant volume.

The steady motion for which the oscillation is considered is given by

^»-
a {a-bf (a + bf

^2^^

*-
b ^{a-bf {a+bf I

in which t and t' are Riemann's constants of integration, and

F, G, H ^ 2.rpabc r ih^^^Jh
^ (g).

J Un^ J. > W /.-^ J. T> -1
( r- -I- X V i

"
I

A = -lirpabc dX/V(a= + Xf (b- + X) (c- + X) •

-

Differentiating (2) we get Eaa and substitute the values of r-, t'- from (2), so that the final

expressions are in terms of a, b, c only.

It is convenient to use integrals

(1,X, X=)rfX

{(a- + X)(?»-+X)(c- + X)|^

When a, b, c are treated as three independent variables,

b^^ = Gc' + H
do

and similar equations, while A + B -\- G = iirp gives

J^ + G(b-' + c'} + 2H = 0,
da

and aEa is a -^ c^r-. By this method we derive from (2),
da dc

a-Eaa = 'iFa-b'c- + G {2a-c- + b-c- - a-b-) - 2Ha"- + 6a-
]

/ -^tt* + ,
"1 r.;

abEab = 2i^a=6V + G (a^c- + b-c- - a-b') -Hc"--6ab
\

,

p- -
, , ,,^ [

,

^
[{a — by {a + bf)

or on clearing r and r'-

a-E„a = iFa-b-c- + G (5a-c- + b-c- - a-b-) + Ha-
[

,

,

abE„t, = 2Fa'bV-2G{a'c- + b-c'-d'b')-4Hc-\ ^
''

The quantities A, B, C are connected with F, G, H by

A = Fb^e -^ G {¥ + C-) + H (5);

* Eiemann, Ahh. K. Ges. Wiss. Gottingen, vol. ix. 1860; Collected Works, p. 168 sqq.
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ami the relation

iirp = Fla!'b- + 2Gla- + 3H (6)

represents A+ B+C= iirp.

These results apply to the whole domain of rotation about a single axis.

§ 2. For Jacobi's ellipsoid ^T/Xa -by= 2t'/{a +b)- = a, and in terms of w equations (2)

are
CO' = (Aa' - C(f)la' = (Bb- - Cc'yb' (7),

i.e. or is given in terms of the ratios of axes, and these ratios have a connexion in virtue

of which the series is represented by a line in a plane diagram.

The value of to- in terms of G, H is

o,^ = Gc-" + /f (8),

and the equation of condition is

G{a'c'-¥b'c''--a'¥) + Hc?=^0 (9).

which somewhat simplifies (4), making

a'E^ = 4i'o=6V + ^Ga-(f + U (a^ - c-)]
.(10).

abEab=2Fa'b'ti'-'>H&

The treatment of oscillations turns on the calculation of F, G, H. Readers of Darwin's

paper will recall that w-A-Trp is evaluated for a series of cases in which the geometrical

condition is satisfied. Equations (6), (8) and (9) are then sufficient to determine F, G, H,

viz.

„„ , , f

,

ia-b- +c* ] ^ <o-c~ IT - i 1
<^

I

.........(11).

This is a convenient method of utilizing the material of Darwin's paper for the further

purpose of dealing with oscillations, and, so far as I can see, his equations are the most convenient

way of expressing the geometrical condition and determining to-, except in the neighbourhood of

each end of the series. As a test of accuracy the relation

•:^Fa'b'(?+2Gla-'h' + Hta? = -^TrpabcF{a,'y)!y/a'^^ (12)

lias been used ; each member is an expression for

Aa--ir Bb- -t- Cd-.

Darwin expresses A, B, C in terms of angles a, /3, 7, where

6 = acosyy, c = ((C0S7, and sin /3 = sin a sin 7 (13);

and these appear in elliptic integrals F{a,y) and E (a, y), i.e.

E (a, 7) = Vl — sin* a sin- 7^7.
Jo

With a multiplier J/ = cos* sin" /8 sin 7/cos /3 cos 7,

we have

AM yjp !•. , BM „ sin" a sin 7 cos 7 CM •,(,, cos /9 sin 7)
- =(jF'-i)cos'o,

,
- = A -/ cos^'a '- ',

, =sin=a -i + ~ -\
iirp virp co.s p -iTrp

(
cos 7 J

(14)-
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The equation of condition is

^ (1 + sin= o tan= /3 cos= 7) = {2F- E) cos= a + sin a tan /3 cos 7 (1 + sin- /3) (15),

(d- _ F— E E cos- 7 cos /3 cos 7
4Tr/3 cos /8 cos 7 sin^ /3 sio 7 cos- a sin^ 7 cos' a sin' 7

.(16).

§ 3. We proceed to examine the question of increase or decrease in angular velocity

and momentum and in kinetic energy as we follow the Jacobian series from the junction.

This is closely connected with the variation which has been used as a test of secular

stability, viz. that of

•(17).
„

jj _ 5h- 2Trpmabc /"" dX

'2m(a' + ¥) 5 Jo V(a' + X) (b- + \) (c' + \)

subject to the condition of constant volume. Here use 0^87 for a-b-c", g for a- + b-, and

write g {\ + g"), 7(1 + 7') for values after variation. The alteration in P or

(a + X){^ + X) (7 + X)

is to the second order

^ \.99' (7 + ^) + 7' {7 {g + ^)- «/?}] + ^7' igrj + «^7').

Thus with A = -3- (a= + 6=) 6),

A,^ (r + t' ) = - <o^9g' + 2-^pabc f^ [gg' (y + \)+ 7' [7 (ff + ^) - «/3}]'

A„ — (7+ U) = w"'gg'~ + 2Trpub.c j -^j {gyg' + al3y') 7'

-'^f^^ [99' (7 + X) + 7' l7 (i/
-^ M - a/3!?

.(18).

Equating to zero the coefficients of ^r' and 7' in Aj we have the usual Jacobian relations

lirpabc
X (7 + X) rfx

2 J

^ 17 (5' + '^) - a/3; (iX

pS Jo pS

If the second variation is written

Lg'" + Mj- + 2Ng'y',

\{y + X)dX 3ff'/"°X'(7 + X)''dX

irpabc ^ J pi 2 Jo

J/

irpabc

N

_.-,^^rXdX 3 r v;7(ff-fX)-a/3l-^(^X
~

'^.'o pi 2Jo p5

7r/3a6c "^'jo pi 2Jo

V

pS 2J P
XrfX _ 3g p V (7 + X) [7 (ff + X) - a/3j (iX

pi 2 j pi

.(19).

Referring the integrals to a common denominator we find L, M and M— N to be positive,

for the coefBcient of each power of X in the numerator is positive when account is taken of

a/3 > yg.

Vol. XXIL No. V. 10
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An equivalent* of the integral 0=| -^ ! 1—^[-rf\ is

Jo

in virtue of which

\(3\-47)(ZX ^ /•' 3V (\ + 7)

and then

p» ^ pf

_iV ^ 3pr p \= (\+7)(X- + a/3-g7) (^
jrpabc~ 4 .'0 pJ

L-2N ^g r \ (X + 47) rfX

(20).

n-pabc - j P2

Thus iV also is positive and i > 2y, M> N. Since Z, J/ and LM — N- are positive

the energy-expression (17) is a minimum for the Jacobian figure.

§ 4. The relation between g' and 7' which corresponds to movement along the Jacobian

line is got by taking the variation of the equation of condition and is

= -^ {ty' {9-^ ^) + «/37' + gyg'}
Jo p-^

W ^{y(9 + ^^- '^0' y^' (7 + ^) + 7' {7 {9 + ^) - 5/3}],

or =/: -a (.975r'+2a^7')

2Jo p5

3
"

Q = % f

p5 " z.'o

as modified by the equation of condition, i.e. the relation is My' + Ng' = 0.

The variation of 00' is given by Acu- = — g'Q + INy'lg where

X- (7 + X)"- d\

pt
'

so that Z/(/ = w- — Q/2. The variation along the Jacobian line is

or if we prefer,

^''S(«-f)=l(-f-"^) 7;
'-

As M and Q are both positive, w" falls continuously as g increases, i.e. i.n passing along

the Jacobian line from the junction. From the second form of (21) we get

^(o,y) = 2(z-^^^,

Also for this particular variation along the Jacobian line

. 10

.(22).

\T^U) = g-[L-^^), orA.2(r4-tr) = '"^\

using A/( = ^ A igw). It is clear then that increase of energy, and of angular momentum

both follow from the condition LM > N'. But

|<»'^)=-(«-^.^)-JM^-l^)-4 (-..

the sign of which is not determined by the inequalities stated. The sign is at first positive

* This step occurs in C. 0. Meyer's paper, Crelle, t. xxiv. (1842), where the coutinuous fall of u^ is established.
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but ultimately negative, the kinetic energy having a maximum for a somewhat elongated

Jacobian (v. infra p. 76).

§5. The transition to the spheroid is interesting. With a (1 + «'), a{l+b') for the

varied axes,

(f'
= «' + 6' + i (a'- + b'-), and 7' = - 1 + l/( 1 + a)- ( 1 + 6')-

or 7' = - 2 {a +b') + S (a'- + b'") + 4a'6' = -2g' + Sc/"- + («' - b'y.

In this case the independence of 7' and g' is only realised in terms of the second order. The

part of the variation (IS) which remains of first order is

'

A. (a- + \ ) d\

pi"

giving the value of &>'- appropriate to the spheroid. This value of &)= appears in the second

line of (18), and then the variation of second order in which now

7' = - 2^' = - 2 («' + 6'),

takes the form

(L + UI - iN) g'^ + 2-7rpa'c — {<f (2cr + X) - a'} [g'^ + (a' - b'f]
Jo P'i

or on reduction

la'g
.,

, ., / ., .,s ("'A.(a- + \
&)- + -Trp (rt- — C-) c I ^

JO P'-i

2irpa-c (a +by
I

—
^

-'0 (a2 + x)='(c= + xp
\dX

C- + X (c- + X)- J

+ •Iwpa'c (a' - b'f j ~ \f (-Za' + X)- a'}

,

J p-i

a result verified by direct treatment of Maclaurin's case. The first term is always positive,

the second positive from the spherical end to the Jacobian junction and thenceforward

negative. The term which changes sign is a term carried over from the original first

variation to what ia terms of a and b' is second variation, and the necessity for change

is due to the circumstance that a = b gives a relation between g' and 7' to the first

order as the expression of the condition of constant volume.

171 ( T" T ~
I

S 6. If we use for kinetic energy ~i tTo + 7 rv„r and after forming the variation
^ "^ o {(a-bf {a + bf}

^

write r/{a — by = t'/{a + by = (0/2, the first variation agrees with (18), the second shews

a positive increment, and the minimum property is more easily assured than with the

above formula. The greater stringency of the dynamical minimum condition is in the case

of the oblate spheroid represented by the withdrawal of the limit of validity from Riemann's

point to Jacobi's junction.

The minimum theorem may be stated as follows: a homogeneous body ivith kinetic

energy due to rotation about a principal aons, and potential energy due to its own gravitation,

will, when restricted to constant volume and ellipsoidal form, shew a minimum of total energy,

if for values of the momentum below a certain limit the ellipsoid is an oblate spheroid, and

for values above the limit it has the Jacobian form, and in each case the velocity is that given

by hydrodynamical theory.

The juxtaposition of kinetic and potential energy in the minimum problem postulates

some mobility or capacity of accommodating shape to stress, but not the complete mobility

of a liquid, for that demands Riemann's variation method ; or if such mobility exists, then

10—2
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a frictional action is postulated suflScient to suppress, as they arise, all motions involving

departure from that of a rigid body.

In pure hydrodynamics an existence theorem is established, the argument of secular

stability extends the scope of its application.

If an external body is taken into account the probleai is more complex, but it seems

a probable forecast that the tendency will be to transfer angular momentum and with it

energy, from rotation to relative orbital revolution ; the historical order suggested is a

passage from the direction of P towards the Jacobian junction, and thence to the spheroidal

form.

S 7. We proceed to methods of approximation which it is advisable to use near each

end of the series. Near the Maclaurin junction Jacobi's figure approximates to an oblate

spheroid, at the other extreme to an elongated prolate spheroid. We can in these cases

avoid the elliptic functions, and calculate F, G, H directly.

Thus for an approximation to the oblate spheroid write

a- = a- (1 + e), b- = ci- (1 - e),

so that {a- + X.) (h' + \) = {a- + \)- - e-a.\

where e- is small. Then

'=2TTpabc a 1 +
3e^a» 1 oe^a*

2(o'' + X,)« 8(a? + \y

or with

a- + \ = {a.--cr){v'"+i), c- + \ = (a- - cr) v'-, a= = (o- - c-) (i^ + 1), c- = (a- - c') v\

1 H ^^ H -^ +
•2{v'"-+lf 8(v'- + iy

„ 4irpabc p dv'

The integrations are effected by the use of

in which <7, = 1 — i; cot"' i*, and (2n + 1) (j/- + 1) 5„ - 2?i5'„+i = 1

is a sequence equation. Thus

_ 47rp 7l - e" r Se^ 15e'

.(24)

« = *^^-['-
3gs

.(25).

ir = 4TrpVl-e»(i'= + l)

Since H-c=+6V-a'6» = (o=-c=)^(i/^+l){i'=-l 4-e'(j'-+ 1)1,
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and c- = {a- — c-) v-, the Jacobian condition (9) written to the order e* is

.(26 a),

= ir (^, - 5„) - (5, - q,) + (s\-[ifi (^3 - q;) - (q^ _ q^)] + (p^ + l) (,y._,
_

q.^

ri5 3
+ e'

I

3" {i^ {q, - qd - (q, - q^)] + ^ (v' + l)(q, - q,)

^^^
~A 7^=T= ^ (?> - 9-'> + ?i - 2^, + 93 + ~ [v- (q, - q,) + q,-2q, + q,} + ...

4:Trp \'l — e- -

= 9i - 9o + eM^ (93-9^) -(!''+ 1) (9-2- 93)| + e*|^(?5-?6)- 2 ('''+l)('/4- 95)- + ••

(266),
on using the equation of condition.

The term in (26a) not containing e vanishes for v = Vo the vahie at the initial point;

e- and the fall in w- are of tlie order I'd
— v. The condition of equal volumes makes

«o''Co'" = a-b-c- = ft^c- (1 — e'-),

while a-:c- = v-+l:ir, so that a- and c- differ from a„- and Co" also by quantities of order

v^ — v or e-, but a and 6 differ by a quantity of order e.

For a single calculation a value of yp- in slight e.xcess above .54° 21' 27''"4.5 mav be

taken, then

9, = 1 — -v/r cot yjr = 1 — V cot~' I',

wliile 9j... are given by the sequence equation. A method applicable to all form.s deviating

only slightly from the initial is to find differential coefficients, and calculate their values

for v = Vo. Differentiation is made by

.|' = (2.-l)(9„-9„-0. ^t =.>-^ (27).

and we may note that with the Jacobian condition

^ {.= (9. - 9,) - (9. - 93)i
= ivq, (1 - ir)l(l + iP),

J^
(9, - 9,) = -A_^ .;_ 1 + 5,

(4^e + l){.

When evaluation is carried to the second order of A-v|r and fourth order of e,

e- = 3-44.5813A>/f - 2-78454 {^y^f ...
]

„2 i (28).
-=- = -093.55743 - -1 294005 Ai|r - -087816 (Aylrf ...

|

47rp
j

Here Ay}r is in circular measure, and values up to 30" carry us approximately as far as

the position o = 15° in Darwin's notation {v. infra p. 79).

§ 8. It may be of service to add expressions in terni.s of 9, and v- for various quantities

used in dealing with a spheroid a, a, c where a=:c- = i'-+ 1 : i^-. Thus

^ =
2 (7- 0^)

^^''^ + 3 - 3 (.- + n (5.^ + 1) 9.i,
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which satisfy a relation

2Fa'c'=G(2c'-a') + -SH (29).

Also A=B = 2Trpll-{v'+l)q,}, C=i7rp(p' + l)q„

m- = 2Trp{l-{Sv"-+l)q,}, and - E = Aa- + Cc'=2-rrpa' {I + (Sv^ - l)q,}.

Tlie equatorial oscillation of the spheroid has Sa + Bb = 0, and

tie* = Eaa-Eah = -i-!rp{(Sv' + Sv"-+l)q,-v--l};

the polar oscillation has 8a =86, and . ...(30).

V(3i'= + 1) = (
j.-^ + 1) (£•„„ + E„,,) = 27rp (v' + 1) 1(27;'^ + IS,.-^ -l)q^- 9v' + 1}

The Jacobian condition in the form (7) or (9) leads to

„^ + B^(Sv' + Uv"- + 3)q, (31),

and it may be verified that this makes ;)/ = 4&)-. Or to establish this in a way which

shews more clearly the points on which the exact relation turns, we may take the value

of Eaa — Eab ID the general form (10), which for a =b is

{2Fa'c- + 4(?a-c= + H {a^ + c=)j/a^

If we now combine the Jacobian condition at the junction

Go' (2c= - a-) + He' = 0,

with the relation (29) true for all oblate spheroids, we have

2Fa>c^ = H (3a= - cP).

This makes Eaa — Eab = i' {Gc- + H) or >h- = 4<io\

§9. The treatment at the other extremity depends on its approximation to the form

of the prolate spheroid. For the latter with axes a, c, c and a- .c- = v-:v- — \,

and
I'+l

P'^^^'^Se—rj-^' (2/t+l)(l'=- l)pn + 2npn+, = l

the formulae for F, G, H are

^irppi iirpip^-pa) -iirp (p^- 2p„+ p,) c'

a= - Cc- (a» - c") ' d'-d'

For the elongated Jacobian write

h^ = 7= (I + e), c- = r{l- e), a' = {a- - r) v\ c- = (a- - y-) {v- - 1),

then proceeding as for ttie oblate spheroid

F = 4wp Vl - e°

(cr' - rf (v' -I)

3gs loe*
P7 + G.

.(32);

We arc concerned with the case in which v approaches tlie limit 1, say v- = l+^, and

note that while p, becomes infinite p.., p,... approacli limits ^, \,
i... and approximately

(33).
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.(34).

With L = loge ^ we have as sufficient approximatious

^,=i-, + f.(f+i),P..|-f(L-,),,.-^.-f)

The Jacobian condition G {a-c- -\- b'c- — d-b") + He- = Q is then

the solution of which gives

e = f (2i-3) + ^^(8Z— 20i. + ''5^) + (35 «),

and then &>-= Gc- + if= 27rpf^ {2Z -3 + f-(3Z - 1) + ...j (35 6).

The first approximation uses only the main terms of G, H, the second involves an advance

of one power of e, so that only the main terms of G and H are here required. Values of

Ega, ... sufficient for our purpose are:

b-^E,, = i7rp{cr--r)^-^^i-^...

abE,, = iTrp {a" - 7=) f ^ - f (2L - i-J . .

.

One root of the quadratic in »;- to which (1) leads is then n/ = 4:Trp^-L, the other is

7ip^ = 27rp(^l-j...j.

Thus Tie" : (o- falls from the value 4 to 1 in passing through the whole Jacobian series,

i.e. this oscillation changes from a semi-daily to a daily oscillation. For Hf the ultimate

,. , ha ^b he r hb Be „ ^ ^, ^ ^ , , Sa . ^
ratios of amplitudes are — ^^ = t = —

! lor "u. 1 "I = " to the first order, and — is 01^
-Za b c ^ b e a

higher order = — ^'{2L — S)j- approximately. These ratios answer to the description given

above.

The Jacobian algebraical condition a'^b- > e" (a- + b-) is expressed by af + y-Kl.

In the limit x"- = ^- and 3/
= 1 - e = 1 - f {2L - 3), from which .r^ + y^^l- f- (4L - 7),

i.e. the circle is approached: an approximate equation to the curve near x=0, y = I is

1 — y = .;=
( 2 loge- — 3

I

. The positions for ^ = 'Oo, and | = '02 are entered in the table (p. 80).

Darwin pointed out that there is a maximum value for kinetic energy which falls in

this range. Assuming that it does lie here, the value of (a- + b-)co- is to be made a maximum

as dependent on the single variable f.
With abc=l, a- + b- = ^~

'' ll + -^j and we have

to make ^5121-3 + f (^ - 6^\^i
V 3

a maximum, the condition being

/38i
._3.r(¥-f)=-
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As i = 3 rouo-hlv ^ is uot veiy small, on the margin of applicability of the formula. But

the correction given by the second term is a small fraction of the prime value, and |= 13791

"ivino- e = 051624 is probably near the mark: it corresponds well with the place indicated

by Darwin's table {B in fig. 1).

S 10. We proceed to examine the boundaries of the domain of steady motion about

one axis. The condition t = is expressed by

(Aa" - G(f)la = {Bb" - C<f)lh, or G {ahc" + a-c- + 6-c= - a-h-) + H{ab + c-) = . . .(36).

The algebraical limit required to make the coefficient of G negative with c/a=.r, C;b = y

is iv' + .cy + y'-< 1 ; the form {ab + c-)(H — abG) + c-(a +1)- G =0, shews that abG > H for

this line. The ellipse a.^ + a-y+y'-=l is in fact much nearer to the Jacobian line. The

inequality a? + xy + y- > 1 which appears to hold for the latter is evidently true if abG > H, but

I have not found any proof of either inequality apart from the calculations on which the

diagram is based. We accept Riemann's calculation for the terminus of t = on OS, and

treatment similar to that for the Jacobian gives

e=^(2Z-3) + r(L-l)(2i-3)+ (37),

for the terminus at P. The first approximation to its equation near P is

l-3/ = .r(21og,^-3).

For intermediate positions the expression of (36) by elliptic integrals has been used, viz.

(i?'— £')cot=ocos/3(l + COS/8) — £'{cos''yS + cos'- 7(1 — cos/3)j + cos/3 sin 7 cos 7 (2 — cos/3) =0
(38).

At the boundary t' = the mean axis is axis of rotation, and if we retain the order of

magnitude a>b>c, the condition is

{Ad' - Bb-)la = {Bb- - Cc-)lc or G {acb- - a=6^ - b"c- + a-c=) + H {ac -b-)=0 .. .(39).

The first form of the condition shews that b the axis of rotation is intermediate between

a and c. If the axis of rotation is taken for numerator of the fractions used as coordinates

in the diagram X = bja, Y= b/c the field for this case is above the line SP where it adjoins

the field for least axis as axis of rotation. In the form {ac — b^) {ac G + U) — 6^ {a — cf G =

it appears that nob" or 1 > XY, and the original form then involves b- {a' + c') > ac {ac + b'-)

or X"--XY+Y'>1; the boundary therefore lies between XY=l and A'=- A'F+ F- = 1.

The graph shews the inequality A'+F<2, or b less than the harmonic mean of a and c.

Near the terminus at P, working as for the Jacobian, we find

e = ^{2L-S)-^'{L-l){2L-3) (40),

and the ecjuation to the curve near P is F= 1 + A' ( 2 log^ — 3
J

.

The expression of (39) by elliptic integrals

(F- E) cot= a (cos 7 + cos" /3 (1 + cos 7))

- E jcos' 7 + cos- /3 (1 -f cos 7)j -f cos /3 sin 7 cos 7 (2 + cos 7) = O. . .(4 1 ),

with a>45'', has been used for intermediate positions.
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Near the spherical terminus of the boundary t'= we may write a-= I + a, ... and then

P=(I +\)= + (l +X)=Sa' + (l +X)S«'/3' + a'/S'7'. Proceeding to the second order of small

quantities and using la + la'P' = 0, P = ( 1+ X)^ - \ (I + \) Sa'/3' = fi' - fi (jj. - I) la'^' where

^^-^'l-i-l-W («)

9a'- ^i'-
The condition (39) then gives y' + a.' = „-

,
/3' = - ~„

; the first approximation to the

curve near S is A'-l-F = 2, the second is 3(A'-+ )'-) + A'l' = 7, and the initial value of a

for use ill the elliptic functions is 45°.

§ 11. If we wish to shew what shapes of ellipsoid admit of rotation about either axis,

we transfer to coordinates x, y Laving x = c/a, y = c;b so that Fy=l, x = X/Y, X=x/y.

Tbe curve t'= 0, SHP in fig. 2, starts from S along the line x + l = iy which corresponds

to A' + F=2. Near P its equation is 1 — (/ = a; (2 logg 2/a; — 3) corresponding to

F=l+X(21og,2/Z-3);

i.e. the transformed curve approaches P touching the line t = but above it as shewn by

terms of the next order. On this transformed boundary t' is not zero for the motion in

which the least axis is that of rotation. The region SHP represents ellipsoids capable of

either motion, but with dilierent values of t and t' except along the line SP : in particular

the Jacobian ellipsoids of the range UP are all capable of steady motion about the mean axis.

At H we have Aa- — Bb'-= (cC^ — b-) {Bb-— C<f)jb'- as Jacobian condition, while for t' =

in the alternative motion Ad- — Bb- = a(Bb'^ — C<f)iC, and therefore

c (a- — b-) = b~a or li- = a-c/{a + c),

i.e. y- = j{l+x) or cos 7 tan-/5= 1. [Working through the G and H relation we get also a

factor b- — c- pointing to intersection at P.] The position of H is near x= -4:026, y='lh\b,

or a =67° 17', 7 = 66° 15' 24", least axis | of the greatest. The r of the one motion and

£0 of the other are connected by t- = &)-«- (a — c)'/2 (a + c), the kinetic energies ai-e in the

ratio a— c : a + 2c, the squares of momenta as {a — cfia + c) : 2a- (a + 2c)-. Numerically the

kinetic energy of the motion about mean axis is 33'1 "/o of that for the Jacobian, the angular

momentum 2I|''/o; so that the disparity is considerable.

In the region of rotation about mean axis lies the case of irrotational motion to which

Sir Alfred Greenhill called attention. The condition is

(Ad" - B¥)ia- {a- + 3c=) = (Bb- - Cc-)lc- (3a- + c-)

or c- (a- - 6^) (30= -f c-) (Gc- +H)= a- {b- - c') (a^ + 3c*) (Gd' + H).

With respect to this 1 find that near .S' it agrees with t' = to the second order of

small quantities. Near P I get

ie{p,-p, + p {5 {p,-p,) +p, -p.^ = f [3 ip, -p,) - Ze{p, - p,) + 4f-' (p, -p,)],

39
leading to e = 3f (2Z - 3) - ^^

(
242.- - 56i -f ^

Vol. XXII. No. V. 11
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This gives a contact with SP at P similar to that of the Jacobian, below SP in the

standard system, above it in the other, and the sign of the second terra suggests the point

of inflexion necessary to secure this taugency.

§ 12. The table of Jacobians is calculated for 5° intervals of the variable a, those for

a = 5°, and a = 10' by a method which will shortly be given, the rest by elliptic integrals

;

beyond these are added values for the place of maximum kinetic energy, also for | = 'Oo and

I = '02 in the extreme range. The object in choosing a for the regular intervals rather than

7, as in Darwin's table, is to secure a safe interpolation. Gau.ss's form may with advantage

be applied to tabulated integrals in which the integrand is calculable or tabulated more

fully than the integral. Where Taylor's theorem holds good within a short interval a to a + b,

i

a+b

Urdx = b
b , h- „ ¥ ,„ 1v

"a + 7,
'la + ^ "a + 54 "« + • •

7 ^'"a"= OUa+ib + -24~ + • • • .(43),

where X+X'=I, X= + \'^ = S, i.e. X = 211325... ,
\' = uii8Q75 The form 6i<„+ji, is sufficient

for a short range, a(^'a+\b + i'a+\'b) covers a much wider range. Thus requiring an elliptic

integral with 60" 28' for 7 we should write 7' = 60° 14', use sin /3' = sin a sin 7', and then

with A7 for the circular measure of 28' the simpler corrections are A7 cos /3' for E and

A7/C0S/3' for F to be added to the tabulated values lor 7=60°.

In the columns giving (a- + 6-)a)-, {a- + b'-}- to'-, and E, use is made of abc=l; the

transfer to any other scale of magnitude is well understood.

On completing the work I was anxious to discover the source of the discrepancy between

Darwin's results and my own as to the maximum velocity, a discrepancy occurring where

the use of elliptic integral tables is troublesome and uncertain, viz. for smaller values of a;

and this paragraph is a sketch of work undertaken with that object. The forms in (15)

and (16) are expanded in powers of sin- o, the method is therefore closely allied to, though

not identical with, Darwin's treatment given in a long footnote. The expansion of the left-

hand member of (15) has the form C'^sin* a + ('„sin"a + ... , where

(74 = sin* 7 tan 7 {5, {Zv* + Uv- + 3) - i^- - 3}/8,

with i' = cot7 and </, = 1 - 700^7. The bracket vanishes at the junction by (^31); near it

the value of C, is -—Ay, and a first approximation gives -7-'' A7 + C'6sin-a = U. We find

-p* = 2qi sin' 7 (cos- 7 — si n- 7),
07

and C, = sin"7tan7!(/,(3i'« + i/* + 33i'- + 3)-(i'-'+ 1) (r- + 3)j/32,
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which at the junction is reduced to

('e = — ?j sin^ 7 cos 7 (cos- 7 — sin- 7)/2.

Thus the first approximation is A7 = - sin- a sin 7 cos 7, whicii admits of immediate interpreta-

tion. For ./ = cos (7 + A7) = cos 7 1 1 — T sin- a sin- 7 j
, and

y =
cos (7 + A7)

cos /3

= cos 7(1 + 7 sin- a sin- 7 )

,

and so .i- -I- ^ = 2 cos 7 = 2.r(,, i.e. the first approximation to the line near the junction shews

a direction perpendicular to OS.

If the right-hand member of (16) is expanded as Do + D.^sixi- a + ... then

2A cos 7 = 1 - 9, (31/2 -1-1), 162)ocos 7 = sin^ 7 jSi^^ -|- 3 - 89, (z^^ -1- 1) (.5i/- -f- 1)},

or when simplified by the condition at the junction

4Z>2 cos 7 = sin- a cos- 7 j 1 — 51 (Si'- -t- 1)}.

Thus as far as sin- a

A^ = A (A cos 7) + ?^^ (cos= 7 - sin= 7) [l - q, Civ" + 1)),

and the first term is A7 -i- (i)o cos 7) with the value of A7 just found. We have

J-
A cos 7 = g [q, {21 v' + 30r= -f 3) - 91^= - 3],

which at the junction =4v (5'i(3z;--l- 2) — 1) ; and therefore

A^ = sin- a sin- 7 \q, (3y* -I- 14j/= -1- 3) - v- - 3)/] 2,

which vanishes at the junction.

Thus the first term in Aid- depends on sin^a. The details of this method are very

tedious, and I have not applied it to obtain the coefficient of sin^ a. The position is that

&)- with respect to the variable a is a sustained maximum, with respect to 7 an ordinary

maximum, the variation depending on sin^a or on (A7)-. [A\/r is of order e" or sin-" a or (A7)-.]

Connecting this with the method of approximation in § 7, with 7 for the value at the

junction

1 . 1- • ., ., I -, * , - •
, \ sin a sin 7 cos 7e=2Sin-asm-7^1 + 2sm-a + ^sm^aj-f-^3^^^^ +

1 . , . sin^asin7C0S7 ,„A7 = - sin- a sin 7 cos 7 -^ ^^ (3 cos- 7 -t- sin- 7)4 oZ

sin" a sin 7 cos 7 ,, , , -,„ • ,
, , , ^

-I ^^ (lo cos^ 7 -h 10 sm- 7 cos- 7-1-3 sin'' 7)

sin''asin^7 f, sin-a,_ „ o •
., x)

+ 4- >^-44-58l3 1 1 + -4- ^5 '''' y + ^ ^^'^-^V-
= -1 183906 sin- a -|- -0.564942 sin^ a + -03562 sin« ol+ ...,

or in minutes of arc = 407-00 sin- 2 -1- 194-21 sin^ a -f- 122-45 sin'^a-l- ..

&)-

and
•iirp

= -0935574 - 0040948 (sin^ a + sin« a) - 0009615 sin* a. .

.

(44).

11—2
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The last pair give a solution in terms of the angle a for all small values, more trust-

worthy I think than results derived from the direct solution* of (15) bv tables, up to

a= 15 .

Schedule of solutions for the Jacobian form of equilibrium.

a
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1/ (I + x) = -I.c, the part relevant is the arc from to ^', ami the vertex V of the hyperbola

« = V2-l,y = 2-V2 lies symmetrically with regard to the chord OS. The region concerned

is a band skirting Maclaurin's line, and the state of motion is continuous with Maclaurin's

for a = b.

Case II. Axes of rotation, greatest and least. Riemann takes 6>c and then

b -c>2a, c-< a- (6- - 4a-)/(6- — a")

are condition.s. As b> '2a, b- — 4a'-' and h- — a- are both positive and c < a, i.e. the order is

b>a>c. The transfer to standard order as in Case I gives a—c>'2b and r(a--6-)<6=(a^-46=)

as conditions, or y{l— a-) > 2.c, y- - 4.c= > f- (y- — *•=). The pait of the quartic which is relevant

is half of a loop which sets out from along the line y = 2x, touches SP at P, and has at Q
a maximum value for x of value 2 — V3 where 3/

= V3— 1. The region is to the left of

these lines, viz. within OQP ; near the hyperbola imposes the more stringent condition,

and this is the boundary till the point of intersection is reached at Q where a; is a

maximum. Beyond this point the quartic imposes the more stringent condition and is the

boundary to P.

But this proves to be merely preliminary. The loop boundary is

= 46* - b^ ((t- + C-) + a-c' = D,

and Z) is a factor of the determinant of Riemanu's equations for cr, S, T. These equations

have right-hand members, and with a zero determinant are not unconditionally consistent.

The condition is 2Gb- + H =0, which is an impossible relation. The loop section of boundary

is certainly not valid as a boundary up to which steady motion is possible. The intervention

of a pressure condition, wliich in fact supersedes both algebraical conditions as the effective

boundary, will be discussed below.

Case III. Axes of rotation, the greatest and the mean. Riemann takes b> c, and then

l" \d\ \4>ar-c' + b' b-
I

.

2a^(6-c), —1

\
—

.,—r-r$0>
• .'o P5(6=+X) I <= +^ «' +M

are the two inequalities to be satisfied.

If f > ia the integral inequality liolds, and will continue to hold for values of c less

than 2a but not so small as a unless b becomes infinite. There is certainly a range within

which the order is b> c> a, which is converted to standard order by a cyclical chant^e,

which makes the conditions

2c ^ (a -6), and —^ {a' {b- + \) - (icr - b- + a") (c- + X)] ^ (45).
J pa

The first boundary 2c = u — b is i/ [l — ix) = a; ; the inequality y(l—2x)>x is observed

to the left of the hyperbola up to the poiut T at which the integral equality' is satisfied,

for which we know that I > y > i. If this equality holds for a line TP proceeding to P,

the order remaining a >b > c, this line will complete the boundary. The equality

(a-6- + b-c- - a-c- - -ic') G - (ic- -b-)H =

meets the curve t' = or

{acb- - a-b"" - b-c" + d'c") G + H{ac- b') = 0,

11—3
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for values making the eliminant

ac (¥ -c-){a-b- 2c) {a + b- 2c)

vanish, i.e. for 6- = c^ gi^'uig the point P, and for a = 6-f-2c which is precisely the point T
where the two boundaries meet. Near P we get

2eip.,- p,) + 5e|= (p, - p,) = S^- (p, - p.),

and approximately e = :i^H2L - S) - S^' iSD - •24i +^j • • • •

Near P the curve lies below the Jacobian, the type of first term is the same, the sign

of the second approximation opposite. The Jacobian is met at the point P, and again for

a- (3c= - b") = c- {ic- -b-) or ar (4/ - I ) = of - 1

giving an approximate position y = '622, x = '5417
; and the curve PT must have a point of

inflexion in order to cross the Jacobian. Solutions were obtained of the equation reduced

to elliptic integrals, viz.

sin= o cos /3 sin 7 cos 7 (sin- a + siu-^ + 4 008-7) + 2£' sin- a cos- 7 (2 —sin- a)

= (E— J" cos' a) [cos- 7 (4— sin-' a) + cos- /3 (siu- a3 + 4 cos" 7)]... (46).

Along the whole length of PT the transcendental boundary this case is continuous with

the case of rotation about mean a.xis ouly. Here Riemann's iS' = makes u and u' vanish,

and gives also 4T'(4c- — 6-)= G(6- — c") ; the relation between G and H gives a ratio for

if : v'- in the theor}- of mean axis which is clear of transcendentals, viz.

= ia+2cf-b-:(a-2cf-b-,

and the values of v, v' for the two cases agree.

§ 14. The condition of positive pressure (or o- positive) is one that is little in evidence,

for the reason that in all cases of rotation about one axis as well as in Cases I and III the

condition is satisfied as a simple consequence of other conditions. In Case II it restricts

the field within narrower limits than the composite algebi-aical boundary, and the equation

p or (7 = supersedes other conditions as the effective boundary of the case.

The pressure is positive so long as F+ 3{2Gb- + H)'D >0, D meaning

W - b- (a- + c") + a=c=

with standard order. The condition Z> = is lepresented by the quartic loop, D being

negative between OP and the loop. The line p = may be expected generally to lie well

within the loop, but may meet it at P or where other quantities than D are small. Near

P the equality is represented by

j9,(2e-3f-6er)=3r[2(;9=-;j,)(l+e)-fp,-2/),-l-/>,]

which treated as before gives

e = (J^'-(L-l) + 9^*((jL-j] + ....

The curve near P lies below the Jacobian or the boundary PT of Case III, and turns

more sharply downwards.
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We examine now the position near where c is small. The reciprocals of fo) oive

p^ A B C
{a^-b')(a--d') (a'-fr')(fr»-c=)'''(o*-e»)(6»-0 ^*^^'

while —G and H are got by writing Aa\ Aa^ respectiTely for J Thus if c is small

the condition is reduced to

C 3{^(a--26'>-!-g^;

Comparing the right-hand membere of (14) C has a term with cosy in the denominator

and is relatively great when c is small, so that the positive character is assured unless

0^— 44* is small. But near the boundary a — c=2b leads to a-— 4i* = 2ac. and in fact makes

the above n^ative, but we can aAyast f in a—fc=2b so as to satisfy the condition which

is then

2/(0- -6») cos 7
'

9 4 J- R
or as o = 25 approximately, the condition is C> ,. ,. — . ^ow with 7 nearly 90'' and ;3 = 60"

If cue 7

and theretbre o = 60', C is proportional to
"-

or z—^ , aud -A — B to i\.F,-i-2£,)
"^ *^ COS7 SCOCS7 *v 1 w

where E^ and F^ are complete elliptic integrals fljr a = 60°. Hence the condition is

f>\iF^ + 2E0>\-52Q\^,

using /\ = 2-1-5'j52, £"• = 1"21106. The pressure line near is therefore a—fc = 2b or

y—^ =^fjcy = Ifjr = :30524^

approximately, whereas the hyperbolic boundary Ls y = 2j- -4- 2ar near ; the carve then lies

above the hyperbola but has the same tangent y = 2ar at 0, with a radius of curvatore

reduced as 2:3.

For a general position we use

F {(a»- fr=) {¥ - c=> - 3^} - 3 ( 2G6^ + R) > 0,

or the boundary is

/'ansin'^sin^ycos^ a -3 cus^/^) - 3 (2(?a- cos- /3 + H) = 0.

From (47) it follows that JVi*. —Gar, H are respectively proportional to

.d^ cos- a — 5 -r (7 sin- o, .4 cos* a — 5 cos* )3 -f C sin- a co^ 7, ^ cos^o — 5cos'/3 + (7sin-acos'7.

In this way three points were determined in a middle range by use of elliptic integrals.

5 15. Attention may be called briefly to some features of the steady motion about two

axes, say b and c in Riemann's natation. The angular velocities w.,. to-i and momenta h.,, Aj

are constant, and moreover h. : h.,= ti)^-. ct-j : iu fact we find

h. = '-^ [¥+ c^-'ia'± \\2a +b + c) (2a -b-c) ria -\- b - c) r2a - b {- c)],

the positive value of the radical applicable to the case in which ic, v/ have like signs.

The frame of the ellipsoid moves in such a way that any line belonging to it describes

a cone with uniform angular velocity about a Hoe fixed in space. The axes in most parts
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of the fields for i, II aud III are very unequal ; the irrotational element in the motion must

therefore be very influential in order to equalize the effective moments of inertia. In general

the kinetic energy is not expressible in terms of lo's only, for h^ being

- {(a - bf w + (a + by w'}
o

and <o, being w + w', the kinetic energy

= ^ [(a - bf ?<;- 4- (a + bf w'"- + (a - cf if+ia+ cf y'=}

^ '"
[{(a - bf iv + {a + b)- zv'] {w + w ) - 2 {a- + b-) wiv' . . .]

o

2m , ,= AofOo + Ajcas — [{a- + C-) vv + (a- + b-) ww }.

But when iv, w' have like signs, v and v have unlike signs and the bracket may vanish,

in which case the kinetic energy would be double that belonging to a rigid body with the

momenta and velocities. In Riemann's notation

{a- + c=) vv' + (a- + b") wiv = {(a- + b") T ± {n? + c") S]

X V(2a + 6 + c) (2a - 6 - c) (2a + b-c){2a-b+ c),

the positive sign attaching to Cases II and III where S is negative, the negative sign to

Case I where S is positive. The condition (a- + b-) T +(a- + c-) S = is represented by

6a* {Ga^ -{H) + H(a'- b") (a- - c-) = 0,

which cannot be satisfied for III. But for II where in standard order the relation is

66^ (Gb' + H) =H (a= - b-) (b- - c=),

it is satisfied for a line from to P within the domain of II. The line leaves within the

region of positive pressure (angle a slightly less than 74°), quits this region in the upper

part, but remains below the quartic in approaching P. To the left of the line the kinetic

energy is less than the amount specified above, to the right it is greater. The existence of

the line is a cuiious feature, which rather emphasizes the characteristics of this motion,

but the. line does not appear to have any true d^'namical significance.

A consequence of the influential part played by irrotational motion in Case II is that

the status woulil be greatly altered by a very small amount of friction. The reduction of

mechanical energy would involve a movement towards the pressure boundary where cohesion

ceases and the conditions become disruptive. If this approach takes place in the upper

part of the diagram where there is approximation to the spindle shape, separation into two

or three less elongated bodies seems probable. If the approach takes place in the lower

part of the diagram where the form is that of a thin elliptical disk, the formation of a globe

and ring seems more probable. That is we postulate transverse lines of weakness for the

first case, an annular line (or lines) for the second. Without professing any special con-

fidence in the application of a homogeneous fluid theory to cosmogony, it seems permissible

to set down the above suggestions as those which arise most naturally from this part of the

subject.
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§ 16. The figure of equilibrium discussed by E. Roche, where a distant attracting body

31 on the line of the greatest axis moves in a circle with an orbital period equal to that of

rotation of the liquid ellipsoid, is represented by tlie equations

«- (A—o)-— 2i'(o-) = b- {B — (o- + v(o-) = c'^{C + vco"),

where v = M/{M+m) may range from to 1. For 1^ = the distant body has an inappreciable

influence, and the course of solutions is represented by the curve SJP representing spheroids

and Jacobians. The other extreme v = l is the case which has been specially examined.

The general course for intermediate values is easy to forecast, and some help is given by

the treatment near the spherical terminus after the method of § 10. Thus

(1 - ,r)/(I - 2/) = Sj/ + 1 = sec= a

near S, i.e. the tangent of the inclination of curves to SP near jS varies from 1 to I, and

the initial value of the angle a used in the elliptic functions varies from 0° to 60''. The

curves lie above these tangents and have one point of inflexion after reaching the position

for which ;/ is a minimum. The first approximation near S also makes -;— = -,.)„ r-, .
'' ^^

'i-n-p lo(3i'+l)

For v=l, the equation of condition is

sin" a cos /S sin 7 cos 7 (6 + cos- 7) — 2A'sin^acos- 7- (E — F cos- a) {cos= 7 + cos-/3 (3 + 008-7)! =0

CO- cos- a sin= /3 sin 7 cos 7 , r. n , , » o tt- • ^ -, « a
and ^ i = (£; — /^cos^a)cos-/3 +ii sui-acos-7— 2sm-acos «sin7C0S7

iirp cos j3

.(48).

The table gives values for four positions

a
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VI. On the Fifth Book of Euclid's Elements (Third Paper).
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I. Preliminary.

1. The Cambridge Philosophical Society published two papers by me " On the Fifth

Book of Euclid's Elements" iu their Transactions, vol. xvi. part IV. (1897) and vol. Xix.

part II. (1902). These will be referred to iu what follows as my first and second papers.

I shall also have occasion to refer to my two editions of the Fifth and Sixth Books of Euclid

published by the Cambridge University Press in 1900 and 1908, and my Theory of PropoHion

published by Constable and Co. (1914).

II. Object of this Paper.

2. The special object of this paper is to study the Fifth Book of Euclid from the point

of view of its relation to the principle afterwards known as the Axiom of Archimedes.

" I purpose to set out the results which can be obtained

(a) by considering this principle in connection with the Fourth and Fifth Definitions

of the Fifth Book

;

{h) by considering how far this principle is necessarily involved in the proofs of

properties of Equal Ratios given in the Fifth Book.

III. The Axio.m of Archimedes and the Fourth Definition of the Fifth Book.

3. Though the principle is now always known as the Axiom of Archimedes it is very

clearly assuined in the Fourth Definition of the Fifth Book, which Sir T. L. Heath translates

as follows:

Magnitudes are said to have a ratio to one another which are capable when

multiplied of exceeding one another.

Thus it is assumed that if A has a ratio to B, or B io A, then it is always possible to find

integers n and p, such that nA > B and pB > A.

This plainly assumes the Axiom of Archimedes, and it reads like an anachronism to

call the axiom by its usual name, but I shall conform to the usual practice throughout this

paper.

Vol. XXII. No. VI. 1-'
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IV. The Axiom of Archimedes and the Fifth Definitiox of the Fifth Book.

4. Euclid did not consider the bearing of the Axiom of Archimedes on the conditions

enumerated in the Fifth Definition of the Fifth Book, but important results can be obtained

by doing this.

Sir T. L. Heath translates the Fifth Definition as follows

:

Magnitudes are said to be in the same ratio, the first to the second and the third

to the fourth, if any equimultiples whatever be taken of the first and third, and any

equimultiples whatever of the second and fourth, the former equimultiples alike exceed,

are alike equal to, or alike fall short of, the latter equimultiples respectively taken in

correspiinding order.

Hence A:B::C:D,

if when we take any equimultiples whatever rA, rC of A and C: and any equimultiples

whatever sB, sD of B and D, then the only relations which are simultaneously possible are

(I) rA > sB, rC > sD

:

or (II) rA=sB, rC = sD:

or (III) rA<sB, rC<sD.

To make the meaning quite clear it may be added that (I) means that if having chosen

the integers r, s we find that rA > sB, it is necessar)' that rC > sD ; and also that if we find

rC> sD it is necessary that rA >sB.

So that to express the full meaning of (I) we may say that if r, s are any integers what-

ever such that

rA>sB, then must rC>sD (1).

But if /•, s are such that

rC>sD, then must rA >sB (2).

In like manner the full meaning of (II) is expressed by saying that if r, s are any integers

whatever such that

rA=sB, then must rC = sD (3),

but if 7(7 = aZ), then must rA=sB (4).

Similarly the full meaning of (III) is expressed by saying that if ;, « are any integers

whatever such that

rAKsB, then must rC<sD (5),

b\it if rC<sD, then must rA<f<B (6).

A proof is given in Art. 36 of my Euclid V. and VI. (1st edition) of the simple theorem

that if the conditions (1), (3) and (.5) are satisfied then (2), (4) and (6) can be deduced from

them by reasoning which is purely logical and does not involve any knowledge of the properties

of the magnitudes dealt with, and in particular does not assume the truth of Archimedes' Axiom.

Euclid does not give a proof of this simple theorem, but assumes it throughout the whole

of his Fifth Book. He does in fact rea.son as if he had defined the proportion

A:B::C:D
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as existing, when the magnitudes concerned satisfy the conditions (1), (3) and (5). Simson

gives the definition in that form, but it is unsymmetrically related to the first and third of

the magnitudes concerned, and also to the second and fourth, whilst Euclid's form is

symmetrical.

In like manner it can be shewn that if the conditions (2), (4) and (6) are satisfied then

(1), (3) and (5) can be deduced from them by purely logical processes.

It was further shewn in Art. 37 of the book just mentioned that if the conditions (1),

(2), (-5) and (6) are satisfied then (3) and (4) can be deduced from them by purely logical

processes.

Further, it can be shewn that if either the condition (3) or (4) hold for a single value

of r and a single value of s, then all the remaining conditions hold good (see my Theory of

Proportion, Art. 77). This particular case is mentioned for the sake of completeness, but it

is of no importance in the argument. It can only occur when the magnitudes A and B
are commensurable, and C and D are commensurable.

No other and no further reduction of the six conditions (1)—(6) to a smaller number

by purely logical processes is possible.

5. But if the trutli of Archimedes' Axiom is assumed it is possible to reduce the six

conditions to

(I) and (.5),

or to (2) and (6),

or to (1) and (2),

or to (.5) and (6).

Stolz, in his Vorlesungen iiber allgemeine Anthmetik, part i. p. 87 (1885), was, I believe,

the first to shew that (3) is involved in (1) and (5), and then (2), (4) and (6) follow.

This covers the case in which it is shewn that (4) is involved in (2) and (6), and then

(1), (3) and (.5) will follow.

Lastly, it will be shewn that (1) is equivalent to (6), and (2) to (5).

6. The reduction of the six conditions to (1) and (2) was I believe first given in my

Second Paper, Art. 68, by a proof in which I shewed that they involved (-5) and then the

remainder followed by Stolz's work. A similar proof is of course applicable to the reduction

of the six conditions to (.5) and (6).

I will however now give a demonstration, independent of Stolz's work, due to my friend

Mr Rose-Innes, of the reduction of the six conditions to (5) and (6).

Let A, B, C, D be four magnitudes such that whenever

rA<sB, then rC < sD (.5),

and whenever /-C < «i), then rA < sB (6),

it will be proved that the remaining four conditions also hold.

12—2
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The relation between the magnitudes rA, sB must be one of the following

:

7-A<sB (a),

rA=sB (yS),

rA >sB (7).

The relation between the multiples rC, sD must be one of the following :

rC<sD (a),

rC = sD (6),

rG>sB (c).

Each of the cases of the first set must be considered in conjunction with each of the

cases of the second set, so that there are nine combinations to be considered altogether.

We have to reject all those which are inconsistent with (5) and (6), which we suppose to

hold.

The possibility of the combination of (a) with (h), and that of (a) with (c), are incon-

sistent with (5).

The possibility of the combination of (a) with (/3), and that of (a) with (7), are incon-

sistent with (6).

Let us consider next the combination of (/3) with (c), i.e. suppose

rA = .s5,

rC > sD.

Then rC — sD is a magnitude of the same kind as D, and now introducing Archimedes'

Amom we can assert the existence of an integer «, such that

n{rG-sD)>D,

.-. nrC>{ns+\)D,

but since rA = sB,

.-. nrA =nsB<{ns+l)B.

so that the integers (nr) and (ns + 1) are such that

(nr) A < (ns + 1) B but (nr) C > (ns + I) D,

which is inconsistent with condition (5).

Considering next the combination (7) with (b), i.e. rA >sB, rC^sD, it can be shewn

in the same way by interchanging A with C and B with D in the preceding proof that this

is inconsistent with condition (6).

It has therefore been proved that the combinations

(a) with {h\

(a) with (c),

(n) with (/8),

(a) with (7),

(/3) with (c),

and (7) with (6)

are inconsistent with flic conditions (5) and (G).
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Heace, if the conditions (5) and (6) are satisfied, the only combinations which are

possible are

(a) with [a), (/3) with (b) and (7) with (c),

which are exactly the combinations permitted by Euclid's Fifth Definition.

Hence, if Archimedes' Axiom be assumed, the satisfaction of the conditions (-5) and ((!)

is a sufficient test for the proportion

A:B::C:D.

If we take the Fifth Definition as translated by Heath and strike out the words

" alike exceed, are alike equal to, or ",

the remaining words would embody conditions (.5) and (6), though the meaning would not

(I think) be very clear.

A similar demonstration to the above will shew that conditions (1) and (2) are a

sufficient test of the proportion

A -.B-.-.C-.D.

These, with a like reservation as to the obscurity of the meaning, would be represented

by striking out from Heath's translation of the definition the words

" are alike equal to, or alike fall short of."

7. It will now be shewn that (1) is equivalent to (6).

If (1) holds, then all values of r, s which make 7-A > sB also make rG>sD.

Now^ suppose that ?'i, s, are such that >\G<SiD, it will be proved that i\A <s,i?.

For, if not, either r^A^SiB or i\A>.SiB,

i.e. we have either (a) r,(7<s,i) and riA=SiB,

or (6) 7\C<s^I) and 7\A>SiB.

In case (a) s^D — i\G is a magnitude of the same kind as G, and therefore by Archimedes'

Axiom an integer n exists such that

n{s,D-i\G)>G,

.-. {ni\ + 1)C< ftSjZ).

But since j\A—s^B,

.'. m\A = nSyB,

.-. {m\ + 1)^4 >ns^B.

Hence the integers {m\ + l) and (nSi) are such that

{nr, + 1) ^ > (?w,) B, but (n)\ +l)G < («Si) D,

which contradicts the condition (1).

In case (6) i\A>.StB, but i\G < s^D.

This also contradicts (1), for i? r\A>SiB, then (1) requires that )\G > 8,1).

Hence neither (a) nor (6) can hold, and therefore if (•iC<.Sii), then must )\A < s^B, and

therefore condition (6) holds.

It remains to shew that if (6) holds, then (1) also holds.
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If (6) holds, then all values of r, s which make rC < sD also make rA < sB.

Now suppose that r,, Si are such that r^A > s^B, to prove that )\C>SiD.

For, if not, either )\C= SiD or )\C<SiD,

i.e. we have either (c) ?-].4>Si5, )\C = s^D,

or (d) )\A>SiB, >\C<SiD.

In case (c) r^A —s^B is a magnitude of the same kind as B, and therefore by Archimedes'

Axiom an integer ?i exists such that

n()\A-s,B)>B,

.-. nrjA > {nsj + I) B.

But since i\G = SiD,

.". nvjC = ns^D,

.-. n)\C <(nsi + l)l).

Hence the integers {n)\) and {nsi + I) are such that

(ftri)C<(ns, + I)A but (nri) A > (nsi + I) B,

which contradicts (6).

In case (d) )\C < SiD, i\A >SiB,

which also contradicts (6).

Hence neither (c) nor {d) can hold.

Hence if i\A>SiB, then mu.st )\(J>SiD, and therefore condition (I) holds.

Hence by the aid of Archimedes' Axiom it has been shewn that if (1) holds, then (6)

holds; and if (6) holds, then (I) holds.

Hence (1) and (6) are equivalent.

By interchanging in the above proof A with C and B with D, it follows that (2) and

(5) are equivalent.

8. To sum up, the six conditions (1)—(6) involved in Euclid's Definition can be

reduced by purely logical processes only to a smaller number in three ways, viz. to

(1), (3) and (.5);

or to (2), (4) and (6);

or to (1), (2), (.5) and (6).

If in addition to purely logical processes the truth of Archimedes' Axiom is assumed,

then the six conditions can be reduced to two in the following ways, viz. to

(1) and (5);

or to (2) and (6);

or to (1) and (2);

or to (.5) and (6).

Further, (1) is equivalent to (6), and (2) to (5).

The reduction to tlie pair (5) and (6) possesses certain advantages in dealing with some

propositions over the other forms (see Arts. 11 and I't below).
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V. The Propositions in the Fifth Book of Euclid. Their dependence on

THE Axiom of Archimedes.

9. The next step is to classify the propositions of the Fifth Book.

(i) The first group consists of propositions dealing with magnitudes and their

multiples.

These are Nos. 1, 2, 3, 5 and 6.

With these should be included the following proposition :

"If A, B, C are magnitudes of the same kind, and if A be greater than B, then

integers n and t exist such that

nA >tC > nB."

The proof of this forms the greater part of Prop. 8, and it depends on Euclid's Fourth

Definition, so that Archimedes' Axiom is involved.

This proposition belongs properly to this first group, because it does not deal with

ratios. In order to distinguish it from Prop. 8 I will refer to it in what follows as the

principal part of Prop. 8.

The only place in the Fifth Book in which the Fourth Definition is used explicitly is

in the proof of this principal part of Prop. 8.

(ii) The second group consists of propositions dealing with Unequal Ratios.

These are Nos. 8, 10 and 13.

The proofs of these depend on the Seventh Definition, the test for distinguishing

between Unequal Ratios ; whilst the proof of Prop. 8 (as has been already noted) requires

also the Axiom of Archimedes.

The propositions in this group are used sometimes singly and sometimes all together in

the proofs of Props. 9, 14, 16 and 18—2.5.

(iii) The third group consists of propositions dealing with Equal Ratios, which

depend uu the Fifth Definition and do not necessarily require the Axiom of Archimedes.

These are Nos. 4, 7, 11, 12, 1.5, 17 and 18.

Euclid's proofs of all of these except the last do not require the Axiom of Archimedes.

His proof of Prop. 18 assumes not only Prop. 8, and therefore the Axiom of Archimedes,

but also the existence of a fourth proportional to three magnitudes, of which the first and

second are of the same kind. Sinison gave a proof free from either assumption. It is

essentially the same as that in Art. 154 of the 2nd Edition of my Euclid V. and VI.

Another proof of Prop. 18 is given in Art. 14 below to illustrate the power of the

proposition in Art. 6 above, but this assumes the Axiom of Archimedes, because that Axiom

was employed in proving Art. 6.

(iv) The fourth group consists of pro2Jositions dealing with Equal Ratios which

require both the Fifth Definition and the Axiom of Archimedes.

These are Nos. 9, 14, 16, 20—23.
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Euclid's proofs of these propositions are made unnecessarily indirect and therefore difficult

by his use of Props. 8, 10 and 13 in their proofs; thus bringing in the idea of Unequal

Ratios to prove Properties of Equal Ratios.

It is shewn in the works mentioned in Art. 1 that these propositions can be proved by

the aid of the Fifth Definition and the principal part only of Prop. 8 ; and it is shewn that

then Props. 14, 20 and 21 can be treated as particular cases of Props. 16, 22 and 23, whilst

the Euclidean method requires that Prop. 14 should be proved first as a stepping-stone for

Prop. 16, and in like manner Prop. 20 for Prop. 22 and Prop. 21 for Prop. 23.

(v) The fifth group consists of propositions dealing with Equal Ratios which

depend on propositions in the third and fourth groups.

These are Nos. 19, 24 and 25.

Euclid in his proofs employs only the propositions in the third and fourth groups. He

does not make any direct use of the properties of unequal ratios with which the second

group is concerned.

Inasmuch as proofs of the propositions in the third and fourth gi-oups can be given

which do not necessarily depend on the properties of Unequal Ratios, it is possible to regard

the propositions in this fifth group as not depending necessarily on the properties of Unequal

Ratios. They do however depend on the Axiom of Archimedes.

Euclid's proofs are I believe the simplest which can be given.

The proofs given in the works mentioned in Art. 1 of the propositions in the third

and fourth groups are such that each proposition is deduced directly from the Fifth Definition,

those in the fourth group requiring also the Axiom of Archimedes ;
but the proof of each

proposition is independent of all the others.

In my second paper I attempted to obtain similar proofs of Props. 19, 24 and 2.5, but

these, as will be seen on reference to Arts. 70—73 of that paper, are very complicated and

indirect. I asked my friend Mr Rose-Iunes if he could find something simpler. He has

sent me those which now follow, Arts. 10— 12. It is possible that no further simplification

can be attained, but they are not as direct and the steps do not follow so automatically as

tho.se which 1 have given of Props. 16, 22 and 23 in luy Theory of Proportion. I give also

(Art. 14) a proof of Prop. 18 which will illustrate the power of the proposition in Art. 6.

EUC. V. 19.

10. Let A, B, C, D be four magnitudes of the same kind such that

A:B = C:D, and .1 > f, B > J),

to prove A-C:B- J)=A: B.

Take any multiple of A, say rA
;

and any multiple of B, say sB.

There are three po.ssibilitie.s,

(i) rA<sB, (ii) rA=sB, (iii) ,A > sB.

Consider (i). Since rA < sB,
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therefore sB — rA is a magnitude of the same kind as A, B, G, D, and since A > G, A —C
is a magnitude of the same kind as A, B, G, D.

Hence by Archimedes' Axiom an integer p exists such that

p{A-G)>sB-rA,
.-. pA >{sB-rA) + pG.

Hence* an integer q exists such that

pA >g(sB- rA) > pG.

Now since pA > q {sB — rA),

.-. {p + qr)A>(qs)B.

But A:B = G:D,

.-. (p + qr)G>{qs)D,

.-. pG + (qr) G > (qs) D (I),

but g(*'5- '-!) >pC (II),

.-. q{.sB-rA) + (qr)G>(qs)D from (I) and (II),

.-. sB-rA + rC >sD,

.-. r(A-G)<s(B-D).

Hence if rA < sB,

then r{A-G)<.s{B-I)).

Consider (ii). Since rA = sB,

and A:B=G:B,
.-. rG= sD,

.-. r{A-C) = s(B-D).

Hence if rA = sB,

then r_{A-C)=ii{B-D).

Consider (iii). rA > sB.

Then since A > C,

therefore integers p, q exist such that

pA >q {rA - sB) > pG.

Since pA > q (rA — sB),

(qs)B>(qr-p)A,

therefore we have provided that p < (qr),

(qs) D > (qr - p) G because A : B = G : D.

.-. pG + (qs)D>(qr)G (III).

But q(rA-.'iB)>pG (IV),

.-. q{rA-sB)+{qs)D>(qr)G from (III) and (IV),

.-. rA -sB+sD>rG,
.-. r{A-G)>s{B-D).

* \i X>Y+ Z, an integer q exists such that X>qY>Z.

Vol. XXII. No. VL 13
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If however p -i (qr),

then it is still true that (qs) D> (qr-p)C,

for the left-hand side is positive and the right negative or zero,

.-. pC + {qs)I)>{qr)C.

But q {rA - sB) > pC,

.-. q(rA-sB)+(qs)I)>(qr)C,

.-. rA -sB+sD>rC,

.-. ; (A-C)>s(B-D) as before.

Hence if rA > sB,

then > (A - C) > .v {B - B).

It results from the three cases considered that

A-C:B-D = A:B.

Euc. V. 24.

[This demonstration illustrates the power of the theorem in Art. C]

11. To shew that if
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(ii) If we suppose i-{X + Y)<sZ and re-write the above proof, interchanging .4 with

A', B with Y and C with Z, we shall find that r(A+B)<sC.

From (i) and (ii) together we have

if r (A+B)< sC. then ; (A' 4- 1') < sZ,

and if r(X+Y)<sZ, then r(A+B)<sC.

Hence by the theorem of Art. 6

A + B:C=X+Y:Z

Euc. V. 2.5.

12. If A, B, C, D be four magnitudes of the same kind in proportion, to shew that

the sum of the greatest and least is greater than the sum of the other two.

Let D be the least of the quantities.

Then C — D is a magnitude of the same kind as B and" Z), and B>D because D is

the least of the quantities.

Hence, assuming Archimedes' Axiom, integers p, q exist such that

pB>q{C-D)>pD,

.-. q(C-D)>pD,

.-. qG>(p+q)D.

But A:B = C:D,

.-. qA >(p + q)B (I),

but pB>q{C-D) (II),

therefore from (I) and (II) qA > q(C - B) + qB,

.-. A >C-D + B.

Since D is the least, this inequality shews that

A exceeds B hy G — D,

and A exceeds C by B — D.

Therefore A is the greatest.

Moreover the inequality shews

A+D>B+C.

13. There is a certain resemblance between Mr Rose-Innes' proofs of Euc. v. 19 and

Euc. V. 25. If we compare the inequalities marked (I) and (II) in v. 25 with those similarl}-

marked in v. 19 or with those marked (III) and (IV) in v. 19 this resemblance will in part

appear. It rests on the basis that either proposition, having first been proved independently,

can be used to prove the other.

Euclid's proof of v. 25 depends on v. 19 and other propositions.

I will now shew how to use v. 25 and other propositions to prove v. 19.

13—2
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Starting from A -.B^C-.D,

.-. rA:sB=rG:sD (v. 4).

Suppose, as in v. 19, that A>C, B > D.

These give 7-A > rC, sB > sD.

(i) If now rA > .s5,

then since rA : sB = rC : sD,

.-. rC>sD.

Hence rA is the greatest and sD the least of the four magnitudes in the proportion

rA :sB = rC:sD,

.-. rA+sD>sB + rC by v. 25,

.-. r(A-C)>s{B-D).

If therefore rA>sB, then r {A - C) > s(B - D).

(li) If rA=sB,

then rC = sD,

.-. r(A-G) = siB-I)).

If therefore rA = sB, then r {A - G) = s (B - D).

(iii) If rA<sB,

then since rA : sB = rC : sD,

.-. rC<sD:

we have also ?'^-l > rC,

and sB > $D,

therefore sB is the greatest and rG the least of the four magnitudes in the proportit)n

rA:sB=^rG:sD,

.-. sB + rG > rA +sl) bv Euc. v. 25,

.-. r{A-G}<s{B-D).

If therefore rA < sB, then ?• (.1 - G) < s (B - D).

From (i), (ii), (iii) it follows that

A-G:B-D--=A:B.

Euc. V. 18.

14. The following proof due to Mr Rose-Innes also illustrates the power of the proposition

ill An. (i.

If A:B=G:D,
t.. prove that A + B : 11 = G + I) : 1).

Consider (i) the case r{A + li}<^.iB.
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In this case /• must be less than s,

.-. rA<(s-r)B,

.-. rC<is-r)D, . A:B = C:D,

.-. r(C+D)<sD.

Hence if r{A+B)<sB, then r(C + D)<sD.

Consider (ii) the case r{C+D)<sD,

then re-writing the above proof after interchanging ^4 with C and B with D, it follows that

r(A + B)<sB.

Hence from (i) and (ii) together,

if r(A+B)<sB, then r(C+D)<sD,

but if r{C+D)< sD, then r{A+B)< sB.

Hence by the theorem of Art. 6

A+B:B=C+D:D.
In the proof of this proposition Archimedes' Axiom has been assumed, because it was

used in the demonstration of Art. 6.

This demonstration illustrates another point. Suppose that instead of using the conditions

(5) and (6) of Art. 4 we had employed instead (1) and (2), so that we should have started

with r{A +B)>sB.

In discussing this inequality we should have been obliged to discuss the three cases

r > s, r = s, r < s.

This justifies the remai-k at the end of Art. 8 that the use of conditions (5) and (6)

may sometimes be more convenient than that of (I) and (2).
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VII. The Invariants of the Halphenian Homographic Substitution— to ivhich is

appended some investigations concerning the Transformation of LHfferential

Ojoerators ivhich present themselves in Invariant Theories.

By Major P. A. MacMahon, F.R.S., Hon. Mem. Camb. Phil. Soc.

[Received 16 June, 1914.]

INTRODUCTION.

This paper follows naturally the one published in these Transactions in 1908 under the

title " The Operator Reciprocants of Sylvester's Theory of Reciprocants."

The particular object in view is the study of the invariant operators of the theories of

invariants and reciprocants and the transformation of those operators. There is great

advantage in adding operators to the invariant material dealt with. It was not at first

recognized that the operators were efifective because they themselves possessed invariant

pi'operties. Tlie relations which establish those properties shew the exact conditions under

which the operators are effective either as generators or annihilators. In certain cases

homogeneity or isobarism or both may be necessary in the algebraic forms ; in others the

forms must possess properties in regard to other differential operators. The two simple

substitutions of Sylvester and Halphen, both of period 2, sul3fice to disclose and elucidate

the invariant properties and to discover the relations that exist between the two theories.

What I have called the 6 transformation, that was brought to light in the first paper, is herein

further examined in regard to the special logarithmic case and two new transformations, the h

and the s, are discovered and examined. Transformations are shewn to exist which bring the

seminvariants and pure reciprocant defining operators to the simplest possible forms, and shew

instantaneously a complete system of ground forms in each case. The paper is divided into

two sections—the first deals entirel}' with the Halphenian substitution, and the invariants,

algebraic and operational, are exhibited in their categories. Attention may be directed to the

symbolic method of Art. 8.

Section II treats of the transformation of linear operators in general, with special reference

to the subject-matter of Section I.
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SECTION I.

On the Invariants of the Halphenian Homographic Substitution

1 Y

1. If we consider the binary quantic

(a„, Oi, (u,...){u, v)",

and 1/ any function of x, we may suppose that

_ I d'+-i/

"""(5+2)! dx'+°-'

If we now make the substitution

-1 _z

the invariants which are such that they are homogeneous and isobaric functions of

a„, ih, «;, ..-

are, as is well known, seminvariants of the binary quantic, and conversely every seminvariant is

an invariant of the Halphenian substitution. They satisfy the well-known partial differential

equation

^a = doda, + ^chda., + '3a.,d„, + . . . = 0.

In the paper communicated by me to the Cambridge Philosophical Society in 1908

I considered Sylvester's substitution

X =7, y = X,

the invariants of which, when homogeneous and isobaric functions of a„, a,, a.>, ..., have been

called pure reciprocants. Such satisfy the differential equation

Fa = 4 . \a,^da, + 5 (aott,) S„, + 6 {a,a. + |ti,=) a„, + . . . = 0.

Certain forms arise from both sets of substitutions and are thus both seminvariant and

pure reciprocant functions of a^, a,, a.,, .... Such are invariants for the general homographic

substitution

_ XlX + fJ^Y + V
,

_X.,A'+yiL>r + i^.,

'^~ xX+fiY+v '
^~ \X+/iY + v'

and have been named by Sylvester projective reciprocants and also principiants.

In fact principiants may be defined by the simultaneous partial differential equations

n„ = o, V„ = 0.

Since moreover ilc = — !'«,,

, 1
where c« =
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, 6; ob,b., .ii,'

b,r b^^ b,'

'•='.•
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The Halphenian substitution, like that of Sylvester, has a period 2 ; it follows

(i) that the substitution may be given the symmetrical form

} y

.

(ii) that, in any relation involving the letters

y, X, t, ffo, Oj, ... r, X. T, J.„, ^1, ...

we may interchange the small and capital letters.

We ma}' further consider the operator symbols

9y. 3.I-. 9<. 9a,. ^a,. ••• ?y. Sj, dx: Pjo. 9j,, ••

and then if

f(y, X, t, cJo, «i, ... 9,„ dx, 9(, da„, 9n,, ... )

= <f>(Y, X, T, A^, Ai, ... By, dx, ^t, ^a,, 9j,. ••).

the interchange of small and capital letters shews that

f(y, X, t, tto, Oi,...?y, 9x, 9(, 9a,, 9„,, ... ) + ^(^, .», t, a.,, u,,...9y, dx, 9,, 9a,, 9„,,...)

is an absolute operational invariant of the substitution of even or uneven order according as

the upper or lower sign is taken.

In fact every symmetric function of

f(y,x,...), <t,{y,x,...)

is an invariant of even order and every two-valued function of the two functions is an invariant

of uneven order.

Thus the relations a„ = X^^o. x-ao= X-A„,

yield the invariants (l+x')ao, a;- Oo of even order

and {l—x')a,, of uneven order.

3. We a.ssign to the letters y, x, t, «o, o,, ... a certain degree' i and weight w and deduce

the characteristic 2i + 2w of the letter. We write v for the characteristic and then we have

the following scheme:

(
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The degree, weight and characteristic of a product of symbols are eacli of them formed by

adding together the numbers which appertain to the symbols.

The investigation is much simplified by an accented notation; we multiply each letter or

symbol (except x) by x raised to the power of half of the characteristic of the letter or symbol

;

similarly for the capital letters. Thus we put

'h = y,

a^t=-e, XiT=-T\

«^ao = do

,

X'^ Ao = Aa,

x-ai = — a,\ X-Ai = — Ai,

Ji2s+3)^^ = (_). a;

,

xi(-''+-'^A, = (-)M;.

The change of sign will be noted. Also that what we have written

is first of all x^'^^ '^ ' Ag in obedience to the law of formation.

The relations of Halpheu become

do — Ao ,

o; = a:-a;,

a.: = a: - -ia; + a:
,

a; = A;-
{J^

a; + {^a:~... {-ya;

wherein there is no occurrence of « or X.

For the accented letters we have the scheme

:

i/ X i eta «i^ •• «»' c

v) — # -* -^

w

Y'
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It is to be observed that in every relation in accented notation it is permissible to inter-

change small and capital letters, both in symbols of quantity and in differential inverses.

The relations a,' = A; -A;, a.: = A; - 2A ; + A:
,

&c.

indicate that every function of «i^ ,
a^\ ...

is a function of differences of the quantities

Ao , Ay , A.2 , ... ,

and thus satisfies the partial differential equation

9^,+9^+a.,; + ...=o.

In fact we will presently establish the formula of transformation

dc: = ?A., +dA.:+dj,+...,

which is the analytical statement of the observed fact.

The Lineal- luvariants.

4. Making use of the principle of invariauce above set forth, the relations yield the

absolute invariants of even order

2/.
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The general form here in its unaccented aspect may be taken as

5. These invariants, linear in the quantities, may be exhibited in symbolic form by

writing

and then p' = {l-Py,

p + P=l;

and we derive the relations

jf {1 - pY = P^l - py,

ii-2py = (-ni-2Py,

shewing that // (1 - i^Y (1 - '^pY = (-)' P» (1 - P)» (1 - 2P)',

which establishes that ^''(1 — pY {I — 2pY

is an absolute invariant of even or uneven order according as t is even or uneven.

Moreover the identity (I — 2py + ipil — p) =1

shews that we may exhibit the invariants of even order by forms

pH^-pY>
and those of uneven order by forms

f{i-pya-2p).

The sets of linear invariants above set forth are given in these symbolic forms by the

successive integer values of s.

We have thus obtained the whole of the invariants which are linear in «<,, a,. a„, ....

6. The theory of the invariants of higher orders in a^, a^, a.,, ... is very simple because we

may take alternative symbols p, q, r, ... on the one hand and P, Q, R, ... on the other, where

p + P = q+Q = r + R = ... = l,

and then

(P - 9)''= (P - '•)''= (q - rY-: • • = (-)*- + «" + «..-• (P _ Q)-'>. (p _ P)«,3 (Q _ iJ).%3 . ..
,

and we thus obtain the whole series of invariants which present themselves in the invariant

theory of an ordinary binary quantic. In fact we obtain all forms which satisfy the equations

^-a' = «o' da,- + 2o-i' da,- + Sa^'da^- + . . . = 0.

Ex. gr. (p - qf = p-q" - 2p^q'^ + p"q^ = 2 («„' a.,' - a,'-) = 2a-' {UoCU - aj-),

and x''{aoa2 — ai-) = X'{AoA2 — Ai-),

exhibiting the absolute invariance of x^ (a^a, — f/i'-).

The fact that the operator n^- is itself an invariant under the substitution will shortly be

established.
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The Invariant Operations.

7. Let the functional equation y = t\it)

become by Halphen's substitution r= <^ (Z).

Let-a;, y receive simultaneous increments

and let the increments received bj^ X, Y in consequence be

=Z, HF;

so that y + VII = /(a; + ^x),

Y+liY=(ji(X + EX),

where by reason of the substitution involved

(l + f)(l + =) = !,

"+2 = 1.

and we deduce the relation

? ' =
By Taylor's expansion we find

Hr= TEX + A,E"-X- + A,E'X--' +

XT ''-u" 1Now, since p + i= = l,

I .2 Is 2/'

Moreover -r =—i

,

a;- X^

^*(|-5!)-^*ffif-»>

Obtaining the expressions of ~ , —y, from Taylor's expansion above, anil substituting

herein we find

but ,!(,_'.?). _.vJ(r-' J),

SO that we are led to the relation

,ri (oof.-- + a,^%'^ + (/,f^' + ...) = - a:* (^o=A' + .4,E-A'-^ + .4,= ^Y^^+ ...):

or proceeding to the accented notation

«;? - ".'^ + «;r -... = - (a.:e - a:e-^+ a:e^' - ...).

where (l + f)(l + E) = 1.
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From Halphen's relations we deduce

dy^ Xdy + dx,

and herein writing x-dy = d,f, X- dy=dr',

x-idt=-dt; X~hT=-dT-,

we find dy' = dy — 9y

,

9(. = — 9j,.,

8. To obtain these relations in symbolic form write

* = a_i, y = a_2,

and then put symbolically

(-)'9„- =^^ i-y+'dr =k\

when we find that the relation

/ K \»+i

may be written ^'^' "^"^"^ vTjr^J

Moreover, if s = — 1, kf = K" yields 9c = — 82"
I

if s = — 2, 7.= -j7~^^ yields 9j,- = 9r- — ^r •

The important observation is now made that the symbols k; K are in fact related in

the same manner as ^, H for, from the relation

(l + f)(l + H) = l,

/ H \*+'

we at once deduce ^*'^' = (-)'"*"'
( ^-—^ )

Hence we may regard ^ and H as symbols such that

This remarkable circumstance points to the important fact that in the relations
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as well as in any rational integral relation connecting the quantities

I, y , t, fl„ , rti , . .

.

with =, Y\ T, A,\ A^,...

we ai-e at liberty to write

where s may have the values — I, 0, 1, 2, 3, ...

and ci_^ = j/\ «_i = f, J.'_, = F, A'_i = T\

From the relation (1 + ^) (1 + H) = 1 are obtained the useful relations

which indicate that, qua invariant functions of |,

f=8f and (l + f)??

are invariant operations of uneven order.

When performed upon invariant functions of
_

order they produce invariant

- .. „ uneven ,

functions or order,
even

Invariant Operators of Zero-order in the Coefficients.

9. These are all obtainable from the relation

for ? = ""

1 + E

so that f'±(-)'(nrj

is an invariant in symbolic form, of even or uneven order, accoi-ding as the upper or lower

sign is taken.

We obtain the two series

Even order Uneven order

^ 1+?' ^^1 + ?'

^ ^(i + ^y ^ (i + ^y

Observe that by reason of the difference in sign, for a given value of s, in the

relations

?'=(-)'9«._,. =' = (-r'3^_.
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a symbolic form of order yields an iinsvmbolic form of order. We thus
•^ uneven •' " even

obtain the invariant operations

Uneven order

3a„3. + 6a„,. + io8„,- + i5a„,. + ...,

2. ^,2.^. ,/2..1,, .,2. + 2

2S-1 lj9«..+ ^ 2 j '«"-.«+(, 3 J3«W2+---

/2s+l\ /2s + 2\ /2s + 3\

From these we may derive a reduced set

dt,

3a,- + 8o2' + 9«a' + • • •

'

9„3-+2S„,- + 39„,- + ...,

and, for s ^ 0,

The unaccented expression of the operations is

* ~ ^ (9o, - «"'
9a2 + «--

3as - • •).

r - (9«3 - 2a;-' a„^ + 3a;-- S„. - . .
. ),

In obtaining these it must be remembered that the characteristics of </,, and 5^ are

the same numerically but dififer in sign.

Even order

2S,,- - df,

2S„„-+a„, +a,^- + ...,

2a„,- + 39„3. + 4a„,+...,

29a,+39„3. + 6a„,- + 109«.+ ...,

Ci) ^«-+ ("'2"
^) ^''-+>

+

Cs ^) ^''-+'^ + ••'

„3 /2s-|-l\- /2s+2N.

for s^ 1.

15—2
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The reduced set is

25as +38a, -t-4a„^ +...,

of which the unsymbolic forms are

2x-dy + x~-d,,

To verify the first of these we have

2x% + x-^dt = 2X-i (Xdy + dT) + X5 f-jdr) = 2Xidy + X'^dr.

We may also note that -; ,, = ^"^ _ ,
•'

1 + f 1 + S

so that ^ is an invariant operator in symbolic form which denotes in unsymbolic form
(1 + ?)'

f J

an operator of uneven order ; it is

3«-«^-i + ( 1 ) ^"s* + C 2 ) ^"W. -^
• • • '

and in unaccented form

Operators of the First Degree in the Coefficients.

10. We have before us the two relations

p + F=l,

(1 + ?)(1+H)=1,
and the established relation

("o'r- a:^-'+a,'^^ -•••) = - iA:s - a; =.' + A.:S'- ...).

It yields the relation

a^da^ + (',' 9«,- + \d„.; + . . . = AodA,' + A ;a,,,- + ^;a^,- + . .
.

,

or, as we shall write it, I„=Ijf.

This gives us the invariaut of oven order

/„ = a„'9«„- + ai'9fl,- + ««' ?„,+....

In unaccented form this is
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To obtain the operator in a form which is wholly symbolic we write

and we then have j-~ yc ~ ~ j +P^

'

so that —5_^ is the sought symbolic form.
I +p^

This can be obtained directly from the relations

p + P=l, (I + a(l + H) = l,

for these may be written

;)-i = -(P-i),

1
. ,

/I

and by addition we get

^
+ i = -(^+il.

..! = -(..i).

or I+_p| I+PS-

pi
we find by expansion and interpretation

This in unaccented notation is

establishing that

«s+i + • •

is an absolute invariant of even or uneven order according as s is uneven or even.

For s = 2, we find

a;d„,' + 2a;d„^ + Sa.^d„,' + ... = -A:d_i,-+2A;dAi + SA.:dj,+...

or in Sylvester's notation fla: = — Ha .

and a;-'n<,= -Z-'n,.

D,a is the operator which causes all serainvariants of a binary quantic to vanish. We
see that, in this theory, x^^D,a is an absolute invariant of uneven order. The operation

either causes the invariant operand to vanish or produces an invariant of contrary order.
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The absolute invariance of /„ defined above clearly shews that every invariant is homo-

geneous in the letters a„, «, . a„

The above series of invariant operators, linear in a„\ (V, a^, , can also be obtained

by repeated operation of |-3f upon ^11+ p^- The former operation gives invariants because

, ^+P^ l+PH
Ihe relation r— = — —

yields a,'?,- — a^dy- — -4,'9y — A„'dr,

equivalent to a^iOiSt — a„dy) = X-(A,dT - A.„dr),

establishing that ./-(a]?,— a„9y)

is an absolute invariant of even order.

The operation of (1 +?)9f upon — ^ gives

1+?
(i+p^y

and yields the invariant of uneven order

a; dc + (2tt,^ - «;) da; + (So^^ - 20^^ ) da, + (4a; - sa;) da.;+ ...,

equivalent to

wuodt + (2iccti + «„) 9a. + (Sa'cIo + 2ai) 9a, + (ia'aj + Sa.,) ?„,,+ ....

The operation may be repeated indefinitely.

The operator Wa- = (hda; + ^((ida.,- + Sa^da,- + . .
.

.

Dp- S=
11. The symbolic form is ^

.„ equal to (1 - P)
^ PSAa

'

shewing us that Wa-= — i^A + ^^.v •

and establishing that 2Wa — ^a-

is an absolute invariant of even order.

It is equivalent to 2Tfo— -'""'^a because iF„- = }¥„.

We see from this result that F„ is not an invariant, so that every invariant is not

an isobaric function of (i„, a,, «.„...; but lliat this is tlie case, exceptionally, when the

operand satisfies the equation ila = ^•

12. Two operators now present themselves for e.xamination, viz.

Accented Notation Unaccented Notation

,/;(. = - Vdc + Wa-, Wt=- tdt + Wa,

w,f = - 2y 9„. + Wt, w„ = - 2yd,j + TT,

.

Since e = -T- Y\ 9,- = - 9.r,

wc find W,. = -(r+ Y') dr- ^.t + W.t = Wr -Y'dr- ^.t ;

so that 2W, -y9( -n„ is an invariant of even order.
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This is equivalent to 2Wt + x~^i/dt — x^Tlg.

Again, Wy- = - -lY' (dr- - ?r) + ^^V - I^'^r- - ^a = T^r + Y'dr - ^a ,

so that 2Wy+y''df-i:ia,

equivalent to 2 W„ — x~^y 9, — x~^D,a,

is an invariant of even order.

Tlie operators

If = t'dt+I„-,
_

T, = tdt + I„,

equivalent to

I
11
= y 9;/ + If , /,/ = y9,/ + I, .

13. We obtain easily

/, = IJ.. + Y' ?r . I,=It- ^~' Ydr.
equivalent io

1,- = It, L, = Ir,

establishing the invariants of even order

2i,-y~du

Ir

The fact that /,, is an invariant shews that every invariant is a homogeneous function of

y, ttj,, a-t, a->, ... ; but since /, is not an invariant, ever}' invariant is not a homogeneous function

of t, a,,, a,, ffo, ....

Transformation of a General Multilinear Operator.

14. Write

- (ao +Ui u + a„ «2+ ...)'" = «',„„ + «"„„ u +a\„.yu- + ...

,

m
and consider the operator

H-a„w 8a„, + (m + ") (lun ^on+i + (/i + 22/) a„a a„-^_^^ + . . .

.

Herein fi, v may be any real numerical magnitudes, zero included ; m also may be anj- real

numerical magnitude, but will usually be a po.sitive or negative integer and more usually still

a positive integer. The zero value of m has been shewn by Hammond to be connected with the

function

log {a^ + a^ u + a._' 11-+ ...),

and will be considered later.

n may be taken to be zero or any positive integer.

The operator under consideration may be briefi)' written

(,,, V ; m, n)„- = (-)» .r *
(3". - 2« - 3)

(^_ ^ . „,^ „ )^_ _

a relation indicating the accented and unaccented forms respectively.

Write ttj^ = a^^ — a^ ^- + a,' f
' — . .

.

,

A.' = a:=.- ^;=-^ + .4; =.'-...,

so that, as has been shewn above,

ai=-A^.
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In the symbolism explained above,

= ff^-v) p-*"*' ai'" + i.p-w+2 «/"•-' d( ai\

and to carry out the transformation we have the relations

a( = - As,

I + S'

We then find (-)"+• (/i, k: w, «)a

= (-)""^'
If--")

5"-"*+' (1 + H)-''+'"-' AJ'"' + !'=»-'"+=(l + =)-"+'» ^j'-"-! 8= 4=4

.

Write now (1 + = )*• = S C,,^ =',

so that Cs,k =
( J

if ^• be a positive integer ^ s.

We then have (—)"+' (/i, i^; ??;, n)^-

Comparing the general term herein with the symbolic form of

VIZ.

we find /x, = mv C«, _„+,„ + (m - mv) Cg^ _„+,„_,,

Vi = V C7g_ _„+,„

,

/»i = m,

«, = n + s.

Hence (/t, r ; in, «)„•

= S (-)"+» {/i C,, _„+„_, + 7>M/((7,, _„^.„, - C, -„+,„-i), vC,, _„+,„ ; ?H, n + s) .^

,

shewing that the transformation produces a sum of multilinear operatoit! of the same general

form and of the same degree in the coeflBcients.

]'). Leaving out of consideration for the moment a zero value of m, we find that in some

cases the transformation produces a single operator. There are two cases.

Case I. If fi= mv, - n + m = 0,

(h, I; «,«)„ = (-)"(?*, I; n, »)^-,

or a;i(" " »)
(„, 1 ; „, „)„ = (-)» Z ^

(« " ^^ («, 1 ; n, n^

,
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establisliing that x^^"''''(n, 1 ; n, n)„

is an absolute invariant of even or uneven order according as n is even or uneven.

For n = 1 we have

f2„' = -n_4> equivalent to «"'£!„= —X~'f2^,

a relation already met with.

For ft =2, (2,1; 2, 2)„. = (2, 1; 2,2)^-,

which we write ./„- = .7^-

,

equivalent to >r
~

- ./„ = X ~ - ./ j

,

where ./„ is the important operator which generates pure reciprocants from pure reciprocants

and seminvariants from seminvariants, and causes the vanishing of forms which are both pure

reciprocants and seminvariants. The proof of this was given by me in the paper* and

communicated by me to Sylvester. The latter incorporated the theorem into his Lectures

on Reciprocants delivered before the University of Oxford.

In the present theory of the Halphenian transformation we see that

is an absolute invariant of even order.

Case II. Let v = 0, - n + m - I = 0.

Then (1, ; n + 1, «)„ = (-)" (1, ; n+1, n)^-,

equivalent to a;^" (1,0; ?i + 1, «)„ = (-)" X'-" {1,0; n+ 1, n)^

,

a relation already met with in the form

aj'«+i = (_)"+! Jh'"+'.

There are no other cases.

16. We can also specify the conditions under which the transformation produces a sum of

any given number of operators. Whatever the given number there are invariably two cases.

Thus (-)"(/". "; » + 1. 'Oo'

= {ix, v. n +1, »),r -i'(w + 1, 1 ; « + 1, H + IXj-,

equivalent to x'-'^ (fi, v ; ii + l,n)a

= (_)« {Z2» (^, ,. ; »+l, «).j + Z'-(«-2)(7i+l, 1; n+l,n+l)^],

yielding the special cases

V,~ = - V,- + J^
;

establishing the invariant 2yu7„- + j/(2ir„- — Ha)

of even order, and the invariant 2Va—Ja
of uneven order.

* I'roc. Land. Math. Soc. Vol. xviii. p. 75, 1886.

Vol. XXII. No. VII. 16



118 Major MACMAHON, THE INVARIANTS OF

Also (-)"(1.0; »+2, nV

=(l, ; n + 2, nU- - (1, ; n+2,n + 1)^-.

Again for three operators on the dexter

{-Tin, v; n + 2, nV
= (/i, v; w + 2, «),,-tM+(n + 2)i', 2v; n + % n + 1)^. + i/ (n + 2, 1; n + 2, n + 2)^-

;

(-)"(!, 0; n + 3,?!V

= (1, : n + 3, n)A- - 2 (1, 0; n + 3, n + \)_i' +(1,0; « + 3, n + 2)^ .

Observe that if we multiply up by m in the general formula and then put m = 0, /i=l, 1^ =

we obtain a formula already reached, viz.

(->-3.-.=3... + ("t>.„, + ("J>.„.+ ....

The logarithmic case.

17. The case corresponding to m = will be best understood from a consideration of the

two operators

Oi 2aoa., — a{-' iiao-as-Sa^aias + a^'

Sa = -Oa,+ —n 0„^+ -^ d^+ ....

„ tti- 2aoa2-a,-. Sao'fla- 3ao«i«2 + ori%
,Ra = -Oa,+ —^ da, + —, ?„, +

a„ *0

We observe that

log 1 + — M + - u- + - u' + ...
° \ «o «o «u

At 12aoa- — Hi" „ 1 Stto^as — SaoO, Oo + a,' „

a„ 2 a„- 3 Wo^

so that putting a„ + a^u + a..it- + ... = U, we may briefly denote

6^„by(t), 1; \oglf,-l) ,

and R„ hy lO, I: log -,

just as we might have written

(u, v. Ill, ii)„ in the notation (u, v\ — U'"^, n] .

Proceeding to accented forms vvc find

B.^ = X^R,:

In symbolic forms

"o- = - --V ? -I r, f
"

-5 f ' + •
. •

,

/{„ = - ?'Va

Now, putting as on a previous page,
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we have log a/ = log (a;^) + log (l - ^ f + ^^ f» - ^, p + . . .) ,

and differentiating with regai-d to ^,

s.iog%=r+|--.+—^^.r— ?
^. ^+•••

or f9flogaf^ = p + 5f„-,

Hence &'„• = |^Sf log a^^ - | « = 4; d^ a^ - f

,

-Ba = -^=9f log a/ + ? = -|^9f a/ + f

Transforming from f to H,

" ~ XT ~
'

from which Sa- — Ha' —

As 1 + S

'

BdsA. l_
As' 1 + S '

= 39=log^=^-,—„,

= 1-^.-1 + = -=-^+E^-...,

= — <S^- + 3^^- + Ba: + d^.; + ...

a result which shews that

Ra' — (da; + Sa- +3a,' + •••) IS an invariant of even order,

and 2Sa — Ra — (da; + 9ai' +9a,' + ••) an invariant of uneven order.

Moreover, since 2da,; + 5„,- + da; + ,
9a,'+9a; + ••,

are invariants of even and uneven order respectively, we find invariants

Ra' + da; of even order,

2Sa- — Ra- — da; of uneven order.

Equivalent to these we find invariants

x~^(Ra + daa) of even order,

x~ "^ (2Sa + a:~^Ra + v~^dao) of uneven order.

The interest of these results lies in the ciicumstance that Sa is what Sylvester has

termed a Reversor in the theory of pure reciprocants. It was discovered by Hammond. The
allied operator Ra appears here for the first time.

If we apply the operator « ~ - (-Ka + Soo) of even order to the invariant

2x-ai + x'^Oo of uneven order.

16—2
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-iant of uneven order. The ve

x"'^- (Ra+ a<,<,)(2a;2 a, + x^On) =
' - .

we obtain an invariant of uneven order. The verification is

2xa^+ao 2XA1 + A0

'n

The Invanant Reversors

(h daC + ^a~ 9na + • • • = qn = - Xqa-

18. We have p„- = -j^ = '}~pj = ^a - p.v :

establishing that '2p„ — /„

= -2xpa-Ia,
is an invariant of uneven order.

^'«° 9. =(1^. = (1 - py ^ffp^. .

= (A' - -^a; + a:) e- - 2 {a; - -ia: + a:)E'+9 {a: - 2.4; + ^;) h^ - . .
.

,

= -g^+2Tr.i-n^;

shewing that qa — Tr„ = — xqa — Wa

is an invariant of uneven order.

Pa and qa are therefore generating operators for the transformation, the former when

the operand is homogeneous, the latter when it is isobaric.

If j be the weight of the highest letter in the operand, the latter is a full invariant if

causes the operand to vanish.

Also jpa -qa=- ijPA - ?J ) + (j^a - - ^^a ) + ^.i .

shewing that 2 (jpa- - qa) - ijTa - 2 F„)

= -2x (jpa - qa) - ijla - 2 F„)

is an invariant of uneven order. Hence when the operand is a full invariant

+ ^ (jPa - 3")

generates an invariant of uneven order.

Tlie Invanant Generators

Pa- = (flo'as' - ai-) ?«, + ("ti'Ua' - diih) 9o,' + • • •

,

Qa = ((ha^' - 2a,'*) ^a^^ + 2 (aoo," - 2«,V) 9a,- + 3 {a^'a,' - 2aia3) dg,- +

19. These operators generate invariants in the theory of the binary quantic.

Here P^- = a^'pa- - a,"la ;

whence P„ = ^o' (Ia -Pa) - (Ao - A,') I., = - il„>., + A,'I^- = - 7^,,
;

shewing that Pa =—x-Pa

is an invariant of uneven order for the Halphenian substitution.
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Also Qa- = a;qa' - 2a; \V„- = - A.^r + 2A; W^- + {A; - 2A:) fi^-,

or Qa=-QA+(A:--2A:)n^.;

establishing, since aoda{ is an invariant of uneven order, that

is an invariant of uneven order.

The Pure Reciprocant Generator

Ga=4(a„'a.; -a^-)day +?){a^a^ - a^a„')da^ + &{a^a^ -aia.^)'dai + ••••

20. We find that

Ga- = Qa + 3Pa + a,' W„ = - G^- + A; F., - A^il^ .

Hence the invariant of uneven order

2Ga'-a:W„- + a:na'.

To verify this result take as operand

a^a.2 — a^"'.

We have 2(?„. (ala: - a^-) = 10 «^a; - ^a^a^a: + 2a^^) + 4a; {a^^a:, - al%

cio Wa- (aaO-i - a^-) = 2ao (a^ao - 0^'%

fl„- (a;a: - a;--) = 0.

Hence the result of the operation is

10 (a„'^a," - 3a„'a;a; + 2a;') - 2 {a,' - 2a^) {a^a.: - a;-),

which is an invariant of uneven order because

iio^as — 3aij*ai'a,; + 2a;' and a,^ — 2a; are so,

and ao^aa^ — a;- is an invariant of even order.

Ga by itself is a generator also in the theory of seminvariants when the operand is

a combination of seminvariants of weight zero ; for then

2G„.-ao^Ti^„. + a;n„.

is equivalent to 2Ga.

Thus the reader may verify that

~ ao^'Os — SooOiO, + 2a,*
"

} ^
is an invariant of even order ; for the operand is a seminvariant of uneven order and of

weight zero.
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SECTION II.

Particular Case of the b Transformation.

21. Write as usual

— (a„ + a,« + a.,u- + ...)"= a,„o + Omi « + flma"- + • • •

,

m
and consider the operator

which it has been convenient to denote by

(fi, v; m, n)a.

As was shewn in a previous paper* the substitution

1
flo
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Now a, log ^ = 9, log (t7; + a^Tj- + a^if + ...)

= - + f), log 1 +-»? + -»)- +

.

1 2to, - «„- _„ ,
1 Sr'aa - STOpai + «»'

'

3 ^3
+•)'

1
,
n /Wo ,1 2Ta, - «„=

= -+9, --7 + ; T +
»; \.T z T-

1 tto 2x0, -flo" 3T=a,-3Taoai + a„^
= - + - H ; V -I , V +•

7/ T T- T^

SO that the symbolic form becomes

7! + d \ft + O / V T T- t' /

and now writing — da^_„ for ?;'»?' we find

yti / /i A/"oa 2x01 -«o-- 3T=aj-3T«o«, + «„= \

- rnlS ^-« - It^^S
- "

j It ^"- +
^"^" ^""^

+
^^^ ^''"«+ • •

j

for the transform of (fi, v; n + 3, n)t by the Sylvester substitution.

We now make a unit increase of suffix throughout, writing

«o, Oi, «._., ... for T, a„, aj, ...,

then write b for a and » — 1 for n when we find that

(/x, ;/ ; n+ 2, n)„

is transformed by the b substitution into

-^r^2 ^*»-(n-T2 -
''J k ^'"« + ~67— '^^- + 6? ^^3 +)

and we derive the particular cases

(0, 1 ; n+ 2, n\,

&i „ 26„ 6., - 6r' , 36,;^ 6, - 36„ 6, 6, + 6,' . ^
=

6-„ ^*.+> +—ft^T" K^. + 51 \^. +'
(h + 2, 1 : n+ 2, »)«

TAe h transformation.

22. If , = 1 + A, M + A,, it- +h^v?+ ...,
1 — At if + U.,M- — as «* + ..

.

then a, =/(,.

and, putting ao=l, I examine the effect of making this substitution upon the operator

(fi, V \ m. n)a.
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We have

or (-)»+' (1 + h,u + hM- +...)' = ?«,^. + m\, As+i + M'9a,/'»+2 + ••••

So that comparison of the coefficients of u'' on either side gives us the value of B^^^s+p as

a quadratic function of h.

and we find d„^ = (-)*+' {3*, + 2^9*..+, + (^'i' + 2/;,) 9,^^^ + {2KK + 2/i,) 3*,^, + ...).

If we write symbolically 9/.^ = ^*,

da, = (-)*+' A-' (1 + h,k + h„k^ + h,]c> + ...)=,

and amo9o„ + ^^^miSon+i + am29a„+2 + • •

= (_)n+i^.n (!+/(,/;•+ /,a-= + h,k^ + ...y- (a.„« - a,„,A- + n,„oP - a,,,,^ + ...);

but a^,-a„^k + a,n.k"--... = -{I + h.k + Juk"- + h,k^ -h ...)-",

giving us ttmoSon + ttmi 9a„+, + "ms^aji+o + "
"

•

9. — m

leading to the relation

9 Tn

(1, ; m, «)„ = (-)"+' -^^ (1,0; 2 - m, n\.

Again (0, 1 ; m, /!)„

= ttmi 3<.„+, + 2a,„a aa„^2 + 3a^ 9,,^^^ + . .

.

(-)» ^-''+' (1 + A, A- + /i„ A-= + /*3 A"" + • • •)' (""n - 2a^„ A- + Sa^s k-" -...);

so that by differentiation

but «,„o - o„, k + «,„, ^-2 - . . . = — (I + /(, A- + /(,, A-^ + . ..)""•,

ami - 2a,„, A- + 3a,„3 i-^ - . . .
= aj (1 + A, A- + /i^ A- + . ..)"",m

and (1 + fh k + h, k- + ...)^ (a,„, - 2a„o k + Sa,„3 k- -...)= 9* (1 + /^ A- + Ih ki'+ ...)'-"

= fii-m, 1 + 2A.,_,„_„ A- + 3/(2_,„,3 A-^ + . .
.

,

and we now gather that

(0, 1 ; m, n)a = (-)" (0. 1 ; 2 - m, »0a ;

and, since (/x, i/ ; m, »)„ = ya (1, ; m, n)a + v{0, 1 ; m, n\,

(m, i* ; m, n)„ = (-)" 1^ (w - 2), I-; 2 - m, nl ,

it being understood that the value jn = 2 is excluded
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2S. The particular case in = 2 reijuire-s a separate examination. Reference to the

foregoing investigation shews that

(1,0; 2, y/)„

is symbolically (-)"+' i/.",

so that (1,0; 2, »)« = (-)"+' i?/.,,-

whilst (0, 1 ; 2, «)« = (-)" /"•""'
?t log (1 + >h A-- + L k' + ...}

= (_)« ^«+> {Aj + ( 2A,, - /i,-) ^ + ( 3/(3 - 3/i, /t., + li,')lc'+ ...\

Hence (fj-,
v; 2, /<)„

= (-)"^'
^^

S/.„ + -^ (-)" {/'. a/,„., + C^/'. - /'r) 3,,,,^, + (3A= - 3A, h, + h,^} a,„^^ + ...].

Particular Cases of the li, transformation.

24. The seminvaiiaut annihilator

(1,1; 1,1).

becomes (1, — 1 ; 1, 1)/,,

or 3/,j - h. 9/,,,
- 2/(3 d/,^ - Slu 9/,, - . • •

.

Hence any seminvariant qua the elements

/(,, Ih,, lu, ...

is a seminvariant (fud the elements

u„, (1^, a.,, ....

Ex.gr. h.Ji.—hr is a seminvariant.

Moreover, writing ^s(/'-, /':•,, /i4, •••) = <^s,

if the general solution of

9a| — li-2 dk.. - '2fh 9a_, - ^/'4 9/,, - . . . =

be written /(,- (^s+ ('*V(/-' (^,,_i + f
*)/(,-- ^s_., + ...,

we have .s/(i'~' ^g + .s (s — 1 ) /(,"~=
(/)s_, -f- ^-s ( .s — 1 ) (s

— 2) h^'^~' <j>g^.. + ...,

where // = h., ?,,., + 2//.; 9/,^ + 8/(4 9/,. + . .
.

,

and now equating coefficients of like powers of /;,,

H<p, = 0,

i/</)«_, = 2</>,_„

Vol. XXII. No. VII. 17
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indicating that, regarding the general solution as a binary s"= in hi, 1, all of its seminvariants

are seminvariants in the elements

/(„, h.j, /(4,...,

and therefore also in the elements Oo. Wi, Oo, —

25. As another interesting particular case we find that the pure reciprocant annihilator

(4, 1 ; 2, 1)„

= 29*^ - /*, a^, -i2h,- he) a,^

-

(3h, - ShJ,, + h,') d,^- ....

Moreover it will be shewn that (4, 1 ; 2, !)„, can be transformed into (1, 0; 2, l)^, and this

becomes i^A,.

of which the fundamental solutions (it being equated to zero) are

h,, h,, h„ h,,....

The fact is that by means of the h transformation

1 hi k, ^W

(4, 1; 2, 1)„ is transformed to -(2, 1; 1, 1)^,

and if we write 6s = (s+l)cs, it is further transformed to

(1, 1 ; 1, iX-

We now again employ the h transformation

_ 1 _ fZ, _ d.' di-

""-d^'
''- dr '-^--rfz + ^rf?'-

when it becomes 2(1,0; 2, 1)^.

The h transformation

do=eo, rfi=e,, rfo = ei--eoe«, rfj = 6,^— 2^06,62 + es, ...

finally converts it into e^de,,

and we have the complete set of solutions

€0, 62, 63, 64 , . . .

.

In detail.

_1 _1 _ / _

Oq U(f Co Cq
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a = - ^ + 5
'''-'-

5 — = - 4 — + 30— - 40 —
Oq Oo Oo Co Cq Co

= M, + 10 —-- = — (7e,^ - de^e^e, + ^e^^e^),

= _5^ +48 ^^ + 27-: -252 ^^ + 224^
^0 ^0 ^0 ^0

do do do- rfo'

= -- (42ei< - 84e(,ei^e2 + 17e,re/ + 28e(,=e,e, - ogj^e^),
Co

&C.

This then is the transformation from the elements a to the elements e which transforms

the operator. As above shewn,

are pure reciprocants, and we find by calculation their expressions in terms of the elements a.

Viz.

6,= zr^ (oa/— 4a„a2),

e-i = j-^ (ao"«3 — 3a„Oifl2 + ia^),

e4=
>j2Q -3 (551ai^ - 1184ooarao+ 272a„-a,-+ 504rto-aia3- 144ao'n4),

&c.

The first three of these will be immediately recognized.

The last one, in the bracket, is expressed in terms of Sylvester's ground forms by the

formula

^ (otti- - 4aoa.,)'- — II (105ao«i"«2 + 28ao°a/ — 175ao-a,a3 + oOao'ctj).

The forms obtained in the above manner form a complete set from which all pure recipro-

cants can be obtained, but they do not constitute the simplest set of ground forms obtainable.

The possibility of such a transformation depends upon two circumstances. In the first

place the operator

(4,1; 2.1)

is a particular case of the operator

(/i, V ; m, n)

such that « — ?ft + 2 = 1 ; consequently the b transformation results in an operator, viz.

(2, 1 ; 1, 1),

17—2
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which is linear iu the elements which are coefficients of the ditferential inverses. In the

second place any such linear operator {fi, v; I, n) can be transformed by mere numerical

multiplication of the elements into any other form (/a', v ; 1, w)- I* follows that (2, 1 : 1, I) is

transformable into the seminvariant operator (I, I; 1, 1). An immediate consequence of this, of

course, is that all pure reciprocants are transformable into semiuvariants. The h transformation

now transforms (1, I; I, 1) into an operator, viz. (1,0; 2, 1), in which the element v is zero, and

this being so the /( transformation produces the tiual simple form of operator

A transformation uf the Seminvariwnt Operator.

26. It will be observed that the seminvariant operator (1, 1 ; 1, 1) is b^' the successive

b and /( substitutions brought to the required simple form. This in fact takes place during the

transformation of the pure reciprocant operator.

The transformation which eifects this is
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To prove the first of these relations, it is easy to shew that

% = (-F+' {p\ + (P + l)/'.\^, + (p + •2)h.fi.^^, + ...],

leading to

2 F„ = 4«.^ (a,. + '2h,d,_^ + SLd.^ + 4A,a,^ + . . .)

-oa^ {2ds., + dJh d,^ +iLd,^+...)

+ 6cu, (33,^ + 4A, a,^ + 5/(,?,^ + . .
.

)

-7o.^(4a^,^+5/(ia,. + ...)

+ ....

Herein the coefficient of d. is

p {4a«,/(p-i - oajip^., + 6ajip^, - ...+ (-)"-' (p + 3) a,^p_i].

Now if = 1 + //,!( + Iuu-+ ...,
l—OiU+CUU'-—...

which we may write in the form

4,, ' — Hu,

iA^;- + ud„A„- = 4(fo„ — ."i«2i u + 6«2,M' — • •

,

and A„-^=i +hi>( + li-,u-+ ...;

therefore by multiplication

^<ho + (4aa,/ii — oa.2i)M + (ia-jfllu — oa^Jii + 6a^)u- — ...

+ {'iay,hp_, - 5(Uihj,_2 + ... + (-)''+' (p + 2)cu,^^j «'-' + ...

,

= 44„ + 2m9„^„,

= 4 ( 1 - a, M + a.Ai- — a, u' + ...) + {- 2ai u + ia.. u- - Uw,, w'+ ...),

= 4 — Ga^u + 8ao((-— lOf/air'-f

In this series the coefficient of u''~^ is

(-)p-'C2p + 2)ap^„

proving that the coefficient of dg is

i-y+^p(2p + 2)ap_,.

Therefore 2 V„ = S (-)p-^'j) {2p + 2) a^^a^^,,

or F„=2S(-)P+^(^+^Ja^_A^,,

or F„ = 2 (a,j - 3«ia,^ + 0(judg.^ - lOa^d^^ +...).

For the second relation

n„ = a., + 2 (/(, - 2a,) a,^ + 3 {h, - 2a,/(, + 3a,) a,, + 4 {h, - 2'tji, + 3aA - *«.) 9*, +

and by easy algebra this reduces to

fi« =
?*i
- 2s,a,, - 3s,a,„ - isA^ -....

If, however, we write Sp = — s/,

n„ = - a,, - 2s; a,, - 3s;a.,- - 4.s;a,; - . .
.

,
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indicating that every seminvariant in the elements

a,, a^, a,, ...

is also a seminvariant in the elements

5i, $2) 5-, ....

Thus for example from the seminvariant

a^Gi — 4a, «3 + 3a.,'-

\ve at once derive a new seminvariant

— S4 — 4s, Ss + Sso',

which is found to be equal to

— 2 {ch* — 2ai-a,, — 5a.:- + 80,03 - iut).

It should be noted that the important operator

•J a — V-i ^ J -> -/a

is equivalent to -2{ds^-3a,d^+6(hds^-l0a,d,^+ ...).

The combined h and h transformations.

28. Both the h and the h substitutions being of period 2, we can combine the substitutions

alternately. Thus if we first employ the b substitution and then the h and 6 substitutions

alternately, we obtain substitutions which we may denote by

{hb)P and b{hb)f-\*

It will be found that

f u, mv — pu )

{hby ifi, V ;
m, n) = (-)''^ |" ^ (^^'^ " »^>- ^ ' "' ~ P"' "\

'

b (hb)P-' ifi, v, m,n) = (-)»*P+«
I
- ^ (pn - m + 2), l^^lJllt

; ^„ _ „t +2, n\ .

{ 7/1 lit' )

Also

(bh)P (m, V ; m, n) = i-yp 1^^
(pn + m), ^ ;

m + pn,
«
J

,

(

W

, HIV + »«. ^ )

h (bh)P
iij.,

V ; m, n) = (-)" 'P^" - (/J»i + m - 2), -^'^
; 2 - m - p«, h k

In the first, third and fourth of these forniuhe p may be zero or any po.sitive integer; in

the second p may be any positive integer, zero excluded. Observing that the third and fourth

operators become respectively equal to the first and second when -^ is written for p, we gather

that we only require the third and fourth operators in which p may be supposed to be zero or

any positive or negative integer.

As a particular case we find that the seminvariant operator

(1, 1; 1.1)

may be transformed into (-)'' (p + l.ja+l; p+1, 1),

and into {-)"*' (p- 1, i> + 1 ; \ - p, 1)

;

* The sabstitations are from right to left successively.
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and the pure reciprocant operator (4, 1 ; 2, 1) into

(-)Pr2p+i, '2p+l; p + 2, 1),

or (-)^+'(2;', 2;)+l: - p, 1).

Transformation by suffix diminution.

29. The operator (/*, v; m, n) admits of one very simple transformation which may be

repeated indefinitely. If therein we put

a„ = 0, as = «s_i

for all values of s, or in other words if we diminish each suffix by unity, the operator becomes

(fx-\- mv, v\ m, m + n — 1),

and the solutions of this operator are obtained from those of (/x, v ; m, ?i) by subjecting the

solutions to a unit diminution of suffix.

If we employ this transformation p times we reach the operator

(fj, + pmv, V ; //(, pm + n — p).

This operator is effectively the same as the untransformed operator when

m = \, V = 0.





r)-^

VIII. Vector Integral Equations and Gibhs Dyadics.

By C. E. Weatherburn (Ormoiid College, Melbourne).

[Communicated by Mr G. H. Hardy.]

[Beceived 4 October 191.5

—

Jiead 2-5 October 191.5.]

CONTENTS.

Introduction ..........
I. The linear vector integral equation of the second kind

II. The iterated dyadic kernels, and solution by successive substitutions

III. The resolvent dyadic .........
IV. Dyadic determinants .........
V. The series Z) (A.)

VI. Determination of the adjoint and the resolvent

VII. The homogeneous integral equations, and singular parameter values

VIII. The conjugo-symmetric dyadic kernel......

133

134

137

139

141

143

146

148

153

Introduction.

The integral equations that have hitherto been considered by mathematicians are

scalar equations in which the functions involved are not related to any particular direction

in space. In the problems of mathematical physics we are frequently led by Cartesian

analysis to a system of three integral equations with the same number of unknown

functions, while if our methods are those of vector analysis we find instead a single

integral equation in which the unknown function is a vector quantity, and the kernel

of the equation no longer a scalar but either a vector used in cross multiplication or an

operator involving vectors. The vector integral equations that most commonly appear are

of the form
u{t)-\jK(ts).\i(s)ds = f{t) (1),

where u(<) is the unknown vector function of the position of the point t, X an arbitrary

parameter, f{t) a known vector function, and JS.(ts) a dyadic*, i.e. an operator which

acting on the vector u gives a linear vector function of u. It will be shewn in the

following that (I) is the most general type of linear vector integral equation of the

* Cf. Gibbs-Wiison, Vector Analysis, New York, 1901, Chapter v.

Vol. XXII. No. VIII.
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second kind, and it is to equations of this sort, analogous to Fredholm's equation, that

we shall confine our attention in the present paper.

The scalar kernel of the ordinar}- integral equation is thus replaced by the dyadic

operator K (ts) which involves vector functions of the positions of the two points t and s. In

developing the theory of the equation (1) along lines suggested by the theory of Fred-

holm's equation some new ideas will be necessarj- in view of certain important differences

between the algebra of dyadics and that of ordinary scalar multipliers. For instance,

the fact that the commutative law does not in general hold for the factors of a dyadic

product makes it essential, if we wish to introduce determinants of dyadic elements, to

formulate rules for the expansion of such determinants according to which the elements

in each term will occur in some definite order. This the author believes is done with

complete success by the introduction of two kinds of dyadic determinants, called respec-

tively I'ow and column determinants, bj^ means of which two series are formed whose

quotient is the resolvent dyadic for the integral equation (1).

A special class of kernel will be considered (for which the author suggests the term

conjugo-symmMric) which need not be either self-conjugate or symmetric but which

suggests a blending of these two kinds. Such a kernel makes the vector integral

equation identical with its associated equation. A set of theorems will be established for

the conjugo-symmetric kernel analogous to those that hold for the symmetric kernel of

the scalar integral equation.

I. The Linear Vector Integral Equation of the Second Kind.

§ 1. We are familiar with a system of three linear scalar integral equations of the

second kind in the following form to which the system may always be reduced

«i (<) - X / [Kn (ts) M, (s) -I- 7^,2 (ts) tu (s) + K,^ (ts) u, (s)] ds =/, («)

'

2u(t)-\J[K^(ts)u,(s) + K^(ts)u..(s) + Kia(ts)u,(s)]ds=f.(t) (2),

Ms (t) - X / [^3, (ts) Ml (s) + K^ (ts) lu (s) + K^ (ts) Ms («)] ds =fs (t)

.

where all the functions are scalar functions of the positions of the points indicated,

tti(t) (t = l, 2, 3) are the unknowns, and the integration is to be extended over a de-

finite fixed region S which may be a line, surface, or volume, ds being the element of

that region surrounding the point s. We shall assume that the functions fn(t), K„,n(ts)

are finite within the region considered.

Let 1, j, k be the unit vectors of a rectangular system. The scalar functions of (2)

grouped in trios may be regarded as the tensors of the components in these directions

of vectors defined by the relations

n(t) = iur,(t)+iu^(t) + bu,(t),

r(t) = if,(t)+sMt)+yiMt),

K.r (ts) = iK„(ts)+i K„ (ts) + k K„ (ts),

r=\, 2, 3.
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The integrands in (2) are then equal to the scalar products Ki(is)»u(s), K„(fe)»u(s) and

K.3{ts)» \i(s) respectively. On multiplying the equations (2) by i, j, k respectively and

adding we have the single integral equation

u(t)-\/[iK,(te)+jK,(te)+kK;,(fe)].u(s)fZs=f(<) (!'),

which may be written

u(t)-\}'K(ts)'u(s)ds = f{t) (1),

where the function appearing as the kernel of the vector integral equation is the dyadic

K (ts) = i K, (te) + j K, {is) + k K, (ts).

This is an operator each term of which is the indeterminate product of two vectors

known respectively as the antecedent and the consequent of that dyad. The dyadic in

(1) occurs as a pre/actor to the vector u (s), and the result of its operation is the sum

of the products of each antecedent by the scalar product of its consequent and the

vector u(s). When expressed in nonion form* the kernel K(te) becomes

Kn(ts)u +K,.Ats) ii +K,,its)ik

+ iTsi (ts) ki + K,, (ts) kj + K^ (ts) kk,

the "determinant" of whichf is identical with the determinant of the coefficients under

the integral sign in the system (2).

§ 2. The system (2) of scalar integral equations is then equivalent to the single

vector equation (1). Conversely (1) may be replaced by the system (2). We shall need

frequently to refer to another integral equation intimately related to (1), viz. the vector

equation

v{t)-Xfv(s)-K.{st)ds = f(t) (3),

which will be called the associated equation. In this the dyadic kernel K.(st) occurs as

a post/actor to the vector v(s), so that the result of its direct operation is the sum of

the products of each consequent by the scalar product of its antecedent and the vector

v(s). When expanded the integrand in this equation becomes

i [v, (s) if„ (st) + V, (s) K„, (st) + V, (s) K,, (si)]

+ J [vi (s) i^i2 {st) + v^ (s) K.^ {st) + v^ (s) /f;,, {st)]

+ k [v, (s) K,, (st) + v., (s) /i ,3 {st) + V, (s) K,, (st)]
,

so that the vector equation (3) is equivalent to the following system of three scalar

equations

V, {t) - X j [v, (s) Kn {st) + v._ is) K,, {st) + V, (s) K,, {st)] ds =/, (0
j

V, {t)-\J [v, (s) K,, {st) + Vo_ {s) K^ {st) + ^3 (s) A%2 (si)] ds=f,{t)\ (4).

^3 {t) - ^/[v, (s) -^13 {st) + y„ (s) K.^ {st) + V, (s) Z33 (st)] ds =f, (t) j

This system, it should be observed, is not identical with (2). The rows of the

coefficients in (4) agree with the columns of the coefficients in (2) with the variables

s and t interchanged ; and vice versa. It is a common mistake in discussing the system

* Gibbs-Wilaon, loc. cit. p. 269. t Ibid. V- 317.

18—2
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(2) of integral equations to assume that the associated system differs onl}- in the inter-

change of variables. This assumption is quite wrong except in the special case in which

Kri(ts) = Kir(ts): that is when the dyadic K(;s) is self-conjugate. In this particular case

it is immaterial whether the dj-adic is placed as a prefactor or a postfactor. But in

general the relative position of the kernel and the unknown vector cannot be varied at

pleasure.

§ 3. Either of the equations (1) and (3) is the most general form of linear vector

integral equation of the second kind. For it is the fundamental property of a dyadic

that when operating on a vector u it gives a linear vector function of u : while every

linear vector function may be represented by a dyadic* to be used as a prefactor, or

by the conjugate of that d3'adic used as a postfactor. Hence the most general form of

the integrand is the direct product of a dyadic and the unknown vector. A form that

might suggest itself is a x u, where a is a vector independent of u. This form is

included in the above, for a vector a used in cross multiplication is equivalent^ to the

dyadic I x a or a x I used in direct (scalar) multiplication, I being the idemfactor, that is

the dyadic whose operation leaves a vector unchanged. The case in which u is multiplied

by a scalar function m is equivalent to that in which the dyadic is ml.

If the unknown u outside the integral sign has a dyadic either as a prefactor or

as a postfactor, the equation may be multiplied throughout by its reciprocal! dyadic and

thus reduced to the form (1) or (3).

Moreover the dyadic kernel

K (ts) = i K, its) -I- j K, {ts ) 4- k K3 (ts)

is the most general form of dyadic. For every dyadic may be reduced to the sum of

three dyads, of which either the antecedents or the consequents may be arbitrarily chosen§

provided they are not coplanar. In the present form our arbitrarily chosen antecedents

are the rectangular unit vectors i, j, k. We have shewn then that (1) is the most

general form of linear vector integral equation of the second kind.

§ 4. In his classical memoir Fredholin
||
has shewn how a system of integral equations

such as (2), in the case where the region of integration is linear, may be reduced theoretically

to a single scalar integral equation whose kernel and unknown each represent different

functions in various sections of the domain of integration. The possibilities of this

method, such as they are, may be extended to the general case in which the i-egion of

integration, <S, is a surface or a volume. If this be replaced by another, S', consisting

of the original region S traversed three times the system (2) is equivalent to the single

scalar integral equation

u(t)-\i K{ts)u{s)ds = f(t) (5),
. s-

where, if t and s are points of the region being traversed for the »th and »d\\ times

respectively («, m = l, 2, 3),

K{ts) = K,„n{ts), m(0 = "«(<). «(«)=««.(«) and /(0=/„(0-

• Gibbs-Wilson, U>c. cit. p. 267. t Ibid. p. 21)9. t Ibid. p. 290. § Ibid. p. 271.

II

" Sur UDe classe d'tquationa fonotionnelles, " Acta Math. Bd. xxvii. (1903), pp. 'A7S, 379.
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From the solution u{t) of this equation the unknown functions iii{t), u.,{t) and U3{t) of

(2) are found by the above relations.

But though this procedure reduces the system (2) theoretically to the case of a

single integral equation the method is rather cumbrous in practice as all the functions

involved change abruptly and frequently within the region of integration. The enquiry

therefore suggests itself whether we can work with the single vector integral equation (1)

to which the system has been reduced, and develop if possible the theory of vector

integral equations as an important and useful branch of vector analysis. The enquiry is

all the more essential to one who works habitually with vector methods, for it is in

the form (1) that the integral equation presents itself to him: and it would be a doubtful

gain to give up a single vector equation for a system of scalars, even if that system be

reducible to a single scalar such as (5).

II. The Iterated Dyadic Kernels, and solution by Successive Substitutions.

§ -5. Before proceeding with the solution of our equation (1) we shall introduce the

idea of an iterated dyadic. The algebra of dyadics makes us familiar with the direct

product of two or more dyadics. The direct (scalar) product of the dyadics K(<^) and

K(S-s) is written K (<'&)• K(S-s), and is the formal expansion of the product, according

to the distributive law, as a sum of jDroducts of dyads. The product is itself a dyadic

and the sum of any number of dyadics is a dyadic. Hence multiplying the product by

rf^ and summing for all the elements of the region S, we have in the limit that the

integral

is a dyadic. Further we may have the product of three or more dyadics, and the factors

of such a product are known to be associative though not in genei'al commutative. Tlie

products

K(<^).[K(^o-).K(<7s)] and [K (<&). K(^<r)] . K(o-s)

are identical. Multiplying by the scalar product d'itdcr and summing over the whole

region of integration for each of the variables ^ and a, we have in the limit

JK (<^) .
[
/ K (^o-) . K {as) da] d'^ =/[ jK (<^) • K (^cr) d^] . K (as) da (6).

The process may be continued for any number of factors so that the order of integration

may be changed at pleasure and the associative property used for any grouping of con-

secutive factors. The factors however are not commutative.

The dyadics formed in this way by successive iterations of the dyadic kernel 'K.{ts)

will be called the iterated dyadic kernels, or briefly the iterated kernels. The dyadic

K,(«s) = /K(<^).K(^s)rf^

will be referred to as the first iterated kernel

:

K„ (ts) = J K, (f^) . K (^s) d^

as the second, and in general

Kp {ts)=jK.j,_, «^) . K i^s) d'$f

as the ^^th iterated kernel.
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The operation of the dyadic K(te) on a vector a yields another vector b. The ratio

b
I

:
I

a depends of course on the direction of the vector a ; but if the dyadic K (ts) is

finite, that is, every element of its determinant finite, there will be a scalar function

M(ts) such that this modular magnification ^M(ts). Further for all points t and s of

the region S there will be a finite number M such that M (ts) ^ M. This number M
we shall speak of as the greatest modular magnification by the dyadic K(fe). It follows

that if B is the magnitude of the region of integration, and »„ the maximum value of

u(a) for all points ^ of this region

|/K(<^).u(^)d^| ^BMuo,

and generally
|

jKj,(«^) .u(^)rf^: $(£J/)p-' »„ (7).

§ 6. We can now shew that the method of successive substitutions may, with certain

restrictions on the parameter \, be used to obtain the solution of our standard equation

u(0-^jK(<s).u(s)ds = f(0 (1).

For on substituting for u(s) under the integral sign the value given by the equation

itself, we deduce
u (t) = T(t) + \ /K («^) . [f(^) + X/K (^o-) . u ( 0-) da] d^

= f(n + X/K (f^) . f(^) + X^f Ki iter) . U (<7) da.

Substituting in this equation the value of u(<t) given by (1) and continuing the process

we finil

u(i) = f(0+X/K(^^).f(^)rf^ + \-jK,(<^).f(a-)rf^+...

+ X"jK„_,(<^).f(^)d^ + R„ (8),

where R„ = X»+'/K„(<^).u(^)rf^.

If we write the equation (8) as

u(«)=S„(<) + R„ (8'),

it is easy to shew that, with a certain restriction on X, the series represented by S„(<)

is absolutely and uniformly convergent when n increases indefinitely. For if S(t) denote

this infinite series we have in virtue of (7)

|S(Oi^|f(<)l+ S 'X»/K„_.(<^).f(^)d^i

^ i (!xiBJ/)»/o.
11=0

where /„ is the maximum value of f(^) . Now this series is convergent if \^\<^^-

If then this restriction is imposed on X the series S(t) is absolutely and uniformly con-

vergent.

That S(0 actually represents the solution of (1) under these conditions will be shewn

from another point of view in the following section. Here we observe that we may write

S(0 = f(0 + >-/H(<^).f(^W^ (9).

where H(<^) is the infinite series of d^adics

H«^) = K(<a) + XK,(<^)-l-X-Kj(<a)-l- (10).
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When
I

\
j
< -^iTf this series is absolutely and uniformly convergent ; that is to say, the

result of its operation, term by term, on a finite vector gives an absolutely and uniformly

convergent series of vector functions. This follows immediately from the above.

III. The Resolvent Dyadic.

I 7. The dyadic H(<s) defined by (10) is connected with the kernel 'K(ts) by alter-

native relations of a specially simple nature. For it follows immediately from (10) and

the properties of the iterated kernels that

H(fs)-K(fe) = XJ"[K(<^) + XK,(<^)+ ... to x].K(^s)c?^

= \/H(<^).K(^s)rf^ (11).

and similarly that

H (te) - K (ts) = \
J
K (i^) . [K (^s) + XK, (&s) + . . . to x ] cB

= \/K(<^).H(as)c^^ (11').

These equations shew that there is a reciprocal relation between the kernel K(is) and

the function H(is) which we shall call the resolvent. But we shall avoid speaking of

either as the reciprocal function of the other, because in the usual terminology two

dyadics are said to be reciprocal when their product is equal to the idemfactor. The

reciprocal dyadic of K(fo-) w-ould be denoted by K~'(<s) and is quite different from 13. {ts).

The relations (11) and (11') have been proved only on the assumption that \\. < ^^-^..

But these equations have an importance for a wider range of parameter values than this.

We shall prove that if there esdsts a dyadic H(is) connected luith K.{ts) by the relation

(11) then the integral equation (1) admits a unique solution given by

u(<) = f(0 + X/H(f^).f(^)d^ (12).

For on multiplying

u(^) = f(^) + X/K(S>s).u(s)rfs (1")

by \T3.(t^)» and integrating over the domain we have

\ j H (<'&) . u (^) cZ^ = \ jH {fit) . f (S^) rf'^ + X-JjH (<^) . K (^s) . u (s) dsd"^.

The factors in the final integral are associative. The order of integration may be changed

and the equation then becomes in virtue of (11)

= j H (<^) . f (^) d^ - X
J"
K {ts) . u (s) ds,

which by (1) is equivalent to (12). In particular the series S{t) of the previous section

is the solution of (1) for the resti'icted values . of X there considered. For S{t) is ex-

pressible in the form (9) which is identical with (12), and in which H(te) satisfies the

resolvent relation (11).

Having shewn that the value of u(i) given by (12) satisfies the original equation (1),

we may prove that this is the only solution. Assume that there is another solution Ui(<)

so that

Ui (() - X/K {ts) . u, (5) ds = f{t).



140 Mr WEATHERBURN, VECTOR INTEGRAL EQUATIONS

Substituting in (12) the value of f(t) given by this equation we find

u (t) = Ui (t) - X/[K (ts) - H (fe) + X/H (t^) • K (^s) fZ?f] . u, (s) rfs.

The integrand vanishes in virtue of (11), shewing that

u(0 = u,(a

The solution given by (12) is therefore unique. The same equation also puts in evidence

the appropriateness of the term " resolvent " as applied to the dyadic H {ts). As an

alternative name we might suggest "solving dyadic."

§8. But further, if there exists such a dyadic H(te) satisfying (11) it must also

satisfy (11'). and conversely. Consider (11') as an equation whose unknown is H (fe).

This equation is precisely of the form (1). Hence by (12) its unique solution is given by

H (fe) = K (te) + X/H (?^) . K (^s) rf^.

This solution is therefore identical with the function H(i«) given by (11). The relations

are therefore reciprocal.

The solution of the associated equation

v{t)-\Jv{s)''K(st)ds = fit) (3)

is expressed in terms of the same resolvent H(s<). For on changing i to & in this

equation, multiplying by •H(^<)Xrf^ and integrating, we find exactly as in the previous

section that

v(n = f(0 + X/f(^).H(^Of?^ (13).

That this solution is unique may be shewn as before.

If we put f(t) = in the foregoing, the second members of (12) and (13) disappear.

It follows then that when the kernel K.(ts) admits a resolvent 13.{ts) (which will be

proved to be the case except for certain isolated values of the parameter X) the homo-

geneous vector integral equation

u(0 = X/K«5^).u(^)(?^ (14)

and the associated homogeneous equation

v{t) = \Jv{^)»-K{^t)cB (15)

have no finite and continuous solutions but \i{t) = and v(^) = respectively.

In order to remove the restrictions imposed in § 6 on the values of the parameter X,

and to extend the validity of the solutions (12) and (13) to the case in which the

parameter value is ([Uite general, we shall endeavour to find a resolvent dyadic H (<s)

satisfying the relations (11) and (11'), and it will then follow that the unique solutions

of the integral equations (1) and (3) will be as expressed in (12) and (13) respectively.

If the resolvent as found becomes infinite for any value of X, these solutions will in

general break down for that value of the parameter. The determination of the resolvent

and the examination of its properties will therefore be our main concern.
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IV. Dyadic Determinants.

§ 9. Before however undertaking the search for a resolvent we shall need to introduce

and define a class of determinants in which each element is a dyadic. The properties of

such will clearly differ in many important respects from those of ordinary determinants

where each element is a scalar quantity. The particularly simple properties of scalar

determinants are due to the fact that in the expansion the order of the factors is

immaterial, a property which is not shared by the factors of a dyadic product. A dyadic

determinant of n- elements may be expanded according to any one of its n rows or of

its n columns, and in genei-al each of these methods will yield a different result. And

further, in each of these ways of expanding we must adhere to certain definite rules so

that the order of the elements in any term will not be arbitrary.

Consider first expansion according to rows. Determinants to be developed in this

way we shall speak of as row-determinants. That obtained by expanding according to the

first row will be the most important for our purpose, and for this first row-determinant

we shall adopt the following scheme of expansion. Let a,.s, (r, s = l, 2, ...,n) be a set

a,]! aj.,

a.!] a^t
of n'^ dyadic elements. The determinant expanded according to the first row

is to be interpreted as (a^ • a,>, — aj;

in each term. The determinant

• aoi), the element in the first row being placed first

aj]

a^i

is to mean

3*33

— ai2 • Hnll

a,3
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Quite generally the dyadic determinant

3a3 •an a.i„

&21 *~>2 3^n

expanded according to the first row is to be interpreted

3»22

3rw

ao. • 3-271 The minor of aj,- with the elements-

beloncrinof to the ith row of the

original determinant placed in the

-first row

In expanding each of these minors the rules laid down for the original determinant are

to be observed. The suffixes according to this rule of expansion fall into groups as ex-

plained above, each term embracing one or more groups and all the groups being closed.

It is easily verified that the interchange of the first two columns alters the sign of

the first row-determinant but leaves it otherwise unchanged. This clearly holds when the

determinant consists of 2- or 3- elements, and thence by induction it is shewn to hold

generally. It follows then that if the first row-determinant is unaltered by the interchange

of the first two columns it must be zero; and therefore, if the first two columns are

identical it must be equal to zero. The interchange of rows has no corresponding simple

result : for such a change commutes two factors in every term of the expansion, giving

in general an entirely different dyadic.

I 10. Consider next the expansion of colunm-determvncDds. Expansion according to

the first column will be interpreted as follows. The determinant

a„

a>.
will mean (a™ • a,, — ai„ • a,,).

the element from the first column being placed last in each term of the expansion. The

determinant

is to be understood as
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as-. .
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where, according to the usual notation*,

K{s,t,) Kis.td ... K(s,t„)

K{s,t,) K{s,Q ... K(s.t„)

jr /SiSo...S,A

\t,U...tJ
.(17)

K{s,A) K(SnQ... K{s„t„)

is an ordinary scalar determinant. The suffix jS' to the integral sign in (16) indicates that

the region of integration is S', defined in § 4, while K (st) is equal successively to the

functions K„m(st) (n, m=l, 2, 3) as explained in that section. Expanding the determinants,

and replacing the multiple domain of integration by the original domain S, we find for

the earlier terms of the series

1 - X.J[Kn (siSi) + -fi^ffi («i«i) + K^ (siSi)] ds,

+ 91 .Cr[ { -^11 («i«i) + -SToo (Si«i) + ^33 (SiSi)l !A'n (SoSo) + -K'^2 (S2S2) + A'33 (S^S,))

+ K„i (SiS.) A'l, (sjSi) +

+ Ksi (siS,) A,3 (S2S1) + + A'33 (Si*.) jBT^s (s-jS,)]] dsids„.

Now iTii (fe) + K23 (ts) + K33 {ts) is the first scalar or briefly the scalar of the dyadic K (ts)

and is usually denoted by 'Ks(ts). It is an invariantf of the dyadic equal to the sum of

the coefficients in the main diagonal when the dyadic is expressed in nonion form. Thus

the coefficient of X is equal to /Kg (s,s,) rf^,. Similarly in the coefficient of \- we have

under the integral sign first the product of the scalars of K(«iSi) and K(s2«2). followed

by an expression which is easily recognised as the scalar of the product J K (siS,) • K(s3S,).

The coefficient of V/^' could therefore be written

I

K5(s,s,) K(s,Ss)

I
K(«,s.) K,(.9,.%)

provided we interpret JfK.{sjS.2)''K{SiSi)ds2dsi as meaning

Jds,[fK (s,s,) .K (s.,s,) ds.^s ^.f^^s (") '^*>

that is, the integral of the scalar of K, (tt). Similarly on expanding the coefficient of

X'/3! we should find an expression which is identical with the determinant

K^CsiSi) K(s,.9.) K(.s,s;)

K.(SiSi) K.g{s2Si) K(s,S3) I dsidssdSi

K(.s,.s,) K.{s,s.) Ksisrh)

expanded according to either the first row or the first column, provided we interpret the

integrals as folloii's

:

iK (s,s,) dSi s/Ks (s,5,) dsi,

fjK (.s, So) • K (soS,) ds«ds, = J K,g (siS,) rfs,

,

///K (s,Sj) . K (Sji's) . K (.SjS,) dSids.,ds3 = fBLg (siSi) c?s,,

JffK (.SiSa) • K {s.,Si) . K (saSj) dsyds^ds, = J K,g (s,s,) K^ (s^s,) ds,ds3,

• Fredholm, loc. cit. p. 367. t Gibbs-Wilson, toe. cit. p. 319. J Ibid. p. 318.

dsyds.,.
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and so on, where K.;^{tt) denotes the scalar of the iterated dyadic K,(i<). With this

convention it is immaterial whether we retain the suffix S in the leading diagonal of

the above determinants. According to the above scheme of interpretation, as soon as a

group of factors in any term becomes closed, that is as soon as the initial variable of

integration is repeated, the integral of the dyadic product in that closed group is to be

replaced by the integral of the scalar of the corresponding iterated d3'adic. If any term

involves more than one group the integral of that term is to be understood as the integral

of the product of the scalars of those closed groups ; or in other words (since the

variables in the separate scalars are different), as the product of the integrals of the

scalars of the closed groups. The above determinants are therefore scalar quantities.

Each term of the expansion is either the integral of the scalar of an iterated dyadic,

or the product of two or more such integrals.

§ 12. We might stop to prove that the coefficients of the successive powers of X fall

into determinants of scalars as above, and that therefore the new scalar series is absolutelj-

convergent because it is identical with the absolutely convergent series (16). But this

course is unnecessary. We have simply used the known series (16) to suggest the cor-

responding series for the equation (1). We shall take the series suggested and prove that

it satisfies the requirements of the problem.

Consider then the series suggested, viz.

i) (X) = 1 - X |k, (,.,) ... ., I w
I ^^Z^^;-) I ^Y\ I

^^^^-

-....(-r^/...|KgJ;;-j^.....,, + (18),

where in the general term we have adopted the notation (17). The integrals obtained

by expanding these determinants are to be interpreted as explained in the previous section.

It is clear upon examination that the determinants may be expanded as either first row

or first column determinants, the same result being obtained by either method. For the

factors in any term of the expansion fall into closed groups in just the same way, the

only difference being that the order of the closed groups in any term will be different.

But as the integral of the closed group represents a scalar quantity, the change of order

is immaterial.

The series B{X) is absolutely convergent. An upper limit may be assigned to the

value of the integral which is the coefficient of (— X)",h!. In accordance with the meaning

of the expression "greatest modular magnification," M, of §5, it is clear that K(te)^J/I,

meaning that the modulus of the vector after operation with K(te) is ^ that after

operation with Ml. Each element of the determinant regarded as a dyadic cannot exceed

Ml. Further, the scalar of any dyadic which ^pl cannot exceed pN, where iV is a finite

scalar quantity which may be taken greater than unit}'. In any term of the expansion

of the determinant there are not more than n groups; hence the determinant is equi-

valent to a scalar determinant the absolute value of each term of which does not exceed
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MN. If B is the measure of the region of integration the general term of (18) therefore

does not exceed

in virtue of Hadamard's theorem*. The ratio of consecutive terms of the series whose

general term is (7„ is

On Vw + l V n)

which tends to zero as n tends to infinity. The series 1 Cn is thus absolutely convergent.
n

Therefore the series D{\), whose general terra is numerically $C„, must also be absolutely

convergent.

VI. Determination of Adjoint and Resolvent.

§ 13. Let us now try to find, if possible, a meromorphic function H {ts : \) of X,

satisfying (11), having this series I>{\) as denominator and another integral function

D(fe:X.) as numerator, so that

H (ts : \) --

D (ts : X)
' D{X)

.(19).

On substitution of this value the equation (11) becomes

D(te:X)-D(X)K(te) = \/D(«^:X).K(^s)d^ (20).

If the numerator in the second member of (19) is an integral function of \ it may be

written

D(<s:X) = Ao(fc)-\Ai(fe) + X=A„(fe)- (21),

where the coefficients A„{ts) are a series of dyadic functions of the positions of the points

t and s. We wish, if possible, to determine these coefficients so that the relation (20)

may hold. Let a„ denote the coefficient of (—X)" in (IS). Then on substituting in (20)

the values of the functions given by (18) and (21), and equating coefficients of the

difierent powers of X, we have the following relations

A„(ts) = -K{t.s)

Ai (ts) = a.,K its) -/A„ (f^) . K (^s) d'^

A„ (ts) = rt„K (ts) -/A„_, (f^) . K C^s) d^

Substituting the values of the coefficients «„ we find

A. (,.)=' "^^''^ ^(*^'>

r
.(22).

dsi,

K(SrS) K,(s,.s,)

2As (ts) = 2a„K (ts) - /A, (fa,) . K (s,s) rf,s-, - / A, (ts„) . K (s.,s) ds.

K(ts) K(fa,) K(fao)

K(.s-,.s) Ks(s,s,) K(a',s,) ds.ds^.

^(s,s) K(s,s,) Ks(s,s.^

Bulletin des Sciences Math. (2), Vol. xvh. (1893), pp. 240-2.
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In interpreting these determinants the same convention is to be observed as in § 11.

Whenever in any dyadic product the group becomes closed by the recurrence of the

initial variable in that group, the integral is to be replaced by the integral of the scalar

of the appropriate iterated dyadic. But each of the above determinants is a dyadic.

There are in every term two or more consecutive factors not forming a closed group, e.g.

|K(fs,).K(Sos)fZs.,,

which is the iterated dyadic K, (ts). Hence every term of the expansion is a dj-adic.

The determinants may be expanded according to either the first row or the first column.

The result is the same in each case, for the unclosed dyadic factor occurs in the one

case before, and in the other after the scalar factors in that term.

Proceeding in the same way we find that

"^^'^^^kiljj^CX:)"'^''^'^^-

The law of formation of these coefilcients is quite general. Assume that it holds for

A„_i(fe). Then since

na„ = j A„_i (SiSi) ds^

we have by (22)

?i A„ (ts) = K (fe)/A„_i (siS.) dsi - n J A„_i (i^) . K (^.s) d^.

In the last term of this equation we may drop the factor n and take the sum of n

separate integrals in which ^ is replaced successively by Si, s^, ... Sn- On substitution of

the value of A„_i(te) the equation then gives immediately

A„(te) =
1 i f; «.{ts) K.{ts,) K(<s„)

III K (.*,.«) K(.svs,) K(SiS„)
dSj . . . dSn

K (s„s) K (s„Si) K (s„s„)

We have thus found a solution of the equation (11) in the form of a meromorphic

function H.{ts:\) of X given by (19). The denominator D{X) is the infinite series (IS),

and the numerator the infinite series just found, viz.

D(..:X) = K(..)-X|K(JMc/..+ ...+^|\../Kg^J;;;;jc^......^„ + (23),

which may be called the adjoint of K(te).

This series is absolutely and uniformly convergent in the region considered. In the

general term the coefficient of (— X)""Y("~ 1) • i^ * determinant which represents a dyadic.

The elements of the first row and the first column are each, in the notation of the previous

section, ^J/I. In anj- term of the expanded determinant there are not more than (« — 1)

closed groups. The number of variables of integration is (n — 1): so that, in virtue of

Hadamard's theorem already mentioned, the absolute value of the integrated determinant

The general term of the series (23) therefore does not exceed in value the dyadic

{n— 1)1
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QO

The ratio of consecutive terms of the series SC„ is

C. ~
s/n \ '

B+l

which tends to zero as n tends to infinity. The series S C„ is thus absolutely convergent,
n

and therefore the series (23) absolutely and uniformly convergent. That the series is also

continuous within S at every point at which K {ts) is continuous may be established by

the same argument as for the scalar integral equation*.

§ 14. The quotient of the two integral functions D(^s : \) and D{\) is the resolvent

H (is : \) for which we have been enquiring; for in the preceding section the first of these

functions was determined so that the quotient would satisfy (II) and therefore (II'). The

solution of the integral equation (I) is then given by (12) for all values of X for which H (<s: \)

has a meaning. Now the only parameter values for which it can cea.se to have a meaning

are the roots of the denominator D (\). These roots we shall term the " singular parameter

values " or the " characteristic numbers." That every characteristic number is actually a pole

of the resolvent may be proved thus. Suppose X, is a root of D (X) of multiplicity p. Then

J^.i)(\,) = 0, 1 = 1, 2,. ..,(;; -1)

while ^p-^^^^ + ^-

But on comparison of the series for D (X) and D(te : X) it is clear th;\t

rf^^(^) = |SJ^(^^^^^'^^ <^^)-

where the integral in the second member is as usual to be interpreted as the integral of

the scalar D5 {ss : X). Now as the first member of (24) does not vanish when X = Xo, the

second cannot. But when the .scalar of a dyadic does not vanish the dyadic itself cannot

vanish identically : so that

£;^.D(^:X„) + 0.

It follows then that the multiplicity of Xo regarded as a root of the adjoint is at least one

less than p. The value X, is therefore a pole of the resolvent. The solution (12) of our

integral equation (1) thus breaks down at a singular parameter value, unless conditions are

satisfied which neutralize the effect of the pole of the resolvent.

VII. The Homogeneous Integral Equations, and Singular Para.meteh Values.

§ 1.5. It was shewn in § 8 that when the resolvent exists neither the homogeneous

equation

u(0 = X/K(te).u(s)fZs (14)

nor its associated equation

V (t) = X/V (s) . K {St) (Is (15)

* Cf. e.g. BOcher, " An Introduction to the study of Integral Equations," Cambridge Tract (1914), pp. 33-35.
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admits any finite and continuous solution but zero. We shall now prove that when \ is

equal to a characteristic number X„ each of these equations admits at least one non-zero

solution.

Since Xo is a pole of the resolvent, this dyadic may iu the neighbourhood of X„ be

expressed in the form

«<"
^ ^"r"-^--|"xf.—'•<- ^

«

c^-^).

r being the order of the pole, B,- (fe), (i=l, 2, ...r), a set of dyadic functions of the positions

of t and s, and Bo {ts : X) a dyadic holomorphic in X. If we substitute this value of the

resolvent in the equation (11) written in the form

H (ts) - K (ts) = (X - Xo) /H (t^) . K (S-s) d^ + Xo/H (i^) . K (^s) f^^

and equate coefficients of (Xo— X)"'' and (Xo — X )"'"*' we find

(a) B, (ts) = X„/B, (<^) . K (^«) d^ ^
I (26)

(b) B,_j(;s) = Xo/B,_i(<^).K(^.s)(/^-/B,.(;^).K(^s)fZ^ J

Similarly on substituting from (25) in the alternative relation (11') and equating coefficients

we have, among others, the equations

(a) B,(fe) = Xo/K(«!^).B,(&A')rf^
1

(b) B,_, (ts) = X, JK (<^) . Br-, (^s) d^ - /K (f^) . B, (&s) d^ j
^^^^'

The relations (26 a) and (27 a) shew that the dyadic B,.(te) regarded as a function of t is

a solution of the equation (14), and that Br(st) regarded as a function of i is a solution

of the associated equation (15). These dyadic solutions may be replaced by ordinary

vector solutions : for if a is any vector quantity it follows from the precedino- that B,. (ts) • a
is a solution in t of (14): and that a«Br(si) is a solution in t of the associated equation.

I 16. We shall now find expressions for the solutions of the homogeneous equations

(14) and (15) at a singular value of X in terms of the row and column dyadic determinants

previously introduced. A small prefix r will be used to denote that the determinants

involved are to be expanded according to the first row: while the prefix c will indicate

column expansion. Thus the expressions

,.K :'/••» and ,K,
\t,t.2...tj \t,t„...t

denote the dyadic determinant of the form (17) expanded according to the first row and
the first column respectively.

Introducing series analogous to Fredholm's minors we shall speak of

^<t:>>Kt:-:d--\^(lz:>'

—*-^/-/.-(;::::;::;;:;;;;:) "-''-- <^«)

as the nth row-minor of the series D (X) : and of

cD„
(

' ' " X ) = a similar expressi
\h to . .. 1,1 I

Vol. XXII. No. VIII. 20

/ / j" ^) - a similar expression in column determinants (29)
h to t,i I
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as the nth cohimu-miuor of D (X). From these definitions it is clear that

= {-Y\...\,JiJ''-'''x)ds,...dsn (30),
.' J \Si ... Sn I

the integrated determinants giving the same result whether expanded according to the

first row or the first column.

Developing the terms of (28) according to the first row we have

f...f^(^--!''^---"™)rfT,...dT,„=K(.Mo.f.--f.K(;---;""---""Vn...rfr,„
j J V^...*nTi ... T,„y j J U. ... <,iT, ... T,„/

4xr/ *\ { [ T^ fSiS-2-..Si-,Si+i...S„Ti...T,n\,

j_2 ./ J Ml (-2 ••• 'i—I'l+l • ''n n ••• ~l»'

- I
f
K(..r,:) .

f... I"

,K M'-^' ^' - ^^-^'+' - -'") dr, ... rfr,,. (31).
i=lJ J J Vfi^, ... «„T, ... T;_iTi+i...T,„/

The last summation may clearly be written

- m
I

K (s,r) .
I".

. .

I

.K (j
';- '" ^' " "

'

^'"-') dr,... dr,„^, dr.
J J .' \h 1-2,.. . tn Ti ... T„,_i/

Multiplying then both sides of (31), thus transformed, by (— Xf^jm ! and summing for all values

of m from to x as required by (28) we derive

'•'(;t::tO=^<"«-''-C;;:::?)

- I K (s, ti) . ,D„_,
f*'*^

• • •
*'-'*'+>

• • *" x)

+ x[K(s,T).,.D„([J-*"x)r;T (32).

Similarly by expanding the column determinants in (29) we find

1 = 2 VtiCo ... r;_,f,-+, ... t„ /

+ \[,D„('''/---*'"x).K(T^)dr (33).

Now since D{\) is an integral function of X not vanishing identically it follows that

are not all zero when X = X, ; and therefore in virtue of (30) that the dyadics

"v,>)• "-e^-)' "C;;::^-)
<'*>

are not all identically zero with respect to the variables. Let q be the index of the first

of these which is not identically zero. This number q will be the same whether the
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determinants are row or column determinants. For these differ only by an interchange of

variables, and the identical vanishing of rl>„ (...) involves that of ^D,, (...) and vice versa.

It follows then from (32) and (33), since all the minors of index < q vanish identically,

that

^*(::"::^»)=^«^^^'^^"-°'G;::^»)^^ (^5)

\T^ . .. ij

Since we may choose the quantities s,-, <,- (i = 1, 2, ... q) so that the minors do not vanish

identically, the relations just established shew that the row-minor

regarded as a function of s, is a non-zero solution of the homogeneous integral equation

(14) for the characteristic number \„; and that the column-minor

regarded as a function of t, is a non-zero solution of the associated homogeneous equation (15).

These solutions are of course dyadics. A vector solution may be obtained in the first case

by operating on anj' vector with the row-minor as a prefactor ; and in the second case by

operating with the column-minor as a postfactor.

By adopting rules corresponding to those of § 9 for expanding the above determinants

according to the t'th row or the ith column, it may be shewn that there are q linearly

independent solutions

u,(0, u.,(0, ..., Mgit) (37),

to the homogeneous integral equation (14) for the singular parameter value \o, and q also

Vi(0, v,{t), ..., Vgit) (38),

to the associated equation (15) for the same value of X. The proof however will not be

given. Sufficient has been done to shew that with the aid of our dyadic determinants the

theory of the vector equation (1) maj' be developed along the lines followed by Fredholm

and Plemelj*.

§ 17. We have seen that in general the solution (12) of the non-homogeneous equation

(1) becomes infinite at a singular value \o of the parameter. In order that this should not

be the case, i.e. in order that the equation (1) may admit a finite and continuous solution for

this value of \, certain conditions must be satisfied by the vector function f (i). To each of

the q linearly independent solutions (38) of the associated homogeneous equation will

correspond oiie condition. Assume that (1) admits a solution XL(t) for the parameter value

Xo, so that

u(<)-Xo/K(<s).u(s)rfs = f(«) (39),

while simultaneously we have

V;(0-X„/V;(^).K(^«)«^^ = (40).

* "Zur Theorie der Fredholmschen Funbtionalgleichung," Monatshefte fur Math, und Physik, Bd. xv. (1904). .\lso

Potentialtheoretische Untersuchungen, Teubner, Leipzig, 1911, S. 29-39.

20—2
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Multiplying (39) by v,- (t) • and integrating over the region S we have

ff(t) . V,- (t) dt=J\i (t) • V,- (0 dt - X„ // V,- (t) . K (ts) . u (s) dsdt.

Now the direct product of any number of dyadics with a vector factor at either end or

at both ends obeys the associative laws* : hence the order of integration may be changed in

the last term as explained in § 5. The second member is therefore equal to

/ [v,- (s) - Xo / V,- (0 • K {ts) dt] . u (s) ds

which vanishes in virtue of (40). The first member is therefore equal to zero, that is

Jf(t)*Vi{t)dt = 0, (t = l, 2, ...,q) (41).

When two vector functions are such that the integral of their scalar product over a given

recfion vanishes we shall say that the functioas are orthogonal for that region. Hence we have

proved that the necessary condition for the existence of a solution to the non-homogeneous

equation (1) for a singular parameter value, is that the function f{t) be orthogonal to each

of the q linearly independent solutions of the associated homogeneous equation for that

characteristic number. That this condition is also sufficient may be established by argument

along the lines of the corresponding proof for the scalar integral equation f.

The conditions just stated may be applied to the .systems of equations (2) and (4), for the

vector equation (1) is equivalent to the system (2), and the homogeneous equation (15) to the

system (4) with second members zero. It therefore follows that the necessary and sufficient

condition that the system (2) may admit a finite and continuous set of solutions for a singular

value of X is that the relation

/[/. (0 ''i (0 +./= (t) «= (0 +./> (*) ^:< (0] dt = o

should hold for every set of solutions Vi{t), v„{t), v^if) of the sj'stem (4) with second members

zero. It is a common midake to state this as though c, (0, v., (t), v^ (t) were a set of solutions

of the homogeneous system derived from (2i by interchanging the variables and putting

the second members zero. This is quite wrong except in the particular case in which

Kmnits) = Knmitfi) ('". "=1,2,3); that is when the dyadic K(^',) is self-conjugate.

§ 18. Two solutions u (t) and v (t) of the associated homogeneous integral equations

u(0=X,/K(f.v).u(,s-)f/,v (42),

and v(0 = X.3/v(A).K(.s()f?.s (43),

corresponding to different characteristic numbers \, and X.o are orthogonal to each other.

For on multiplying the first by \.^v {t) • and integrating, the second by •u(^)X, and integrating,

and then subtracting the results we have

(\., - X,) Ju (/) . v(0 rf( = X,X.,//v(0 . K (ts) . u (.s)dxdt

- \K Jj V (•-) • K {st ) • u (0 da dt.

But since the factors of the products of the second member are associative and therefore, as

explained in the previous section, the order of integration may be changed, it follows that

the second member is zero. Hence, becau.se X, and X... aie different, the integral of the left-

hand side must vanish, giving

fu(t)'V{t)dt = 0.

The two solutions are therefore orthogonal.

* Gibbs-Wilson, he. cil. p. 279.

+ Cf. Frcdholm, loc. cil. pp. 37li-H ; Plemelj, Potent. Unter. S. 36-7. Another proof will be fomul in § 24 below.
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VIII. The Conjugo-symjietric Dyadic Kernel.

§ 19. The question naturally arises whether there is a dyadic kernel playing for the

vector equation (1) the same part as the symmetric kernel in the theory of the single scalar

integral equation. Of such a dyadic kernel all that is required is that it make the homo-

geneous equation

\i{t) = XjK.(ts)'»VL{s)ds (14)

identical with its associated equation

v{t) = Xjv{s).K{st)d.s ..(15).

The dyadic under consideration must therefore be such that K (fe) used as a prefactor is

equivalent to K.(st) used as a postfactor. A kernel presenting this property will be called

conjugo-sym metric.

A conjugo-symmetric kernel need not he both self-conjugate as a dyadic and symmetric

iu the variables. In order that the two equations (14) and (15) should be identical the

systems (2) and (4) must be identical : and vice vei'sa. All that is necessary for this is

that

K,,n{ts) = Kn,n(st) (44),

n, m = 1, 2, 3.

This property, if it exists, ensures conjugo-symmetry. It does not necessitate the symmetry of

J^nm (ts) in t and s unless n and m are equal : but ifn (ts), K.^ (ts) and K^^ {ts) must be

symmetric. Hence the scalar of a conjugo-symmetric dyadic kernel is symmetric in the

variables. In order, however, that a kernel should be both self-conjugate and symmetric

the relations (44) must hold, and iu addition all these functions must be symmetric.

All the kernels formed by iteration from a conjugo-symmetric kernel are also conjugo-

symmetric. For if a is any vector we have

Kj (ts) . a = J'K (<'&) . K (^s ) . a fZ^

= j"K(«^).[a.K(s&)]fZ^

= /a.K(s^).K(^«)dS^

= a • K, {st},

each step following from the conjugo-symmetry of K (ts). The statement therefore holds for

the first iterated kernel and may in exactly the same manner be established bv induction

for the ?ith, the first factor of the integrand in the above being replaced by K,i_i (f^).

§ 20. From the fundamental property that for a conjugo-symmetric kernel the

equations (14) and (15) are identical may be deduced a set of important theorems corre-

sponding to those that hold for the scalar integral equation with symmetric kernel.

(1) Ttuo solutions Ui(t) and u»(i) of a homogeneous conjugo-symmetric vector integral

equation corresponding to different characteristic numbers are orthogonal.

This follows immediately from § 18, since the homogeneous equation is identical with its

associated equation.

(2) A real conjugo-symmetric kernel cannot have imaginary characteristic numbers.

For suppose that a -1- 1/3 is an imaginary root of D{X). Then a — i/3 is also a root.

20—3
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Corresponding to the former is at least one solution of (14), which must be imaginary and

therefore expressible in the form

Vijt) = -p(t)+iq{t).

Hence, corresponding to the singular value a — i/3, there is the solution

u,(o = p(0-iq(0-

But by the last theorem Ui(^) and VL,{t) are orthogonal, so that

/ [p ^t) + iq (<)] . [p (t) - iq (0] dt = 0.

The integrand is the scalar product of conjugate bivectors*, giving

/[PW«P(O + q(<)'q(.O]rfi = 0;

that is, the sum of two positive quantities is zero, which is absurd. Hence the kernel does

not admit an imaginary characteristic number.

(3) Every conjugo-symmetric kernel possesses at least one characteristic number.

The proof of this may be established along the lines of the proof for the scalar integral

equation •{•.

(4) For any characteristic number \ the pole of the resolvent is simple.

To prove this, take the relations (26 a) and (27 b). In the former interchange the letters

t and s. Multiply the equations by •Br_i(te) and Br(sO* respectively and integi-ate with

respect to t. On subtraction we have

= XojJBr(s^) . K(aO« Br-,(te)d^d«

- X,// B, (st) . K (i^) . B,_i (^s) d'itdt

+ /) B^ (sO • K (<^) . B, (^s) rf^df.

Since the order of integration may be changed, as previously shewn, the first two integrals

are equal in magnitude and opposite in sign. The last integral may be simplified in virtue

of (26 a) or (27 b), giving

fBr {st) ' Br {ts)dt = 0.

Hence if a is any finite vector,

/[a . Br {st}] . [Br {ts) • a] c?< = 0.

Now the dyadic Br{ts) is conjugo-symmetric. For B^ (is) • a and a«B,. (sO as functions of t

are simultaneous solutions of the associated equations (^14) and (15) for the singular value \,:

and as the equations are now identical these solutions are equal. The last relation may

then be written

/[a . B, (st)] . [a . B, {st)] dt = 0,

that is, the integral of an essentially positive function vanishes, which necessitates the

vanishing of the dyadic Br(st) identically. This function therefore vanishes for all values

of r > 1. Hence the pole of the resolvent is simple.

§21. Fi'incipal system of fundamental functions. The q linearly independent solutions

of the homogeneous equation (14) corresponding to a singular value Xj may be replaced by

a system of q normalised orthogonal
J:

functions, that is, functions satisfying the relations

/u.(0.u.(Od< =
J ![ l^l (45).

* Gibbs-WiUon, loc. cil. pp. 426-436. t Cf. Schmidt, Math. Ann. Bd. Lxui. (1907), S. 455-7. t tbid. S. 442-4.
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Then since the fundamental functions* corresponding to different characteristic numbers

arc in the case of the conjugo-symmetric kernel orthogonal to each other, we may, when the

kernel is of this nature, replace all the linearly independent solutions of the homogeneous

equation corresponding to all the characteristic numbers by a series of normalised ortho"onal

fundamental functions satisfying the above relations. Such a system,

Ui(<), u,(t), ..., u„{t) (46),

may be called the principal system of fundamental functions. We may assume that these

functions are placed in the order of the increasing magnitude of the characteristic numbers

to which they belong. Any solution of the homogeneous equation (14) is linearly expressible

in terms of a finite number of functions of this series belonging to the same characteristic

number.

§ 22. It may be possible to express the dyadic kernel K (ts) as the sum of a series of

dyads whose antecedents and consequents are the vectors Ur {t), U; (s) of the system (46).

Suppose it is possible to do this in such a way that the antecedents of the dyads are

the successive functions (46), giving

K{ts) = u,{t)c, + \i,{t)c,+ ...+u„(t)c„,+ (47),

where the consequents c,j are to be determined. If this relation holds, so that the second

member is absolutely and uniformly convergent f when the number of terms is infinite, we

may act on any vector a with each side as a prefactor, obtaining

K(te)« a = Ui(OCi « a + U2(;)c. . a + ...,

where all the terms are vectors. Multiplying each side by u,i (t) • and integrating, we have,

in virtue of the orthogonal relations (45),

[/u„ (t) • K (ts) dt]*a. = c„ • a.

This holds for any vector a. It follows then that

c„=fu„{t).JS.{ts)dt = '^^\

When, therefore,' the representation (47) is possible, it becomes

^^^^^^uAt)uAs)^ Mt)n,(s)
^ (48),

the functions u,i(i) forming the antecedents, and the functions u,i(s) the consequents of the

dyads in the second member. This series corresponds to the bilinear series for the symmetric

kernel of the scalar integral equation.

Conversely it may be shewn that if the series (48) is absolutely and uniformly convergent

its sum is equal to the kernel K.{ts).

I 23. The following theorems for the conjugo-symmetric kernel may also be established

without difficulty

:

* The solutions of the homogeneous equation (14).

t That is to say, the series obtained by operating term by term on a finite vector is absolutely and uniformly convergent.
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(1) The necessary and sufficient condition that a continuous vector function h(t) may

satisfy the identity

/K(te).h(s)ds = (49)

is that for all values of n

jnn{s)'h(s)ds = 0.

(2) Any vector function g(t) expressible in the form

g(t)=jK.{ts)'lis)ds,

where l{s) is a continuous vector function of the position of s, can be expanded in terms of

the fundamental functions (46) according to the Founer rule,

g{t) = -^u„(t)ig(t)'U,{t)dt
n

= l^Xln(t)ll(t)»VL„{t)dt.

We shall say that a conjugo-symmetric kernel is closed when there does not exist any

continuous function h(«) satisfying the relation (49). It may be proved that

(3) Every closed conjugo-symmetric kernel has an infinite number of singular parameter

values.

In conclusion, Schmidt's formula* for the solution of the non-homogeneous symmetric

integral equation may be extended to the vector integral equation (1) where the kernel is

conjugo-symmetric. Thus

(4) If X is not equal to a characteristic number the equation (1) tuith conjugo-syvimetric

kernel has a unique continuous solution given by

n(t) = f{t)-\l^^jm*vi„{t)dt (50).
„ A. — A.n

If however \ is equal to a characteristic number X^ to which correspond q fundamental

functions of the principal system, for the above solution to remain finite it is necessary

and sufficient that f(<) be orthogonal to each of these q functions. If this condition is

satisfied the solution of the integral equation becomes

u(0 = f(0-i,«.u„.+.(0-X,,.2-^^jf(0»u„(Or/f (51),
1 n "-in ~ "-n

where the quantities a,- are arbitrary constants, the first summation including the funda-

mental functions belonging to X™, and the second the remaining ones of the principal

system (46). That u(<) given by (51) is a solution of (1) for the singular parameter

value X„, is easily verified by direct substitution.

§ 24. From the results established above for the conjugo-symmetric kernel a proof

may be deducedt of the sufficiency of the conditions found in §17 for the existence of

a solution to the non-homogeneous equation

u(<)-X„/K(^).u(s)rfs = f(0 (39),

• Cf. Schmidt, loc. cit. S. 4i;4. t Ibid. § 13.
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where Xq is a characteristic number of the kernel, not supposed symmetric or conjugo-

symmetric. From this equation and its associated equation

v(t)-\,iv(.s)'K(st)ds = g(t) (52),

we readily deduce

git)-\\K.(ts).g{s)ds = v(t)-\,fQ(ts)»v{s)ds (53),

and jg{t)'e(t)dt = i^{t)»[v(t)-\jQ(ts).v{s)ds]dt (54),

where Q (st) = K (st) + K^ (ts) - \,fK {sa) • K^ (tir) da-
;

K.c{ts) denoting the conjugate dyadic of K.(ts), that is the dyadic which acting as a

prefactor is equivalent to K (ts) used as a postfactor, and converse!}". The kernel Q (st)

is conjugo-symmetric. For if r is any finite vector

Q (st) . r = K (.s« • r + K, (ts) • r - X,, \ K (.so- ) • K^ ( <a- ) • rc?o-

= r . K, [st) + T»K.[ts)-\,jvK. (ta) • K^ (so-) da.

The transformation of the integral is a consequence of tlae theorem that the conjugate of

the product of two dyadics is equal to the product of their conjugates taken in the reverse

order*. The last equation may be wi-itten

Q (st) . r = r . Q (ts),

proving that Q(-sf) is conjugo-symmetric.

Now if V (t) is a solution of the associated homogeneous equation

v(0-Xo/v(«).K(sOf?s = (40)

obtained from (52) by putting g(t) zero, it follows from (53) that it is also a fundamental

function of Q(st) for the characteristic number X,,. Conversely, if v(t) is a fundamental

function of Q(st) for this parameter value, it follows from (54) and (52) that it is also a

solution of (40). The linearly independent solutions of (40) are therefore identical with the

fundamental functions of Q(st).

If now we transform (39) by the substitution

u(0 = w(0-Xo/w(s).K(sOrf« (55)

it becomes w(<) — X,/Q(te) • w(s)rfs = f (0-

But by the preceding section the necessary and sufficient condition that this equation may

admit a finite solution is the orthogonality of f(t) to all the fundamental functions of Q(st)

corresponding to X,,, that is to ail the linearly independent solutions of (40). Therefore in

virtue of the relation (55) this is the necessary and suflScient condition that (39) may admit

a solution for the singular parameter value X„.

I 25. Singular Kernel. We have up to the present assumed that the dyadic K (ts)

remains finite, i.e. that all the coefficients Kir(ts) [i, »•=!, 2, 3] in its nonion form are

finite for every point t, s of the region S. In many physical problems when the points

t and s coalesce the kernel K(fa) becomes infinite like 1//'", r being the distance between

the two points. But as shewn in § 6 the integral equation (1) may be replaced by (8)

in which the kernel is the nth iterated kernel of TS.(ts). When a is not too large, this

itei-ated kernel will be everywhere finite if n is sufficiently great, and the methods of the

Gibbs-Wilson, loc. cit. p. 294.



158 Mr WEATHERBURX. VECTOR INTEGRAL EQUATIONS, Etc.

precedino- pages will be applicable. It maj- be shewu, as in the theory of the scalar

integral equation*, that if the region S of integration is a given surface this method holds

for a < 2, and if a given volume for a < 3.

The theorems of ^19-23 on the conjugo-symmetric kernel are true when K(<s) is

singular, provided its discontinuities are regularly distributed and the integi-als

\[r-K(st)]-ds, and /[K(Y.s) • rpdsf

are finite and continuous functions of the position of t, r being any finite and continuous

vector.

In the foregoing pages the author has dealt only with the theory of the vector integral

equation. Applications of this theory to various problems of mathematical physics will be

discussed elsewhere.

Cf. Fredholm, loc. cit. pp. 384-390; Heywood and t The square of a vector denotes as usual the scalar

Frechet, L'equation de Fredholm (£c., Paris (1912), pp. 141- product of the vector by itself. This is equal to the square

145. of its tensor.
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IX. 0)1 certain Arithmetical Functions.

By S. Raman ujan.

[Communicated by G. H. Hardy*.]

[Received and Read 25 October 1915.]

1. Let o-j (n) denote the .sum of the sth powers of the divisors of n (including 1 and n),

and let

^»(o) = ir(-s),

where f (s) is the Riemann Zeta-function. Further let

S^.,(n)=(7r(0)o-s(«) + <r,(l)o-s(?i-l)+... + o-,(n)o-s(0) (1).

In this paper I prove that

^
r(r + i)r(. + i)r(r + i)r(^ + i)

+ ga-'-) + g(l-i)
,,^^.^^_^ („) ^ {„i (,• + , + !)}

(2)'

whenever r and s are positive odd integers. I also prove that there is no error term on

the right-hand side of (2) in the following nine cases: ?-=l, s = l; r=l, s = 3; ?•=!, s=5;
?• = 1, s = 7 ; r = 1, s = 11 ; r = 3, s = 3 ; r = 8, s = 5 ; r = 3, s = 9 ; r = 5, s = 7. That is to say

S,-,s(?i) has a finite expression in terms of a,-+sj,^{n) and o-,.+g_i(7i) in these nine cases; but

for other values of )• and s it involves other arithmetical functions as well.

It appears probable, from the empirical results I obtain in §§ 18—23, that the error

term on the right-hand side of (2) is of the form

0(n*<'-+^ + i + ^)} (3),

where e is any positive number, and not of the form

o{„4('-
+ s + i)j

(4)_

But all I can prove rigorously is (i) that the error is of the form

{««('• + ' + !))

in all cases, (ii) that it is of the form

0{ftt('- + >- + S)} (5)

if r \- s is of the form 6??;, (iii) that it is of the form

{«*('• + «+*)} (6)

li r + s is of the form 6«i. + -1, and (iv) that it is not of the form

o{n*('' + '''}
(7).

* I am indebted to Mr Hardy for his kind assistance and advice.

Vol. XXII. No. IX. 21
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It follows from (2) that, if r and s are positive odd integers, then

^ ,. r(r+l)r(s+l
) r(r+l)?(g+l)

-r.sV

It seems very likely that (8) is true for all positive values of r and s, but this I am at

present unable to prove.

2. If S,.,s(?!)/o-,+j+, (w) tends to a limit, then the limit must be

r(r + i)r(s + i)ro- + i)r(s + i)

For then

where

r{r + s + 2) ?(r + .s + 2) "

Lim . , = Lim '
.,, ,

'

—

t-^t— ; t-t
„^ 00 a-r+s+iW „^ or O-r+s+1 ( i ) + 0-r+s+i (.2 ) + . .

. + ff^+s+i (.W^

-Lim S.,,(0) + S,,,a)^ + S..,(2)a;^+...

= Lim ^^ ,

c , c . .
l'-* 2'-a;= S'-ar^

Now it is known that, if ?• > 0, then

^-'
(i-^x+'

^^^)'

as .«—>1*. Hence we obtain the result stated.

3. It is easy to see that

o-,(l)+o-,(2) + <r,(3)+... +<x,(n)

= Ut + lU + «3 + »j + . . . + M„

,

where w, = F + 2'' + S-- + ... + ^'

From this it is easy to deduce that

a,.(l) + <7,.(2)+...+(r,.(«)~^?(r+l) (ll)t

and

,7,(l)(»l- ly + <r,.(2)(« - 2)M- ... +<r,.(« - 1)P ~
^^r|/|^^^^)^^

r(r+l) «"+»+•.

provided ?- > s^O. Now
or, (?i) > n*,

and 0-, (n) < W (l"* + 2- + 3-« + . . .) = »i«?(s).

From these inequalities and (1) it follows that

if r > and s ^ ; and

t:^s,..w r(r+i)r(. + i)

* Knopp, Dissertation (Berlin, 1907), p. 34.

t (10) follows from tliia as an immediate coroUarj'.
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if r>0 and s>l. Thus /i~''"*~' Sr,s(») oscillates between limits included in the interval

r(r + s + 2) r(7- + s + 2)

On the other hand ?i~''~''~' o-r+s_i (n) oscillates between 1 and f (?- + s+ 1), assuming values

as near as we please to either of these limits. The formula (8) shows that the actual limits

of indetermination of n~''~^~^'Er,sin) are

rO-+l)r(s+l) ^(r + l)r(g+l) r(r+l)r(g + l) ^(r+l)^(s + l)^(r + s+l)
r{r + s+2) ^ir + s + 2) ' r(?- + s + 2) ^(,. + s + 2)

Naturally
.(14).

ro-M)< ^^;t.^,^f^:^
^<

^^''^'^i^!.:!iqr^^^^ <r(r+i)r(sr.
f(r+s + 2) ^(r + s + 2)

What is remarkable about the formula (8) is that it shows the asymptotic equality

of two functions neither of which itself increases iu a regular manner.

i. It is easy to see that, if n is a positive integer, then

cot^^sin nd = 1 + 2cos ^ + 2 cos 2^ + ... + 2cos(»i - I) 6 + cosn6.

Suppose now that

/I 1 ^ a; sin afl sin 20 a? sin Z6 \-

= (i cot \ ey + Co + Ci cos e + c, cos 20 + C3 cos 30 + . .
.

,

where (7„ is independent of 0. Then we have

„ 1 / a; a? a? \

1 (/ a; V f !>^ y f ^ \-

_1| x_
.+

a? a?

2[{\-xr (l-arf {l-^Y

1

+ ...

X 2.e- 3a^

2 U^^-''" r^^"^!^^"^ -I
.(15).

Agair

^ I a;" X
Cn = H , ;; + + :

2 1 - X" 1 - a:"+' 1 - a;"+- 1 - .r"-^^
-0 + 7Zi + ---

+ +
a?-

in+2 ^
+\-x' I- a^+i \-a?' \- x"+- \-a?' 1-x ;+

+
od"

2 1 - a; 1 - a;"-i 1 - a;^
• j _ ^n ,+ ...+

1 - x^-' I - X

For example when (=1 and s= 9 this inequality becomes

1-64493. ..<; 1-64616.. .< 1-64697. ..<;l-64823....

21 2
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Hence

— (1 -.r") - 2 + l^f:::^.- i_a;«+ij + Vr3^~ 1 -a;«+^)
+ •••

+ 1 + ^

—

-1^, +
l-a;"-' 1-x

l-iT" 2'

That is to say ^"^ (T^^^~ 2{l-x'')
^^^^"

It follows that

/I I. a;sm^ ar=sin20 ar'sindd \-

/I 1 ^\- a;cos^ ar'cos2^ a-' cos 3^

Similarly, using the equation

cot=|0 (I - cos n9) = {2n - 1) + 4 (« - 1) cos + 4 (n - 2) cos 20 + ...

+ 4 cos (n — 1)0 + cos nd,

we can show that

=6-*^i^+i^y+i-2ii^.^-^-^'^''^'*+s^'-'^^^-'^

+ Y^(5 + cos30)+...| (18).

For example, putting = §7r and = ^7r in (17), we obtain

(I X a^ x* a:" \-

6 '"l^^a;~]r^'*"l-a;«~l -«»"*";
1 1 / a; 2a;= 4a;* 5a^ , \ , , r,s

36 .S V 1 - 'c 1 - .' 1 - ar* I - a^ )

where 1, 2, 4, 5,... are the natural numbers without the multiples of 3; and

(\ X a? a? 3? Y

1 1/ a; 2ar' , 3a,-» , Sar' , \ .„,

where 1, 2, 3, 5,... are the natural numbers without the multiples of 4.
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5. It follows from (18) that

2:^2+21 ^' ~ 4"! ^' "^ 6"!^" ~

1 1 „ 1 /6'' 6^ „ ,
6«

where S,- is the same as in (9). Equating the coefficients of ^" in both sides in (21),

we obtain

12(7^+1)'^ + 2)
'^'"+' = "C.'Sf3'^«-i + "C.>S.S,._3 + -C,S,S,^, + . .

. + "O,,., .S',_, .S;. . .(22),

where "C,- =
r\{n-r)\'

if n is an even integer greater than 2.

Let us now suppose that

so that

and

m = 00 7; = 00

$r,«(«)= S S m'-w^r""'
Jft = 1. ?/. = 1

<&,,,(a;) = *s,,(*-),

1S„, 2S„2 J!S™3

(23),

*!,«(«) =
!'«

,+
3«a^'

. + ...

.(24).

Further let

(l-.r)- (l-a^)= (l-a;')

P=- 24^.^1- 24(^^^+-^.+ ^....)*

Q= 240^.= 1 + 240 (^-^^,.^,+ 5?^.+ ...)

i2
.,^<c. -, -«. / 1'*- 2»«= 3=a-' \

: - .504.S'-, = 1 - .504 I + ^
-, + = ^ + . .

.

\l-a; 1— it- l-a-' /

.(25).

Then putting ?! = 4, 6, 8, ... in (22) we obtain the results contained in the following

table.

Table I.

1. l-24<|.„,,(a;) = P.

2. l + 240<|.<,.3(a;) = ^.

3. 1 -504*„,5(a;) = i?.

4. l + 480$„,j(x) = g--.

* If x= q-, then in the notation of elliptic functions

R = 216,73 u« /2/v:-m (l + i2){l -2A2)(l-p2).
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Table I {continued).

6. 691 + 65520*„,„ {x) = 441 Q' + 250i?^

7. 1- 24*0,13 (a.-) = e'-S.

8. 3617 + 16320*0,15 (a;) = 1617*3^ + 2000^^-.

9. 43867 - 28728*0.17 (a;) = 38367 $^i? + 5500 ^^

10. 174611 + 13200*0,19 (x) = 53361(2^+ 121250 V'^=.

11. 77683 - 552*0,01 (x) = o7l8dQ*E + 20500 QR'.

12. 236364091 + 131040*0,23 («) = 49679091 (J'' + 176400000^^5- + 102850005^

13. 657931 - 24*0,.^ (x) = 392931 Q'R + 2&a000Q-Ii'.

14. 33927S0147 + 6960*,, ^(x) = 489693897 $' + 2507636250 (>'.S^ + 395450000^^.

15. 1723168255201 - 171864*0,^9 (x) = 815806500201 Q'B + 881340705000 (2^.ff^ -f- 260210500005^

16. 7709321041217+ 32640*,,,! (x) = 764412173217^' + 5323905468000 (?*5= + 1621003400000 (?-5^

In general *?(- s) + *o..(^-) = ^ ^^m.nQ"'^" (26).

where Km,n is a constant and m and n are positive integers (including zero) satisfying the

equation
im + 6« = s + 1.

This is easily proved b}' induction, using (22).

6. Again from (17) we have

= ^,+ .'^.-^,
*>,=(*•)+

f,*M(^)-|^,*i.«(^)+-

Equating the coefficients of 6" in both sides in (27) we obtain

" ^ ^
. -S'„+i - *,,

„

(x) = "C, S, S,._i 4- "CAS„_, + "C,S,S„^, + ... + "C„_, Sn-i S, (28),
2(n + l)

if n is a positive even integer. From this we deduce the results contained in Table II.

Table II.

1. 288*,.„(a;) = e-P-'.

2. 720*1. ^ («) = /'(? -5.

3. 1008*,,,(a;) = e=-7'A'.

4. -20<i>,_,{x) = Q{PQ-Ji).

5. \t)M^,_,,{x) = 3Q' + 2R"--oJ'QE.

6. 65520*,,„(a;) = 5(441 Q' + 2505^) - 691 Q'R.

7. \ii^,_,,(x)=Q{3Q> + iJP-7rQR).

In general cl>, ,(a)= :£A',,,„,,.P'Q'"ii" (29),

where i<2 and 21 + 4,m + Qn = s + 2. Tiiis is easily proved by induction, using (28).
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7. We have

dx

\

-504*,, „(.•)=

.(30).

Suppose now that 7' < s and that r + s is even. Then

*,-,s(a^)=(*'^J*o.,-,.(^0 (31),

and $|,,s_r(a;) is a polynomial in Q and -R. Also

dP dQ dR
dx' dx' dx

are polynomials in P, Q and R. Hence ^r,s(^) is a polynomial in P, Q and R. Thus

we deduce the results contained in Table III.

Table III.

1. n28%s(x) = 3PQ-2R-P'.

2. l728^.,^-,{x) = F'Q-2PIi + Q-.

3. ll29,^„,{x) = 2PQ--r-E~QR.

4. 8640<I>„,
g
{x) = ^r-Q^ - 18PQP + oQ' + iB-.

0. 1728$,,ii(.x-) = 6PQ' - bP'QR + iPR"- - bQ-R.

6. 6912*3,(«) = 6/'^^-8PiS + 3C>=-P'.

7. 3456 $3, e {x) = P'Q - 3P"-Ii + 3PQ^ - QR.

8. 5184*3, 8 {x) = ^P"-Q- - 2P'R - QPQR + Q^ + Rr.

9. 20736*,, 5 {x) = \bPQ- - 20P^R + lOP'Q - iQR - P\

10. iU12<^^^,{x) = l{P*Q-iP^R + %P-Q--iPQR) + 2,^+iRr.

In general «I>,,,(^)= S^,,,",n^'Q'"-R" (32),

where I — I does not exceed the smaller of r and s and

21 + im + 6i( = r + s + I.

The results contained in these three tables are of course really results in the theory

of elliptic functions. For example Q and R are substantially the invariants
ff„

and g^,

and the formulae of Table I are equivalent to the formulae which express the coefficients

in the series

^'^''' -"a^+W + ^^-^ 1200 + "6160^ + -

in terms of g., and g.. The elementary proof of these formulae given in the preceding

sections seems to be of some interest ia itself.
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8. In what follows we shall requii-e to know the form of <>i,s(ir) more precisely

than is shown by the formula (29).

We have .
i?(- s) + <l>„..(x) = 2-Br,„,„Q'»i?" (33),

where s is an odd integer greater than 1 and 4m + 6;( =.s+ 1. Also

X^ (Q-i?-) = (! + !)
PQ"" R" -

(f
Q'"-'-R"-^' + 1 Q'"^=i?"-) (34).

Differentiating (33) and using (34) we obtain

«>M+i (^) = t\{s + 1)P (ire- s) + <!'„.» (a;)} + 1K„,„Q'-R- (35),

where s is an odd integer greater than 1 and im + 6« = s + 3. But when .9 = 1 we have

*,.(«^) =^' (^^)-

9. Suppose now that

g(i-r) + r(i-g) ^ r(r+i)r(^ + i)r(>-+i)?(g + i)

r+s '*'>.'-+*W r(r + s+2) r(r + s + 2)

X fi^(-r-5-l) + *„,,+,+,(a,-)} (37).

Then it follows from (33), (35) and (36) that, if r and s are positive odd integers,

^,.,(.T) = SiC„.„Q'»ii;» (38),

where 4w + 6h =r + s + 2.

But it is easy to see, from the functional equation satisfied by f (s), viz.

(27r)-*r(s)r(s)cosi-n-s = K(l-s) (39).

that ^,,.(0) = (40).

Hence Q'—JR^ is a factor of the right-hand side in (38), that is to say

^,-,»(^-)=(Q'--R')2-fir,„.„Q'"iJ" (4n,

where 4w 4- 6>i = r + 5 — 10.

10. It is easy to deduce from (30) that

x^\og(Q^-m=P (42).

But it is obvious that

i' = *-^.log[^{(l-*)(l-^)(l-^^-')...M (43);

and the coeflScient of .»; in Q'-fl* is 1728. Hence

Q'-iJ-'=1728a;{(l-a-)(l-.T=)(l-a:')...j°-^ (44).

But it is known that

[(1 - a;) (1 - x') {I - x") {1 - X*) ...Y
= 1 - Sx + 00^ - Taf + 9x">

-

(45).

Hence Q' - R'=n28x{l-3x + 5x'-7a,^ + ...f (46).
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The coeflScient of .i-""' in 1 — Sx + oa^—... is numerically less than \/(8v), and the

coefficient of x' in Q^ — R- is therefore numerically less than that of x" in

1728a; {v'(8«') {1 + x + a^ + x'+ ... )}\

lit x{l + x + oe' + x^+...f=^. , + ^ - + - -+ (47),
I — A'- I — ar* 1 — a;''

and the coefficient of a" in the right-hand side is positive and less than

Hence the coefficient of x" in (^ — R- is of the form

v'0(v')=0(v').

That is to say Q' - R- = 1 (v') x' (48).

Differentiating (48) and using (42) we obtain

P{(^-R^) = -2 0{i^)x'' (49).

Differentiating this again with respect to x we have

^ iP" -Q){Q'- Iir) + Sg (Q^ - iJO = S ( j;n a;-,

where A and B are constants. But

P^-Q = -288*,.(.) = -288{^-^, + ^-^,^,+ ...|,

and the coefficient of x" in the right-hand side is a constant multiple of i/cr, (v). Hence

(-P' -Q)((^-R') = %0 v<T, {v) x" 2 {v') x"

= S {jfi) [<T, (1) -f <7i (2) + . . . -f- <r. {v)\ a.-" = 2 {v^'") x\

and so Q (Q^ - i?=) = 2 (i^'") a;' (50).

Differentiating this again with respect to x and using arguments similar to those used

above, we deduce
R{(^-R-) = ^0{v^'')x'' (51).

Suppose now that m and n are any two positive integers including zero, and that

m 4- n is not zero. Then

Q^i?" (Q^ - iJ^) = Q (Q3 _ Bf) Q-"-' R-

= 20 (z/'o) a;" {2 (f) x'Y"-^ {2 (I'O »")»

= 20 (i/") a;" 2 (v^"'-=) a;" 2 (i/«"->) a;"

= 20 (j;™+«"+6) a;-,

if ??i is not zero. Similarly we can show that

Q^iJ" (Q3 -R^) = R (Q3 - J?2) Q'»ii»

= 20 (i;"i+6n+n) a;",

if tt is not zero. Therefore in any case

(Q^ - iJ-) Q"'jB'> = 2 (ir"«^™+'') a;- (52).

Vol. XXII. No. IX. 22
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11. Xow let r and s be any two positive integers including zero. Then, when

r+s is equal to 2, 4, 6, 8 or 12, there are no values of m and n satisfj-ing the relation

4m + 6n = ?- + s — 10

in (41); consequently in these cases

i^r,«(*-) = (58).

When ?'+s = 10, m and 7! must both be zero, and this result does not apply; but

it follows fi-om (41) and (48) that

FrA^) = tO{v')x' (54).

And when r + s ^ 14 it follows from (52) that

Fr,,{x) = 'LO{v'-+''')x' (55).

Equating the coefficients of x' in both sides in (53), (54) and (55) we obtain

r(r+l)r(.+ l)r(r + l)?(5 + l)

^r.,(«)- Y(r + s + 2) ?(r + s + 2)
'^'+'+'W

+ ^(l-'-) + ?(l-^)
„ ^^^^_, („) + jj . („) (56),

r + s

where -fc'r,*(«) = 0, r + s = 2, 4, 6, 8, 12
;

Er,,{n)=0{if), r + s=10;

^r.»(«)=0(n'-+«-'), r + s^l4.

Since o-r+s+i(n) is of order n''+*+' it follows that in all cases

r(7-4i)r(^ + i)r(r + i)?(^ + i) ,. .„.

The following table gives the values of 1r,s{n) when r + s = 2, 4, 6, 8, 12.

Table IV.

1 . 2,, ,
(7i,) =

j-^
.

., ^ |„^ _ 7<r,(w)-107to-3(n)

3. 2,,(n) =^K
10(r,(n)-21«<r,(7i)

*• ^'.'W- 252
•

llq-i,(;t)-30)t(r,(H)
6- 2,,(»)= 480

•

'• ^'' '(") = 10080-

8- 23,>,(n) =
^,^^Q.

„ 691o-,j(jj)- 2730u<T„(>i)
9- 2,,„(n)= ^^^ .
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12. In this connection it may be interesting to note that

C7, (1) 0-3 (•») + o-i (3) 0-3 (» - 1) + 0-1 (5) 0-3 (« - 2) + . . . + 0-, (2n + I) o-^ (0) = ^^ o", (2» + I)

(58).

This formula may be deduced from the identity

(59).
I°a; 3°a;^ 5V _„ 3./'- 5a^

+ , ,4-^
^ + ...l-x 1 - u^ l-x"

which can be proved by means of the theory of elliptic functions or by elementary

methods.

13. More precise results concerning the order of Er^g{n) can be deduced from the

theory of elliptic functions. Let
x = q-.

Then we have

where

But if

then we know that

Q = 4>\q){i-{kky]

R = <^i«
(q) (fc'2 -k"-){l + ^ (kk'T-}

= r (?) {1 + i if^-kJ] vu - i^kkj] J

(l)(q)
= 1 + 2q+ 2q' + 2cf + ....

fiq)^q*(l-q)il-f){l-q')....

.(60),

.(61).

2ifiq) =fV^-'^(5)\

2if{-q) = (kk')^^4>{q)\

2V(f) =(kk')i<j,(q)

2^f{q') =kik'^4>{q)

It follows from (41), (60) and (61) that, if r + s is of the form 4<m -h 2, but not

equal to 2 or to 6, then

^r,s(q)-j,fr+s-m(q2j f -^"/^sr^zr^) (°'^^'

and if r + s is of the form 4»i, but not equal to 4, 8 or 12, then

Fr.s (?-) =^^. ,,,_JJl [f {<!)
- 16/- (g-)l S /^«_^^) (63),

where iT,; depends on r and s only. Hence it is easy to see that in all cases Fr^s{<f)

can be expressed as

-ii.,M,rf,..,*l/ ( q)\
|_^(^.)) |/.(_,^)| \f(q^/

w|
r-(qr

where «, 6, c, c?, e, /i, ^' are zero or positive integers such that

a + 6 + c + 2 (fZ + e) = [| (r + s + 2)],

A + ^- = 2 (r + s + 2) - 3 [| (/ + s + 2)],

f(q*n /M- ?)/*(?=)

(64),

22—2
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and [x] denotes as usual the greatest integer in x. But

V 0^ V U^ \

/•/ \ 24 24 24 , 24 ,

/(9) = 3 -9 -1 +1 +
12 32 52 72

}: ^ jz 11' y (65),

/JM=j24_5 24^7 24_ii 24^

f-i-q)

where 1, 2, 4, 5, ... are the natural numbers without the multiples of 3, and I, 5, 7, II, ...

are the natural odd numbers without the multiples of 3.

Hence it is easy to see that

is not of higher order than the coeflficient of j™ in

r (qb <!>' (9*) <!>' (9*) !</> (9^) </> (9*)!" [^ (9*) </> iihy <!>' (q^) <P' iqH
or the coefficient of 5^" in

<^''+'' (q^) <{,'>+''+>'
(q) ^' (5O 4>' (g'O <f>' if") </>*

{(f).

But the coefficient of 5" in <^- {q^) cannot exceed that of q" in t^- (q), since

<i>Hq) + cf>H-q)=-24>H'f) (66);

and it is evident that the coefficient of q" in (j>{q^'') cannot exceed that of q" in <^(5*).

Hence it follows that

is not of higher order than the coefficient of 5^" in

riq)riq')V(<i')'

where A, B, C are zero or positive integers such that

A + B+C=2(r + s + -2)--2[Ur + s + 2)],

and C is or 1.

Now, if r+s^li, we have A + B + 012,

and so A + B^ll.

Therefore one at least of A and B is greater than o. But

4,'>{q) = iO{u"-)q''* (67).

Hence it is easily deduced that

,^"(g)</>«(^=)(/.^'(f/) = S0}.i<-^+^' + ^)-il7- (iiS).

It follows that

£,,,(«) = {»' + ' -itS("+'-i"l (09),

if ?- + s5:14. We liave already shown in § II that, if r + s= 10, then

Er.,{n)=0{iv) (70).

• See §8 24—25.
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This agrees with (69). Tluis we see that in all cases

iF,.,(«)= 1n« ('• + « +
i)j (71);

and that, if r + s is of the form 6m, then

l',,,(«) = 0{?i*(''+* + S)}
(72),

and if of the form Qvi + 4, then

£:,.,(«) = 0{«,^ ('•+«+*)}
(73).

14. I shall now prove that the order of j?,._s(?z) is not less than that of ni (''+'*). In

order to prove this result I shall follow the method used by Messrs Hardy and Littlewood

in their paper ' Some problems of Diophantine approximation ' (II)*.

Let q = e^", q = e"'^,

, ^ c + dr
where 1 — j-

,a+br

and ad — bc= 1.

Also let F=—V-
a + OT

Then we have co ViJe"'*"^S^i(y, t) = VF^i(F, T) (74),

where w is an eighth root of unity and

X(v, T)=2sin7rz).fyin(l-9=")(1 - 22"" cos 27ri' + y*") (75).

From (75) we have

1 c^ / \ 1 /o •
V 11 £,o™(l+2cos2n7rt)) ,„„,

logS^l(^., t) = log (2 sin Trr) + i log 2 - 2 3—^——— '
(76).

It follows from (74) and (76) that

1 1 , 1 , , , 5 g™ (1 + 2 cos 2inrv)
log sin Try + i log v + i log q + \ogco-l ^

^^ _
^

= logsiD,rF+ilog V+ilogq'-^ibvV-t ^''"^^

"ti^^^'l"''^^ (77).
1 n (I q )

Equating the coeflScients of t'*+' on the two sides of (77), we obtain

(«-,..)... |k(-«) + J^, +^^ +^ +

JSg'2 2*0''' 3*0'"

q' i -q* 1 - q'

provided that s is an odd integer greater than 1. If, in particular, we put s = 3 and s=o
in (78) we obtain

...H-{i..«(ilt.^^,.^....)|
1-5- 1 - 5^ 1 - 5*^

-{--o(i^.^i^$.^i5;$--H an
and

* Acta Mathematica, Vol. xxxvii. pp. 193—238.
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It follows from (38), (79) and (80) that

{a + bry+^+'-Fr,s(q') = F,,,(q-^) (81).

It can easilj- be seen from (56) and (37) that

Fr,A^) = ^Er,s{n)x" (82).

Hence (a + bry^^^'-iErAn)q'" = ^Er..,(n)q"" (83).

1 1

It is important to observe that

^(_ r) + U-s) ^a-r)+^a-s) r(r + l)T(s + l) r(r + l)r(g + l)

J^r.sW=
2 r + s r{r + s + 2) ^{r + s + 2)

4=0 (84).

if r + s is not equal to 2, 4, 6, 8 or 12. This is easily proved by the help of the equation (39).

15. Now let

T=u+ iy, t = e--^ {u>0, y>0, 0<t< 1),

so that 5 = e-«-"-/ = ie"";

and let us suppose that pnjqn is a convergent to

1 1 1
u = —

,

—
,

— + ...,

so that Vn = Pn-l qn - pnqn-i = + 1-

Further, let us suppose that

a=p„, b = -q„,

C = VnPn-i< d = — r]nqn-i,

so that ad — bc = T}„- = l.

Furthermore, let y = l/(<?»9'n+i).

where 5 n+i = f* n+i qn + qn-i I

and a'n+i is the complete quotient corresponding to a„+i.

Then we have
+ 1-V v/2 ,„.,

\a + bT = p„-qnu-iqny\ = -^. =->— (8a).

q n+i q n+i

and \q'\ = e"'\

x.i(r,.x(^;) =.{^,^^-|
_ q n±,

(86),
il/q'n^,f+qn-f 2(/„

iiixi I (J) is the imaginary part of T. It follows from (83), (85) and (86) that

^(^-^y^'{\Er,,{l)\e-^'- Er,.{2) e-*"- AV,43)
I

e-"'^ -...)... (87)
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We can choose a number Xo. depending only on r and s, such that

Er,s (1)
t

e-'-'^ > 2
1

1 Er,>{2)
I

e-''^ + j ^,,, (3) ! e-"-^ + . .

.}

for \ ^ Xo. Let us suppose X„ > 10. Let us also suppose that the continued fraction for u

satisfies the condition

4Xo'y„ >'/'„+i > 2X„g„ .- (88)

for an infinity of values of n. Then

^1
1 ^,,,(1)1(2^) e—^«>A'(5'„+,r^+= (89),

I 1

where jfiT depends on r and s only. Also

vy V iiog(i/or v(i-o'

It follows that, if u is an irrational number such that the condition (88) is satisfied for

an infinity of values of n, then

!!£',,,(«) 5^" >A'(l-i)-il'' + * + "^)
(90)

1 '

for an infinity of values of t tending to unity.

But if we had £,, ,. (n) = o {?i*
<'' + *•'},

then we should have tEr,,{n)f-\ = o{{l-tr^-^'-+' +\
which contradicts (90). It follows that the error terra in S,-,, (n) is not of the form

o|Hi(''+'')j (91).

The arithmetical finiction T(n).

16. We have seen that £'r,s(n) = 0,

if r + s is equal to 2, 4, 6, 8 or 12. In these cases 3!,. s(«) has a finite expression in terms

of (Tr+s+iin) and o-r+g_i(i!). In other cases Sr,s(ft) involves other arithmetical functions as

well. The simplest of these is the function t (n) defined by

i T (n)«" = « {(1 - a;) (l-a;n(l-ar'). ..)'-» (92).
1

These cases arise when ? + « has one of the values 10, 14, 16, IS, 20 or 24.

Suppose that r + s has one of these values. Then

1728 2^,. «(«)«"

iQ'-B^)Er,sil)

is, by (41) and (82), equal to the corresponding one of the functions

1, Q. R, Q^ QR, Q'R-
In other words

i-g.,,(n)^» = g.,.(i)iT(;o^^'"|i + ^^^^^^_^^
i »•+'-"

yJV"} (^^)-
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We thus deduce the formulae

Er,,{n)=Er,,{l)T(n) (94),

if r + s = 10 ; and

a-r+s-niO)Er,An)

= £',,s(l){o-r+s-n(0)T(w)+<r,+,_„(l)T(«-l)+...+O-,+s-n(w-l)T(l)} (95),

if r + s is equal to 14, 16, 18, 20 or 24. It follows from (94) and (9.5) that, if r + s = ?•' + s',

then
Er,,(n)E^,,{l) = Er,s{l)E^,,in) (96),

and in general £^r,s(w) £^r',«'(w) = ^r,s(«) -^/.s'O?^) (97),

when r + s has one of the values in question. The different cases in which ?• + « has the

same value are therefore not fundamentally distinct.

17. The values of t(«) may be calculated as follows : differentiating (92) logarithmically

with respect to x, we obtain

i?iT(n)«" = -PiT(n)a;" (98).
1 1

Equating the coefficients of a;" in both sides in (98), we have

24
Tin): j—^ {o, (1) T (n -l) + a, (2) T (n - 2) + ... + a,(n - 1) t(1)) .(99).

If, instead of starting with (92), we start with

S T (») x" = x{l-Sx + 00^ - Ta-" +...f,
1

we can show that

(?i - 1) T (n) - 3 (h - 10) T (n - 1) + o (n - 28) t (« - 3) - 7 (h - .5.5) t (n - 6)

+ ... to [^ {1 + VCSw - 7))] terms = (100),

where the rth term of the sequence 0, 1, 3, 6, ... is ^/•(/•— 1), and the ?th term of the

sequence 1, 10, 28, 55, ... is l+|r(r-l). We thus obtain the values of t(«) in the

following table.

Table V.

u
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IS. Let us consider more particularly the case m which ?- + «=10. The order of

E,.^s(n) is then the same as that of T(n). The determination of this order is a problem

interesting in itself. We have proved that Er,s(n), and therefore t(?i), is of the form (n')

and not of the form o (n^). There is reason for supposing that t(?i) is of the form 0{n'^'^^)

and not of the form o (71 - ). For it appears that

T «' ~
;, l-T(p)p-<+p"-« ^^^1)-

This assertion is equivalent to the assertion that, if

where pj, p., ... pr are the prime divisors of ??, then

_xi sin (1 + a,) sin ( 1 + a.,) d sin (I + «,) e„
n -T(n) = -.—

75
£-*

,
— £?... :

— ^... ('102')

Pi Pi Pr

where cos 6j, = ^p~^' t (p).

It would follow that, if ?! and n' are prime to each other, we must have

T (nn) = T (n) T (n) (103).

Let us suppose that (102) is true, and also that (as appears to be highly probable)

{2T(i>)}=^p" (104),

so that 6p is real. Then it follows from (102) that

m"^ , T (n)
I

:$ (1+ a,) (1 + a,) . . . (1 + a,),

that is to say
I
t (n)

|
^ n •- d (?i) (105),

where d(n) denotes the number of divisors of n.

Now let us suppose that n=p'^, so that

-oj. , . sin (1 + a) 0„
n 2 T („) = asm 6p

Then we can choose a as large as we please and such that

I sin (l +a)6p \

sin dp

i_i-

Hence
|
r{n)] ^n-' (106)

for an infinity of values of n.

19. It should be observed that precisely similar questions arise with regard to the

arithmetical function ylr{n) defined by

2i|r (n) X" =/«' (af^)/"' {of') . . .
/"- (afr) (107),

where f(x) = x^^ (1 - ,r) (1 - or) (1 - .r^) . .
.

,

Vol. XXII. No. IX. 23
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the as and c's are integers, the latter being positive,

Jf (aiCi + aoc, + . . . + «,.c,.)

is equal to or 1, and
On a. Ur

li-+ - + ... +
\ C, Co Cr.

where I is the least common multiple of Cj, c.2, ... c^, is equal to or to a divisor of 24.

The arithmetical functions ;^(m), P {n), Xii»)> ^(«) ^^'^ ®(n), studied by Dr Glaisher

in the Quarterly Joinmal, Vols, xxxvi.—xxxviil., are of this type. Thus

1

1

I.n(n)x''=f^{.r'),

1

20. The results (101) and (104) may be written as

ig^) = A-...(i)n
^_^^^^_,\^.,.,._,

(108),

where

and

It seems probable that the result (108) is true not only for 7- + s=10 but also when

r + s is equal to 14, 16, 18, 20 or 24, and that

for all values of n, and

Er.dl)

Er.s («)

^«^ ('+« + i)rf(n) (109)

js^Hr + s + i) (110)
l^r,.(l)

for an infinity of values of n. If this be so then

jB;,.,,(«) = 0!«4 ('• + •' +
1 + ^'|, ii:,,,(n) 4= o;«^ (' + ' + 1)) (111).

And it seems very likely that these equations hold generally, whenever r and s are positive

odd integers.

21. It is of some interest to see what confirmation of these conjectures can be found

from a study of the coefficients in the expansion of

X {(1 - *-2-»/») (1 _ .1,48/a)
(1 _ ^.72/a^

. . . j« = i,|r, („) x»,
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where a is a divi.sor of 24'. When a = I and a = 3 we know the actual value of <fr^{n).

For we have

2i|r, («)*" = A'^' - «^" - a-'^' + .«^^"' + x'-^' - «"' + (112),

where I, 5, 7, 11,... are the natural odd numbers without the multiples of 3; and

tfAn)x'':=x^' -Sx^' + 0x^^-7x'^"'+ (113).
1

The corresponding Dirichlet's series are

7 n' (l + o-^)(H-7-^0(l-ll~^)(l-13--'')---

where 5, 7, 11, 13, ... are the primes greater than 3, those of the form 12n ± 5 having

the plus sign and those of the form 12;i ± 1 the minus sign; and

|^3(n)^ 1 .jj.x

7 w* (l + 3i-^)(l-5'-=*)(l + 7'-^")(l + ll'"-')---

where 3, 5, 7, 11, ... are the odd primes, those of the form in — 1 having the plus sign

and those of the form 4n + 1 the minus sign.

It is easy to see that

\y}r,in)\^l, \y{r,{n)\^^n (116)

for all values of ti, and

lt.(«)l = l. \^.(n)\^^n (117)

for an infinity of values of n.

The next simplest case is that in which a = 2. In this case it appears that

2^^ = n,n, (118),

'^^'^''^ "' "
(1 + 5-^)(l - 7-^')(l - 11-^) (1 + 17-=*) ...

'

5, 7, 11, ... being the primes of the forms 12;i — 1 and 12tt + 5, those of the form 12?H-

5

having the plus sign and the rest the minus sign ; and

^'
" (1 + 13-')M1 - 37-*f (1 - 61-^^(1 + 73-')- ...

'

13, 37, 61, ... being the primes of the form 12?; + 1, those of the form m= + (6)i — 3)° having

the plus sign and those of the form nv' + (6u)- the minus sign.

This is equivalent to the assertion that if

n = (o''" .
7"'

.
11''"

.
17"" ...y 13"" . S7"'' . ei""' .

73""
. ..

,

where Up is zero or a positive integer, then

ylr,{n) = {- l)''^ + «i3 + «i7 + «29 + «4, + ...
(1 + a,,) (1 + a,,)(l + ««) (119),

23—2
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where 5, 13, 17, 29,... are the primes of the form 4;i + 1, excluding those of the form

m* + (6n)- ; and that otherwise

^,in) = (120).

It follows that \y}r^(n)\^d(n) (121)

for all values of ?i, and
[

i/r, (71)
j

^ 1 (122)

for an infinitj' of values of n. These results are easily proved to be actual!}' true.

22. I have investigated also the cases in which a has one of the values 4, 6, 8 or 12.

Thus for example, when a = 6, I find

^tlM^Yljl* (123),

where Hi =
(1 _ 3"--''')(i -7^-°-*')(i - ir---'') ...

'

B, 7, II, ... being the primes of the form 4n — I; and

I
n.,:

(1 - 2c, .
5-* + 5^^-») (1 - 2ci3 . I3-« + IS--"") ...'

5, 13, 17, ... being the primes of the form 4n + 1, and Cp = u' — (2vy, where m and v are the

unique pair of positive integers for which p=u^+{2v)-. This is equivalent to the assertion

that if

n = (3°^ 7""
. U"" ... )^ .5"'

.
13"'^

.
17"'- ...

,

yfre (n) sin (1 + a,) ff, sin (1 + a,,) ^,3 sin (I +017)^,7 „
then =

:

—
-^ . r

—

n . -.—

^

V,J--'*7>

n sin 6s sin ffj, sin (f„

where tan ^^p = s" (^ < ^i<< ").

and that otherwise <fr^(n) = 0. From these results it would follow that

!^e(n)l«nd(»0 (125)

for all values of n, and \ylrf(ii)''^n (126)

for an infinity of values of >i. What can actually be proved to be true is that

|f.(n)|<2wd(n)

for all values of ?!, and \i''e('n)\'^n

for an infinity of values of ?i. •

23. In the case in which a = 4 I find that, if

n = (5''Ml''" .
17"'- ...)^ 7"M3"'M9''"' ...,

* VsC") i" Dr Glaieher's X(h).
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where 5, II, 17,... are the primes of the form 6«i — I and 7, 13, 19, ... are those of the

form 6m + I, then

^/n ^ ' sin 6", sin0„ ^ ''

where tan 6^ = (0 < ^p < tt),

and u and v are the unique pair of positive integers for which p — 'iu--'i-(\ + 3y)- ; and that

^^^{n) = for other values.

In the case in which o = 8 I find that, if

?i = (2''-.5''Ml""...)^7''.13''".I9''l^..,

where 2, 5, 11, ... are the primes of the form 3»i — 1 and 7, 13, 19, ... are those of the

form 6m + 1, then

^8 ('0 ^ / ^.a, + a,+n„ + ... sjn 3 (1 + a,) 9, sin3(l+a,3)^j3

n>Jn sin 3^7 ' sin 8^13

where dp is the same as in (127); and that •\|r,(») = for other values.

The case in which a = 12 will be considered in §28.

In short, such evidence as I have been able to find, while not conclusive, points to the

truth of the results conjectured in § 18.

24. Analysis similar to that of the preceding sections may be applied to some interesting

arithmetical functions of a different kind. Let

<^'{q)=\+21.r,{n)q'' (129),
1

where <^{q) = l + 2q^- 2q* + '2q'>+ ...,

so that >'s(n) is the number of i-epresentations of n as the sum of s squares. Further let

(1 (f ^ f \ _ o / 9 ^ q' ^ r^o,(n)q -\i_q i_53+i_^5 ] -[l+q^+l+,j*+l+q<^ + --\

(130);

(2-I)i^.p,..(,0," =.(^j4-^ + f^3 + -) (131).

when s is a multiple of 4

;

(2^-I)£.SS.(t.)9» =
.(f-| +^ +^ + ...) (132),

when s + 2 is a multiple of 4

;

1
^ Vl+g" I +q* i +q^ J \i- — q I — cf I — q^ J

(133),

23—3
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when s — 1 is a multiple of 4
;

(134),

when s+l is a multiple of 4. In these formulae

are Bernoulli's numbers, and

£•, = 1, ^3=1, ^r,= 5, £",= 61, E'<,= 1385, ...

are Euler's numbers. Then S.2s{n) is in all cases an arithmetical fuuction depending on the

real divisors of n ; thus, for example, when s + 2 is a multiple of 4, we have

(2^-l)£,S.^(n) = s[o-,_,(«)-2'Vs-,(in)} (135),

where as (a:) should be considered as equal to zero if a; is not an integer.

Now let ro,(n) = S,s(yi) + e.^in) (136).

Then I can prove (see § 26) that

e.An) = (137)

ifs=l,2,3,4; and that e,.(«) = (n'-'-4r*^^ + ^) (138)

for all positive integral values of s. But it is easy to see that, if s ^ 3, then

Hn'-'<B.^(n)<Kn'-' (139),

where H and K are positive constants. It follows that

»-^(n)~8^(«) (140)

for all positive integral values of s.

It appeai-3 probable, from the empirical results I obtain at the end of this paper,

that

e„,(«) = 0{n4(*-i)+^; (141)

for all positive integral values of s; and that

e,^(n)=|=o {»*(*-!'} (142)

if s > 5. But all that I can actually prove is that

e^(n) = 0(«*-^-*»*^) (143)

ifs^9; and that es,(n) + o(«^*-^) (144)

if s ^ 5.

25. Let f^{q) = ie.^{n)(f = i{r.^{n)-B.A'>)}q" (145).
1 1

Then it can be shown by the theory of elliptic functions that

U{q) = 4>''(q) - f<^n{kky- (i46),

I « n<
J

(s - 1)
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that is to say that

Mq) = f'i-q)
^^''£S ^47),

where ^{q) and f{q) are the same as in § 13. We thus obtain the results contained in

the following table.

Table VI.

2. 5/,„(5) = i6^^^>^, A,{q) = &.r-{q')-

4. 1385/;, {q) = 244 16/-'-^ (- ?)/« [f) - 256 jilp| •

5. 31/, (^) = 616/- (- q)r (f) - 128_^Jl^^)
•

6. 50521/^, (q) = 1103272/^« (- q)_r (f) - 821888^^.

7. 6914 (?) = 16576/=^ (-?)-32768/--"(?2).

It follows from the last formula of Table VI that

^e«(n) = (-l)"-i259T(j!.)-ol2T(in) (148),

where t(?!) is the same as in § 16, and t{x) should be considered as equal to zero if x is

not an integer.

Results equivalent to 1, 2, 3, 4 of Table VI were given by Dr Glaisher in the Quarterly

Journal, Vol. xxxviii. The arithmetical functions called by him

X,{n), fi(«), W{7i), 0(n), U{n)

are the coefficients of 5" in

f'iq')

f'i-qy
f'iq"-), fi-q)f'"iq-), fiq)f{q% fH-q)f"{q')-

He gave reduction formulae for these functions and observed how the functions which I call

610 (n), 612 (n) and Cie («) can be defined by means of the complex divisors of n. It is very

likely that t (n) is also capable of such a definition.

26. Now let us consider the order of e.2s{n). It is easy to see from (147) that fisiq)

can be expressed in the form

tKa.t,c,H,, {f(- 9)1"
{•^(^f

j^^)}Vn-'Z)/'-(5-') (149),

where a, b, c, h, k are zero or positive integers, such that
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Proceeding as in § 13 we can easily show that

cannot be of higher order than the coefficient of g'^" in

«^^(7)<^«(9')<|>c(f/) (150),

where C is or 1 and A+B+C=2s--2 [fs].

Now, if s > 5, A + B + C'^i; and so A +B^ 3. Hence one at least of A and B is greater

than 1. But we know that

It follows that the coefficient of q--"' in (150) is of order not exceeding

j^hiA + B + C)-l + €_

Thus e^(n) = («•-! -4 [S'-^ + ^) (151)

for all positive integral values of s.

27. When s ^ 9 we can obtain a slightly more precise result.

If s^l6 we have A +B + C '^12; and so A+B^ll. Hence one at least of ^4 and

B is greater than 5. But

,^n9) = SO(.0f/-

It follows that the coefficient of 5^" in (150) is of order not e.xceeding

„4(.^ + B + C)-l^

or that e^(«) = 0(n'-i-'[^'l) (152).

if s^lG. We can easily show that (152) is true when 9 ^ s < 16 considering all the cases

separately, using the identities

f'H-q) \/'{-q))
'

and proceeding as in the previous two sections.

The argument of §§14—15 may also be applied to the function e.2i,(n). We find that

e«(n) + o(«i'-^) (153)

I leave the proof to the reader.
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28. There is reason to suppose that

if s ^ 5. I find, for example, that

.(154),

^ej^^e^^^^^
(155),

where IT
(1 _ 34-2S) (1 _ 74-2S) (1 _ 114-2S)

,_

3, 7, 11, ... being the primes of the form" in — 1, and

1
n..=

(1 - 2c, .
5-' + 5*-'-*) (1 - 2c,3 .

13-* + 13*-^) ...

'

5, 13, 17, ... being the primes of the form in + 1, and

Cp = u-- (4w)-,

where u and v are the unique pair of positive integers satisfying the equation ii^ + (iv)- = p-.

The equation (155) is equivalent to the assertion that, if

„ = (:3°3 .
7«T

. ii«n ...)=. 2"^-
.
5"'

.
13°" ...,

where a^ is zero or a positive integer, then

ejo (n)
( 1 .a., sin 4(1+ a,) 0- sin 4 (1 + 0,3) ^,3 ,, .^.

.

= \- ^) ' „;„ A. a
•

„;„ . a U^o;.
?i2eio(l) .«in4 05 ' sin4 0i<

II

where tan^^ = - (0<^^<|7r),

u and V being integers satisfying the equation u- + v-=p\ and eio(n) = otherwise. If this

is true then we should have

I

e,„ (n)

for all values of n and
|e,„(l)

\^n-d{n) (157)

^'"^"^i^«-^ (158)
e„;(i)

for an infinity of values of n. In this case we can prove that, if n is the square of a prime

of the form 4»i — 1, then

e,o («)

.

e,„(l)

Similarly I find that

= n:

fv^-^-'W^ (n.2..j-.^^^)
(''_")•

p being an odd prime and Cp^ ^ p'. From this it would follow that

for all values of n and

for an infinity of values of n.

tM-'* »"="
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Finally I find that

p being an odd prime and Cp-^p''. From this it would follow that

!

ei6 (n)

for all values of n and
e«(l)

^ ft* d (n)

gi6 (w)
j
. „i

.(163)

.(164)

for an infinity of values of n.

In the case in which 2s = 24 we have

W e^OO = (- 1)""' 259 T (ft) - 512 T (i ft).

I have already stated the reasons for supposing that

I

T (ft)
j
^ ft -d {>i)

for all values of n and
|

t (ft)
|
^ n^

for an infinity of values of n.



X. On the Fifth Book of Euclid's Elements (Fourth Paper)''".

By M. J. M. Hill, M.A., LL.D., Sc.D., F.R.S.,

Astor Professor of Mathematics in the University of London.

[Eeceived 11 December 1916. Bend 5 February 1917.]

1. The object of this brief paper is to continue the discussion of the famous fifth

definition in Arts. 4—8 of my third paper*.

In Art. 5 of that paper I stated that I believed that Stolz in his Vorlesungen ilber

allgemeine Arithmetik, part I. p. 87, published in 1885, was the first to reduce to two

the number of independent sets of conditions comprised in the fifth definition.

2. My attention has been recently called by my friend Mr Rose-Innes to a passage

in De Morgan's article on Proportion in vol. XIX. of the Penny Cyclopaedia, published in

1841, from which it appeal's that the possibility of this reduction was known to him.

It will be seen from the foot-note he appends to his demonstration that he was aware

that his demonstration was not exact in form. The words " of given nearness " which he

uses are difficult to interpret. I have however endeavoured to complete the proof on

what I suppose were his lines of reasoning, or in the event of my having misinterpreted

his words, then on the lines which his argument has suggested to me.

He says {I.e. p. 52, column 2)

:

" It is however perfectly allowable to leave out of sight the possible case in

which a multiple of A is exactly equal to a multiple of B ; since if the test be

true in all other cases, it is therefore true in this. For, if possible, let 4A = IB,

and 4C' be (say) greater than ID. Then m(4C') exceeds in(7D) by hi times this

difference, which may be made as great as we please, or imC and multiples succeeding

it, may be made to fall in an interval as many intervals removed from that of 7mD
and {7m+l)D as we please. But imA is equal to 7mB, whence (4?/i+l)^, &c.

must fall among the multiples of B in intervals of given nearnessf to the interval

01 7mB and {7m+ 1} B. Consequently the multiples of A following imA cannot

always fall among the multiples of B in the same intervals as the same multiples

of C among those of 1); and the rest of the test cannot be true unless iC^TB;
that is, if the rest of the test be true, then •iC = 7D."

* Tbe first paper will be found in vol. xvi, part rv, the + (De Morgan's foot-note.) We leave the reader to put

second in vol. xrx, part ii, and the third in vol. xxii. this demonstration into a more exact form.
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3. To prove that 4C cannot exceed ID, it is sufficient to show that if W do

exceed ID, then a single pair of integers jj, q must exist such that whilst pA<qB, pC>qD.
But De Morgan's idea seems* to be to find a number « such that if t be any positive

integer whatever or zero then another positive integer 7ij exists such that whilst

{n + t)A< vB,

{n + t)C > u'D.

i. I proceed to complete the demonstration on these lines.

It is supposed that, if ?•, *• be any two relatively prime integers except the pair

i\, Si, it is given that

if rA>sB, then 7-C>xD:

but if rA < sB, then rC < sD.

Further it is given that 7\A=SiB, and it is required to show that )\C=$iD.

(i) Suppose if possible that

r,A=SiB, but riC>s\D.

Then I imagine De Morgan's first step was to take an' integer hi such that

?H (}\C— SiD)>pD,

where p is any selected integer however large.

In order to reach the result set out in Art. 3 it is enough to take /j = l.

Let us take for ??( the smallest integer which makes

iu{i\C'-.s,D)>D.

Next since r,A=SiB,

{m7\ + t)A==(ms,+^^)B.

s t

Let w be the integer next greater than nis^ + —
;

'"i

Sit sj
,-. »««, H < w 5 ms, H hi,

and {in)\ + t)A<wB.

* I have drawn this concluaion with some hesitation difference in the distribution of the multiples of A amongst
from De Morgan's use of the words " ivtC and multiples those of />' as compared with the distribution of the

succeeding it" in the 5th ami 0th lines of the extract multiples of (' amongst those of /) in some cases only, and
quoted above, but it is not in accord with the words that he was not aiming at establishing the exi.stence of such

"cannot always" in the 9th and 10th lines, which suggest a difference in the case of all multiples of A following a
that he was desirous of establishing the existence of a certain multiple of A,
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Further r, C = .s', 1> + ( ;•, C - s, D),

.
•

. ( mr, + <) C = Cms, + y\D + (m + ^) (»-, C - s, D)

> ( »iSi + *^) Z) + »i (/•, C - s, D)

> {ins, + '^*) D + Z)
;

.-. (»ic, + C>wD,
but (??iri + 0^ < W-B.

This is true when t is a«y positive integer luhatever or zero.

Hence the multiples of A, from and after m7-,A, are not distributed amongst the

multiples of B in the same way as the multiples of G, from and after )n7\G, are dis-

tributed amongst the multiples of D.

r.- / S,t\ _ / Sit
bince I .,-.-

. — ^ I ,„„ ,

( ms, + ~
j
< w 5 ( ?HSi + -f-

+ 1
j ,

; < +

Hence as t tends to x , tends to —

(ii) Suppose next that r^A^SiB, but i\G<SiD.

Let ?H be the smallest integer which makes

m{s,D-r,C)>B]
.• riA = SiB,

,-. (mr\ + t)A = (mSj + ^ j
£.

s t

Let w be the integer next below ms, + —

;

Sit ^ ^ ,
Si*

rj r,

and (m?-i + «) -4 > wB.

Now r, C + (s, Z» - r, C) = s, D,

.-. (mn + t)G+ (m + ^A (s^D - nC) = {ins, + *i') D
;

. •. (j?iri + t)G+ m {SiD -i\G)< (mSi + ~jD;

.-. (m?-, + 1' + -D < ^HSi + ^ j D

;

.-. {mri + t)C < wD,

but (mri + <) ^ > w5.

This is. true when t is any positive integer whatever or zero.

24—2
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Hence the multiples of A, from and after mi\A, are not distributed amongst the

multiples of B in the same way as the multiples of C, from and after m7\C, are dis-

tributed amongst the multiples of D.

Sit -, ^ Sit
Since msi -i 1 £ u> < msi H ,

9-1 ri

Si 1 ^ w Si

i\ HWi + t~ mri + t 7\'

Hence as t tends to oo , tends to — .

»nrj 4-

1

r,

5. I proceed next to give Stolz's proof.

He states the theorem thus :

Suppose that for every pair )•, s of relatively prime numbers, excepting a single

pair ),, Sj, there correspond to the relations rA ^ sB the relations rC ^ sD, whilst

7\A = SjB, then must ?, (7 = .Sj Z).

Let m be any positive whole number, not divisible by ?'i, such that mA>B, then

7nA cannot be a multiple of B. Consequently an integer n exists such that

nB<mA < (?i + 1) 5;

.•. m\B < rn)\A < (ii + 1) ri5;

.-. n)\B < vis^B < (n + l)riB;

.". 7ti\ < msi < {n + l)ri.

But since
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(ii) Next, if C<^ A

then since — < — and U > ~ D,
r, 771 . m

which is impossible, as before.

«iConsequently, C = — D,

6. The following proof, which I gave in my Second Paper, Art. 67, was sent me
by both Pmt. A. C. Dixon and Mr E. Budden. It is, in fact, Stolz's proof reversed, but

it seems simpler and more direct.

The enunciation is of coarse the same as Stolz's.

(i) Suppose r,A=SiB, but ?'i(7>Sii).

Let in be the smallest integer which makes

m{i\C -SiD) > D.

.-. m)\C > (?H.s'i + \) D,

but vii\A = iiiSiB:

.-. mr^A < {msi + l)B,

whilst m7\C> (««, + l)D,

which is inconsistent with the condition that all values of r, s which make rA < sB

must also make rV<sD. Therefore i\C If s^D.

(ii) Suppose next )\A=SiB, but i\C < s^D.

Now let m be the smallest integer which makes

m{s,D-i\C)>C,

.-. (??»•, + 1) G'< inSiD,

but mi\A = mSiB
;

.-. (?;»•, -\-\)A> ms^B,

but (w?-, + 1)C< ms^D.

This is inconsistent with the condition that all values of r, s which make 7-.fl > sB

must also make rC>sD. Therefore i-tC-lfiSiD.

Consequently, 7\ C = .s, D.

7. It appeal's that the possibility of the reduction to two of the number of sets of

conditions in the fifth definition was first enunciated by De Morgan, that the first clear and

unambiguous proof is due to Stolz, but the simplest and most direct proof is that due

to Prof. Dixon and Mr Budden.
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XL The Character of the Kinetic Potential in Electromagnetics.

By K. Hargkeaves, M.A.

[Received \\ November 1916. Read 5 February 1917.]

There are three important volume integrals over an infinite electromagnetic field

derivable from Maxwell's equations as modified by FitzGerald and Lorentz. One deals with

flux of energ}', another with flux of momentum, while the third gives an expression for

the difference between electrical and magnetic energies. This last quantitj' has been called

the kinetic potential, and the term carries with it the suggestion of an advance from

the electromagnetic stage in which an infinite field is considered, to a dynamical problem

in whicli the activities of the field are summed up in a single expression dependent on

the coordinates of charges, and on their derivatives with respect to time. A normal kinetic

potential constitutes in fact the complete statement of a dynamical problem.

There is one 'prima facie reason for doubting the normal character of this function in

Electromagnetics, viz. the necessity of accounting for dissipation of energy and momentum.

It is the first object of this paper to establish a departure from normal character, and

to fix its precise nature. As dissipation is due to flux at infinity, which is a feature

of the other integrals cited above, it is plain that if the kinetic potential fails in any

of its normal functions we should look to tiiese integrals to fill the lacuna. It is our

second object to shew that they are adequate for the purpose, and to deal with the method

of applying them.

§ 1. Of the two main purposes which the K. p. serves, the derivation of expressions

for energy and force, the former is that in which help is specially needed. Sommerfeld

in his memoir on potentials calls attention to the difficulty (no doubt experienced by

others) of dealing with the energy, on the ground that a quadratic function of electric

and magnetic vectors is to be integrated. But the K. P., which is also such a function, is

integrable so far as its effective part is concerned, when the potentials are known. If

the method of K. p. had complete validity it would be possible to turn the difliculty

as regards energy by deriving it from the K. p. The form obtained for the K. p. is

in which {uvw) is the velocity of an element e of charge, F that of propagation, i/r, F, G, H
are potentials, and -^^ is an integral not evaluated. For use as a K. P. a function which

is a complete time-rate is entirely nugatory. The sum

Vol. XXII. No. XI. 25
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in the case of a finite number of point-charges is a completely integrated form when

the values of the potentials are known, and the way is therefore clear for the application

of the method to point-charges. This then is a case in which we can make the enquiry

as to the character of the K.P., and the proper use of the other integrals. Point-action has

always been the basis of mathematical treatment for continuous distributions, and evidently

has a more immediate application in an atomic electrical theory.

With respect to the other function of a K. p., the derivation of force, there is no

such disability in the direct application of electromagnetic methods. The connexion between

the methods may be briefly stated. If yjri, ... are values due to the action of Bi, estimated

at a place (xsyiZs), where at time t there is a charge e. moving with velocity {tuv^tv^), the

force on e, due to 6] has the ,r component

fl dF, dfA e^2 (dG, _ dF,\ _ e^w, (dj\ _ dH,\

--^'[v dt
'^

a.r.;y v\dx, dy, J v [dz, dx,

)

'^y-2

since for a point-charge J^ • do not exist. Now -^includes the whole dependence of F^

on time through the motion of e^, and therefore

dF, SF, cF, dF,

dt r./\ dy. cz.

(IF
is a complete time-rate —;—

' . Thus if we write
'^

at

and the above expression has the form

cL _d U
dx^ dt 9i<2

We observe at once that this is a derivation, not from the kinetic potential

^ (F, u, + 0, V, + //, IV, -yjr,V)+ ^ {F,u, + G,v, + H,w, - ^, V),

but from the first section doubled. This is a first hint of departure from normal conditions.

In the statical problem there is equality of the two sections; in the general problem

dynamical equivalence is consistent with inequality if the difference is a complete differential

coefficient with respect to the time, or more briefly if the difiference takes the form tt, so

that there is no immediate certainty of breach of normal conditions.

§ 2. To make a further step the formula for the potential of a point-charge is expanded iu

a series proceeding by inverse powers of V, the velocity of propagation. This value is required

only at the point where the second charge is placed, and is used to give a corresponding

expansion for the K. P. The groups containing odd and even powers of V are considered
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separately. It then appears that the terms of even order in the two parts named above

do in fact differ by a quantity of the form ~-
. The even sections of the two parts are

therefore equivalent, and their sum may be accounted a true kinetic potential, which if it

stood alone would represent a system conservative in respect to energy and momentum

linear or angular.

The terms of odd order possess a property the antithesis of that of the conservative

group, viz. the sum of these terms in the two parts has the form -j. Thus, if we write

Zi.2 and Z',o for even and odd sections of one part, we find that i,.^ — Lri has the form -j-
,

while X'jo+Z'ai has that form. The force of even order on e, given by 2Ly, is also given

by 2L21 or by Zjo + i^ ; but the force of odd order given by 2L'j2 is also given by — 2L'.2i,

while Z',2 + i'2i which we expect to be the k. p. in fact yields no force. There is then a

distinct breach of norma! conditions in the group of terms of odd order specially associated

with radiation, which we may call the dissipative group.

§ 3. The volume integral involving rate of change of energj' has the form

= -j—h 2 (fi; + 7;y + fi) + flux of energj" (or total radiation),

if E is the total electromagnetic energy, f the .< component of electromagnetic force on

a point-charge with d: for component of velocity. But if we use E and ^ for the sections

of even order, E' and f for those of odd order, we have

flE

in virtue of derivation from a regular K.p. ; and

= -jr + S (^'x + ri'y + i;'z) + ilus of energy
;

or in effect the flux of energy is a quantity of odd order in V. This flux is found

by use of simplified values in an integral over an infinite sphere. When this is evaluated

it should appear that the sum of radiation and a rate of ivorking is a complete time-rate,

and then an expression for £" can be found. Tlie equation for loss of energy is got by

writing

2 {(r + r ) .': + C'; + ^') y + (? ^ r) i; =J - S (i/x + Afy + ¥^)-

where T is the material kinetic energy, and f a component of mechanical force if any

such exists. That equation is

j-(T + E + E') + Radiation (or flux of energy) = 2 (i/x + yfy + zfz).

We have first the use of a formal relation between different electromagnetic quantities

to give an expression for E', and later, when we associate electromagnetic with extraneous

mechanical forces, or definitely postulate their absence, we have an equation for rate of loss

of total energy.

25—2
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The flux of momentum is also of odd order, and the second volume integral gives a

formal relation of the type

= f'+--^+flux of momentum,

which is connected with mechanical forces by writing ^ + ^' = Smd; —fx-

Here again two quantities, now a flux and a force, are to give on summation a com-

plete time-rate, and we infer the expression of a momeiitum p' belonging to the dissipative

group of terms. In the case of each integral a condition is to be satisfied which will give

us the assurance that the flux at infinity is correctly treated. Also it will be found to

involve the localizing of the parts of these integrals, a problem solved for the conservative

section by the use of K. p.

§ 4. It is understood in Dynamics that all coordinates are stated with reference to

one time. In Electromagnetics the primary position is that coordinates of a source are

referred to the time of departure of a wave, and those of a point affected to a time of

arrival. As a preliminar}' to dynamical treatment we require that coordinates and velocities

of the source should be referred to the time of arrival. If (x^y^^-it) denote place and time

of arrival of a disturbance originating from e, a point-charge at place and time (A-j'^/Z^/i'),

a;/... being functions of t', this reference is made by the use of

r'"- = ix,-w,y + (y,-i/,'r + {z,-z:f, and t'=t-r'iV (1).

The values of potentials at {xny^z^t) ai-e

ylr, = e,l{r'-t{x,~T^)u,'IV], F, = iH^,IV. (2);

and these values are to be expressed through (1) in terms of .v^ — Xj, «,, »,..., where

^i = ^\(i), and », =3-, (<j,

We use r for ^{x^ - x^f + {y^ - y^f + {z^ - z^y,

and (xyz) or (Zr, mr, 7ir) for {x.^ — Xi, y%— yi, z>— 2,).

The values of potentials and of the resulting K. p., which would follow from a treatment

of (2) by successive approximations, may be obtained more rapidly as follows. The

expansion of x^, is

jl A'»- -D.'r" D,*i-^
Iyi-^i

|,. + ]A2 2! F-'S:"*" F^4! ] ^''

where Z), or t^ denotes differentiation through a:,^,^, and their derivatives «],

If we operate with V= on y\r^, where x^y^Zi are the space coordinates in V=, and use

the equation V'r^ = n{n + \)r"~'-, then noting that V= and i), are commutative, we get

v-y, -xy,-yj|^, i-
y^;2! F»'3!

J
W~'

the fundamental equation for ^/ri. For the expansion of F^ we have

'~V\r V V-2\ F»3!
*"•] ^*'-
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It follows that the expansion of i,.,, the part of the K. p. due to the potentials of

€j at (xo^o^o) the place of e„, is given by

_ e,e,\ V'-lu,u, A( F'-S».«.) ,
DMV'-^ihu^ B,V- (V"- - lu,u.^

, ] ^^^
V^\ r V F-2! 7=* 3!

Consider separately the terms of even order in V with a view to obtaining an equivalent

form, i.e. one differing by a term ^, of symmetrical character. Now in (.5) where a K.p.

is in question x., as well as x^ is a function of t, and we may use D„ or -^ for dif-
dt

ferentiation through a:, and its derivatives, so that -^ = D, + i),. A term D,-/ may be

replaced by - D,D.,f, a term 0^*/ by D,-D,-f, and so on. Hence an equivalent of the even

group in 2Z]o is L where

^ = - FT r V'2[
"^

F*4! (6),

a form symmetrical with re.spect to the two points, and therefore replacing even terms of

2i], for go and of 2i., for e,.

For the group of odd terms, A may be put outside the bracket, and even powers of D,

within it replaced by - D^D.,, D^-Df,..., giving for the equivalent k.p.

2L\, = D,'0
V F^3!

^
F=.5!

...(7).

An equivalent of the odd terms in 2Z/ji has the same form with D. outside the bracket, and

the sum has therefore the form -4-, The points stated in S 2 are therefore established.
at ^

§ 5. As a formal example of these results we may apply them to the case of

charges Ci and e., distributed uniformly over the surfaces of concentric .spheres of expanding

radii j\ and r.,. If we write eidujiir for e^ and e.Au).,j4<TT for e., the integrand for joint

terms (containing e, and e.^ contains direction cosines only in the combination Xljo, and

an element of integration du>^da>ol{^Tr)- may be replaced by dn-2, where n = '2,lj,^ and has

limits - 1 and + I.

Whether in (6) or in the bracket of (7), terms of like order in V give an operator

(which is a power of B^D,) acting on

»i-H ill ~ 1

AA ( ''r + '•2' - 2m\r.2) - + {m + 1) {in + 2 ) ni\ h {>\- + r./ - 2/»-,ro)~^~

.

This quantity is equal to - f, '2 {in + 1)^(1- n") {)\' + r.r — 2m\r.,) ~2~

,

and the integral between limits - 1 and + 1 for n vanishes. Another form of the relation is

+1

[{m + 1) r^r„ (1 - n^) R^-' + 2nR"'+'\ dn =
-1

with R'=i\^+r„:-2nrir,. Thus in (6) and in (7) the total is reduced to the term of
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lowest order in F~\ which in (7) is a constant ; i.e. there are no odd terms, and radiation

is absent. The conservative k.p. is reduced to
¥/:;

.5- or to ^ it ?., > )\

.

From

this we infer at once the terms —^ and — ~ due to the actions of elements of one

sphere on other elements of the same sphere ; and the K. P. is that due to a statical

system.

This simplicity however cannot attach to the potentials, for the vector potentials do

not vanish and so the scalar potential cannot be independent of the motion. We may examine

these potentials for a single sphere, radius r^^ charge ej. Symmetry justifies us in writing

.,G,i7=(?,f. f)x..

dG dF
which through ^ tT

~ ^ makes the magnetic vector vanish and so involves absence of

radiation. The equation
dF dG dH 19^f^^Q
dx dy dz V dt

is then represented by

As

dr r V dt

V dt^dx ~r[v k^ drj-

.(8 a).

electrical force is reduced to the statical value if

according as ?• 5 ^i-

Now take (0, 0, ;•) for the point at which we are seeking potentials, so that F=0, G = 0,

and H = S. By (3) and (4'), with R- = r- + r^- — 2nj\r, we have

*-ii:
1 A=-R B^'R' D,*R1

_l_

1

d)i

71 dn

(9).

R V'2\ F»3! ' V*i:

2FJ_i|_ii V^ V^~2l F»3! "

The properties (8 a) and (8 b) then hold, if

f, ^ r r-R^'ndn + dA \--R'"di> =

, 9 r. f'* R"'^-dn . r+i „ ,and -, D, . —^-. -.. + r, R'" a di> = 0.
dr j_i («( + 2)(m + 3) j-i

The latter is obviously the result given above, and the former is the second form

given to the same result above.

These properties enable us to write

S = d<f)

(>) V dt r r,
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according as r 5 r, : the quantity <^ is equal to

2./_i IV-T: V-^\
dn.

and \ -d) — •=- TTT = or —- aecordins; as
V- ct- >\-

We have thus a satisfactory account of the properties of yjr and »S', in virtue of

which complicated values of potentials due to the expanding motion are consistent with

the system as a whole having the potential energy of a statical system.

§ 6. With a view to shewing that the method of partition into conservative and

dissipative groups leads to reasonable results, we examine briefly the opening terms before

proceeding to a general method of realizing the differentiations involved in the series.

For the conservative group the efficient terms to the second order are

^ =^ (-1 +
2F^ )

(10«).

and the corresponding terras in the energy are

E--
e^e., ( liUiiio + 'S.lu-^lui

TV+ 2F= ) ^ (1^^)-

The relation of (10 a) to the formula of Clausius may be noted. His first simplification

of an original more general formula gave a value

With respect to k\ he suggested that simplification in the force may be obtained either by

writing ^-1 = or ICi = — k. The first value is that which he preferred, and with that value

the formula is known as Clausius's potential. The present form is obtained by taking k\ = —k/2

and k=l/V'-. It is the form properly belonging to Maxwell's theory, and here it is

understood that in the application to moving charges it gives first and second order terms

in a series of terms of even order, constituting the K.P. of the conservative section of the

forces.

A component of force is given by

cL d dL 616-2

dx, dt du^ >'-

in which o-i=S^i(i, o-i=SZhi, a2=1liu- The conditions for the existence of integrals of

linear and angular momentum are satisfied, viz.,

dxi dx„ '

, dL dL dL cL dL dL ^

dy dx 9y, oui dv.^ diu

the terms contributed to angular momentum beiny;

dL dL , dL dL
Xi ^ Vi V- and j-„ ^ Va ^— •
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For the group of odd order the initial term in iL'y, is — -„^jSiii«2, }-ielding a force

component

?^'=|^^ (11«)-

The sum

and a comparison with

^ + S (^/!/i+ ^;«o') + Radiation =

suggests the inference of a term in the expression of the enei-gy E', equal to

-|^f(2iM<, + !«,«,) (Ub)

and a term in radiation equal to --,V,^ SiiiH., (lie).

Integration over an iutinite sphere (v. inf.) confirms the inference which is sufficiently

obvious in this simple term. The self-terms which may be inferred from these terms in

the mutual action are

:

. - 2ej-iii ,. . •2e,-Siii= , . 26,^ - . ^., ,,
in force -tth^ , in radiation —

.vtt^— - and in energy — -f^^ i,i(i », (12).

Taking these in conjunction with the joint terms, we have to this order

:

2e
the X component of force on e, is ^rr^ (^lUi + e.yU-i) (13a),

2
the term in radiation of pair is sttj — (^i"i + ^-'"s)' (13i»),

and the term in expression for energy is

2
-g-p^2(e,'/, -t-e.>«.,)(ei«, -l-e2«,) (18 c).

Thus we fiuii that the main term in the odd group gives Larmor's expression for radiation.

The sum of the .v components of force on the pair is 2 (e, + eo) (eiM, + e.^.)/3F^ which

vanishes for a neutral pair, so that only the relative motion is affected. Again, if we

treat as approximately true the equations niiAi + 'm.,u., = 0, which are exact when only

the dominant term of zero order is taken, the supposition e, : & = «ti : in., will make the

expressions in (13«, b, c) vanish, i.e. the main terms in radiation and tlie force associated

with it vanish to this order. In effect then we have two types of pair physically

differentiated from others, (i) the neutral pair, (ii) the like pair for which ejmi = ejm„.

§ 7. To carry out the differentiations in (.5), (6) and (7) it is useful to write a^, u.j, a^, ...

for (Di, B,-, Di^...) r2, with b,, b., bj, ... for the operator D.. The opening terms are

a, = — 2(a;a — a,) H,, o., = Sui'- — 2(.ri — a^^,) ",, a3 = 32M,M, — 2(a;o — a^Jui, '

a, = 32u,- + 42wiUi-2(.f.,-a;i)Mi, a3= lOSiiiiii + 52«,»i-S(a;a-a;,) j'f'i. ... }•
(l-*")

i, = 2 (d., - X,) w., 6., = 2mj» + 2 (a;2 - x^) li,, . .

.
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and we note

.(14 6).
, . dr

J da, „ da., „ .making r j- = a, + b,, -j- = a.,— z.u^u.,, -,-' = ci,,-Ziuiu_,

The numerical coefficients in (14 a) ai-e those of the binomial theorem, with the first

coefficient halved for letters of even index a,,, «4

In this notation the opening terms of (5) are

~^'r~r~ IW? '"' ~ "'°/''' ~ 2Smi'«,) + gp. (a, - Slu.u.^

— op^^ ['' ("j " 4^"'i "=) + 4«i (<*.! ~ 22 (i, Mo) — 42><, !/n (a, — a,-/'"-) + 3 (as - aijr'^)-]

+ .57yfr., i''^(«s— SSwiito) + 10a, (04— SSti]?;.,) 4- 10a,; (2a„ — SwiWa) - SaoSniMal + (15)-

The opening terms of the symmetrical form (6) are

r zV'r

+ ^,. {2 [(2":«..)= - ",%y>-*] - (a, - ar/'--^) (^'. - ^V'-"')
- 2 {a,1i>, u, + 6, tu,u.^ - 3r=Sw, «,| . .

.

...(16),

1 2^*1 Mo + 0-iO-„
or 1- .

"^ '^
1 -

?• ' 2r .,.

+ fiT7TT ]2[(-^'iW2)"-<^iW]-(S'(i--<rf— ?-d-0(Su./-<ToHro-5)+2?'(ff^

in the other notation used above.

The opening terms of (7) are

= - ^sw-' + irm ("3^2 + 2ao2i(i(io + 2?--2u, II., + 7a,2",u,, + 36,Sm,!<„ - OSi/iU.Siiiif.,). ..(17).

§8. In (15) we have terms of t3'pes O4, aja;,, as", a,* associated with a denominator V\

Thus the expansion (15) will represent a succession of terms of diminishing importance if,

«,/F being of the first order, riii/V- is of the second order, r'it,/F' of the third order, and so

on. On what does the fulfilment of these conditions turn ? If we admit the dominance

of the first term —e,e.Jr in the k.p. the equations of motion are in the first approxi-

mation nuu2 = Bieol/r' = — nijUi, If there is only electromagnetic mass, and m,/F is not

near unity, that mass is a finite multiple of gf/F-Ci, where c, is the radius of the electron, and

then rUj/V- will be small if Ci/r is small. If the whole mass is greater than this, the smallness

of rM]/F- can be secured with a less magnitude of orbit. Differentiating the last equation

written 6,6,(0; — 3i2^i)/r^ = — 7/i,M,, and j-^Mi/F' is of order -^ x ^. Thus when the motion

of a pair is considered the successive orders of acceleration will conform to the statement

above, if the ratio of the relative velocity to F is small, and the orbit sufficiently great. In

Vol. XXIL No. XI. 26
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a conical orbit it is generally true that v- and fr (v and / relative velocity and accele-

ration) are of the same order, i.e. if vjV is of the first order, /»•/ F- is of the second order.

But there is a case of exception for a hyperbolic orbit near an apse where v^ : fr = e + l for

an attractive, e-1 for a repulsive orbit; and if e is very great the smallness of /r/F^

would not secure v-jV- being small. It will appear later that the case of large absolute

velocities can be dealt with if accelerations are small.

§ 9. We consider now the method of dealing with a kinetic potential in which

accelerations of any order appear, and in particular with the two-point case of the con-

(«)

servative system. Let Z be a function of .vxx...x, and write

(«(
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We have made use of equivalent K. P.'s differing by -j-
; are the quantities P and iV" given

uniquely? Let /" be a function of the type of L above, but proceeding only to .i\ ,...; then

a K. p.

r df . df (") df . df . df . df

at dxi a .
^2/1 ox., ^ dy-i

will shew for each x or y

oa- ox ox ,'( ./
I

and therefore ^n=^ (^, ^'»-i = ^oTTsT •
•••

• ^'"^^^
d X 9 .r

result from the comparison of columns above. From the last follows X„ = 0, i.e. there

is no force, and from S (i;,. ,.Xi + 0;^ ,X, + ...) = -^ or L it appears that there is no contribution to

energy. The contribution to linear momentum is

da'i 0X2

which vanishes if Xi and x., appear in the combination (xz — Xi) as they do in our case.

The value of N obtained by substituting in (20) the values of X^ ... given by (21), will

also vanish if

cf . of .. df ( df . df \ df ( df \ ,„„,

a less simple condition than that for linear momentum, but one satisfied by all the

elements used in constructing the formulae for L such as tt,j, 'ZuiU.,, .... As an example of

the type of proof applicable, suppose the property to hold for a^, and operate with Di

on (22) written with ct; in place of /! Now D, as applied to a^ is

^ / ? . d .. d ... d \

V d*i OKi oui duj
The difference

r, f d d .. d\ f d .. 9 \ n • 9«'3 • 9*4

an operator of the same type extended to cover the new form ii in a^. The same is true

for the section y^ ^+ ..., while for the other two sections .^'2^ ..., y^^ ... the operators

are reversible.

In order to make it clear that the value given to iV is correct we form

dE d^Yi
^

. f ^ d^ „\ .. / 1^ ,

d

dt
~

' dt
+ ^.(,l^ + |.K)-f^,(.l'. + ^,F3) + ...-l-l + :

T-- dL , dL
f 1 f 1

= - («nFo-ynZo) - (xo_.,y„-y;.,Xo),

26—2
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in virtue of L satisfying (22). Hence, with iX„ -\-fx, = 0, we have

dN ....
Thus the condition (22) plays an important part ; as applied to / it ensures K. P.'s

which differ by -^ having the same expression for total angular momentum, while as applied

to L it gives the proper dependence of rate of change of angular momentum on external

force, i.e. it makes the k.p. system alone cou.servative in respect to angular momentum.

As an example of derivation, by using (1.5) or (16) the fourth order term in the

value of E is found to be

^ [2 {(2w,M,)^ - ivcWh-*] - (a, - a,V»^) (b-2 - hch^) + (S«,«., - 3u,6,/r^)(a, - a,Vr= + 6, - ^Vr')

+ {"z^ + Ci^s) + (otti — 26i) Sill «o + (.56i - 2«,) Sit, ii. + 3/-^' S (iVj «., + n^iL — ihiu)]. . .(22 a),

while the .r-component of force on e, of the same order is

- {3 (a, — ai7'"^) (do — 5a,-/r=) — 4S«iW.2(o3— Sai"/'"') + 2(T, ((is— 22miM.>)— /"^(aj - 42rtii/.2)!

+ •ii/j \
-'

(«.2 — 3o,-/V-) - rSi'/i «., 1- — 2/-i/i {3 (a^ — ai"/'"') — 2S«i ((o — ^(h f>il'>''} — ^riit (2ai + 6,) — 37"((

,

(22 6).

§ 11. I now propose to state what I have found possible in the way of emancipation

from conditions as to smallness of velocity in the case of the conservative group of terms,

acceleration being still accounted small. In (6) write a-o — rf;, = .'• and perform the operation

V= with xijz as space variables. We get

V=i = -^-i, or -y^^j^L (23)

as a differential equation satisfied by the symmetrical forui of K. P. If here we write

d, a, 9 a a d., a., a a a

at dt dx dy dz at dt Ox dy dz

a 7) 7i

where ^operates on i(,(V,..., and then suppress ^, ~ we obtain

T7or 1 / - a a 9\/ 3 9 9\ r^'^ = r=r'a^ +
'-al/

+ "''a-J("-a^- + ''=a^ + '^'=aJ^
^^^)

for the quasi-stationary term. A solution is the reciprocal of the square root of a quadric

whose coefiBcients are the minors of the discriminant of V-'^a? — '^Uix'^u^x ; this quadric is

r- {(2 7= - S«, luf - Sit,»2!(2=} + 2 (2 r^ - Sit,!*.) Ixii.'E^iu + S^r {Ixu,)- + liu^ (txu,)". . .(25),

and the term* in the kinetic potential is

i = - 2e,e,(F2- SM,iO/»'^/(2l^--S((,M^ + o-,o-a)=-(2M,»-o-,»)(2w.,=-<r./) (2C).

The positive character of the quadric is assured if l>ic-cos-a where V*k*='S.Ui-'S.u^-

and 2a is the angle between the directions of the velocities. This is readily seen by

• If in (G) the differentiations are made, and a.j ..., ShjIi.j... omitted, the result agrees with (2(j) when'u.^, h., are

written for 2«i-, Zu,r.
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referring the primary qiiadrie to axes two of which are the internal and external bisectoi-s

of the directions*.

If the formula (26) is applied to the example of two spheres we get

(V- — nr-i n) dn
~ 2FJ_, JV'-(ri' + ri - 2nr,n) - r.r^f.hil - n^)ZT^) 2y7vAv

e^e..

2V)\r.
f:-WVHr,-ny-y/v-^in^ny] = -'-p

agreeing with the previous result.

If we seek in (26) a suggestion for the form of the self-term, one course is to make

62 = 61, «n = «i, halve the value and take the mean for all angular positions. This gives

Ln =
2Vi-

'/
\/F=-S»r + (5:Z(/,)'*'^

e,^(V^-q^^^^V+q,
4Fg,, V- ({'

8 Vq, ^°^F-g, /

I. ..(27),

r., 2e,'
with (^j- = 2«]- and wi, V'- = ^ , nii being chusen so that the term involving St<]^ is ~ 'Euf. The

0)' 'Jt

inertia in the direction of motion is —;

—

~ , the transverse is — ^—^

.

(iqi- qi dq.

If we write MU = {mi + m^) U = m,Uj + m.au, iu — iii = i( and suppose u. small in com-

parison with U. then with

L., = -. TFT-^log^^^—^, Q- = I.U-,
VQ V-Q'

we get
m,m., il dLo^ .,

,

fd"-L„ 1 dLA{lUu)-)

as representing terms in (iiviv) as far as the second order. Under the same circumstances

the main term in (26) is

-e,e,{V'-lU-')

y '^{V"--l.U-')r-'+{l.xUy

'

§ 12. We now consider the information given in respect of the uon-couservative

group by the integrals over an infinite sphere, and at first deal with a single source. The

section of a space derivative of potentials virhieh yields finite values is ^ ~ ~^ ^ >
^^'^^^'^

{x— Xi)/7\ = lj. Consequently at a great distance

and as

yields

y_±(,d± dF\

^^~VV'dt dt}'

cF dG dH 1 d^lr

I / dG dH\ \

dx dy dz V dt

dylr , dF ?G dH

.(28),

* Or by use of velocities 0, 0, ii\ and u.,, 0, w.,, when the condition is iV* - lV-ic,io.,- u/Wi->0 or in general

ierms (2V - "Zu^u^- - ^u^ Xu.f > 0.
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we have

as for a plane wave. We have also la- = IX- = ^' say, and

Tc-Zb=hS, lh{Yc-Zb)=^, l,X^ + m,X,,+ n,X, = hS=rc-Zb .

viz. since Z^ = i (
F" + Z' - X') + i (b'- +c^- cr) or f- Z= - a\

and X,, = - A'V - ab, X, = - XZ - cic,

we have l^X^ + nhXy + >hX. = liS ~ Xll.X -allia = liS.

Thus at the surface of the great sphere a component of Maxwell's stress is also

ponent of momentum-content, or it is T^-' x Poyntiug's vector.

The sphere is taken with (a^iyi^,) as centre. If it is supposed fixed, a factor 1

needed for the Doppler effect and the radiation integral is

if it is treated as moving there is uu Doppler etiect, and the integral is

^j[VllAyc-Zb)-v^S],\hico,

which on identifying v, with o-j again gives

i- |(r-o-,)<^/-rrf«.

There is the same feature in connexion with the momentum integral which is

1 n'-°j7,?..=.

..(29);

V X com-

-,7jV is

for a moving sphere the form is

reduced to the above by (29).

Now ^fr being e, I {i\ - 1 {x - x,) uj V] or VeJ )\ {V - a^), and F being «,ei/>-(r

have at a great distance

o-,), we

while

therefore

dyjr e^VcTi dF_e,
\

it,

ati
"

r, ( F- <r,)- ' dt,
~

r, "( V - <7,
' (

F

at, F
dt~ F-o-.'

s= S«r ,
2<T.S«,«: (F=-S«r)ov

,+

and the radiation integral is

ii
=:iJi^"

1- +
F-<7, (J^

ZMi") <r,-) da>

~-r^f I (F-<7,>

2

3(F»

.(30).
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The correspoudiug integral in the equation of momentum has the extra factor l.jV in the

integrand, and its vakie is u^RIV-.

§ 13. When two sources are in question the joint terms in energy-content are

S(A-,A% + «,«,3),

and as the difference between {x — Xi)j)\ and (a- — a-o)/?-, would involve /•,-' we may take

1-2 = h, and the last relation of (28) makes

so that the terms in energy-content are 2^XiX.y The value of SXoZo is

6162
S?ii«2 +- +

(F- — 2witt,)<7id-.>

V-<T, (V-cr,)(V-a,) .(31).

The Doppler effect, or effect of moving surface of integration, will be dealt with as

follows. For the flux of momentum localized at gj, and for a corresponding flux of energy

integration is taken over a sphere with centre at gj, with the Doppler factor for that

centre and the integrand 2XiX„. As A', depends on u., a function of t,, the phase-difference

between L and t^ will be calculated for points on the sphere, and thereby the expression

will be brought to one time. Corresponding parts due to a sphere with e. as centre will

give the flux of momentum localized at* e,, and a corresponding flux of energy. These

fluxes each using half the energy-content will constitute the total. It is proposed to give

evidence that this method ensures the adaptation to the forces stated to be essential.

The times are connected by

V(t, - <>) = r, - r, = V (a;, - x,) (.<; - *,),;•, = 11, (x, - x,),

in which x., is x.^it,). If now we use a;^, «»,... for x.(ti), x.,(ti),...,

X, (<.) = x, + {L -Q >u + ^^^^ u, + ...

and V(t,-U) = lh U - .t, + (u {t, - <i) + ^ {t, - Uf + . . . I

;

or, with if now for relative coordinate x.. — a-i, and a„ = HiX,

{t,-t,)\v-,T,-^,{L-U)-^]{t,-UY..\ =

I.e. L-t = +
V-<7,' 2(V- o-,)^

"^
2 ( F- o-,;)^ 1 8

"^ F- <7,
"^

12 ( F- a,)^
+

With this difference we have

]

(32).

,+ -f
—'—^— v

F-0-, 2(F-o-,)-^6(F-<7,)^^2(F-o-o)

and similar forms, and in particular

F-,r,(L)=F-ff,-
F-,

1

F-<7,(t.) V-<T^ '+(F-<r,)=^
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§14. Thus denoting by R(ei) this first section of the joint term in radiation, we

have on introducing the Doppler factor

if(0 =
îir }(V-a,)iV-a,yl

V-a, 2«iiJ2 +
(F-<7,)(F-<72)

J

2(1'- a^V
{lw,«2 + .-

2(7oO-o C^ . ,

(Fir^^P'""" F
£»i(i.,1 3o-|,<7., {cr.,Si<i((o (F- — 2 «,?<.,) o-,o-.>)

..(33),

in which the lines after the first are due to phase-differences. The .T-component of Hu.x

of momentum is the same integral with the extra factor li/V. For the moment we require

these evaluated to the order V~^ for use in conjunction with force on e, and work done on e,.

The evaluation is

e.e.
Fx (Ci) = -rvp-s [4a:Su, il. + (3W] + 7 n.^ 2w, ((.^ - i'h [b^ - 32«, m.^I + 2;J.,S!<i(»2 - «i) - iLtxih].

.

.(34a),

1*.=-K (eO = |^= S«i% + -j|^, [(2S«,=' + 9S«, »2 + 96.,) 2«, u, + 2,-'lu,u, + (lib, - 3a,) 2«,it..

+ (a, - 2«,-) {b, - 3lu,u„) + 2m, «„ (63 + 92h, ?(.,) - 22«, u, (6, - 22mi ».,)].. .(346).

Now, working from the formula 2Z2, in (17),

2^ g 6 6

fi' = ^r^' iL + yI ys, [- « (6.', - 52M1M2) + 10i(22j«iH2 + lOLbs

+ 10u2(262-S/f,»,) + 5M2(36i + «,)-|-2r-lL] ...(35a),

and 2f,'M, =~ ^u,u, + j|^,
[a, (h - o2 «, .^ + 10b,lu,iu + 20klihii2

+ h (36, + «,) 2»,M., + 2)-=2«, ;;.,] . . .(3.56),

Thus the sum

^.(e.)+?,' =
dt

2e,e. 6,6.,

W' "' •"
ith '~ '" ^^' ~ *-«i«2) - «. (^.: - 32(/,«2) + » (b, + 72h,«.,)

+ L {9b, + •22(^ II, - 111,-) + iV, (1 16, + «,) + 2)--»„j

and the sum

.(3(j>

R{e,) + l^:u,=
2e,eo e,eo

^^^ 2m, il, + ^^^ {27--lu,v, + (1 16, + a,) 2«;,m2 + a, (6, - 42*', f/'..)

+ 632», (lu - u,) + 2«, V. (22»,- + 92w,M2 + 962))

dE'ie,)

..(37)

Next we observe that with these values of E' and p,' we have the relation £"(e,) = 2ja,'w,

.

We now form the i|uaiitity 1ii,Fx(e,) and subtract it from ii(e,), i.e. we take from the

total rate of los.s of energy that which is of mechanical order, due to Hux of momentum,

and denote by S(e,) the pure radiation which is left. We find

2(/,/'x (e,)
=Y^y,

[- +<'. S«,m; + (32«,- + 72", ».,) 2//,«2 - 2», (), (6, - 2»,«.,)

+ 22(/,('.j 2 il, ((._.— 2»,U32.7-»|],
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and thence

2eie2

,

e,e..

+ 2w,iL (96, + 2S«, «, - S((r) - ^//, », (6, - S^u.ii.^ + lu, «, (b-, + llu, ;«,)].. .(38).

S is linear in respect to (»iV,w,) and we find that 'Sf(e,)= — Sj/),';;,.

We have then a scheme of relations

f.' + f.WU'^'O, -f,'„, + fi(,,) +
''^'('.>

=
I

.(39).
dt

"• -^' '
'

"^^"
dt

E'{e,) = 1p/u„ S(e,)=-Sp:u,, R(e,) = S{e,) + lu,FAe,)}

Thus the conditions laid down that the sum of force and flux of momentum, and the sum
of rate of working of force and rate of radiation, should give time-rates of momentum and

energ}', are satisfied to the fifth order by our method of treating the integrals over infinite

spheres. The position is confirmed by the simple relations which are then found to obtain

between energy and momenta, and also between pure radiation and momenta. I have also

evaluated the flux of momentum to the seventh order, where the flux contains upwards of

50 terms (in the compressed notation with a, b), and this condition is again satisfied.

The radiation condition of this ordei- was not examined, but I feel little doubt that the

whole scheme of (39) is exact.

But if this scheme is of general validity, it is evidently possible to proceed in a

different order, viz. to find integrals R and F, infer S and thence p and so ^' and E\
that is to construct the whole scheme of forces of non-conservative order with expressions

for momentum and energy, from the integrals at infinity. The advantage of this is that

.these integrals can be evaluated without reference to the magnitude of uJV, lujV: and

there remains only the condition that the phase-differences should be small enough to

admit of treatment by expau.sion.

The application of this method to the self-terms gives the result

2^1- f^ •
., . (S»i/<i)- ]S = S»r +

2e,-FSMiMi

«.+

E' =

3F(F=-2«r)
MiS«]Mi-|- 3«iSMiHi 3Mi (2Mi?fi)'

"i H tf:,—i^—; 1-

F--2«r (F=-2«/)^

.(40),

with R and F as given above in (30). This agrees with the value of ^' given by Abraham.

§ 15. The integration for the joint terms can be carried out by exact method.s, and

we propose to give this integration for the main terms, i.e. omitting those dependent on

phase-differences. The integrals in

R(e^)-
e,e,^r
477 .1 ( l'-o-,)( I' -a-„f

VoL. XXII. No. XL

F^^ -I-

&« 2Mi Mo ( F" — Sjf] U„) &i &o

1^^^~(F-<7,)(F-<7,,)

27
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are derivable by differentiation with respect to (/j or lu from a fundamental integral'

over a sphere, viz.

I

K'il)-

with the notation

A = V'-l.u,\ B = V'-'Ztu\ C = F--3:»,«o, j:' = iG'-AB)IG'-

In differentiating it is also convenient to use y- = AB/C- = 1 —j;-, and then from

1 3^ _ (ii lu \ dy _ lu III

we form ^^ =.A (" J + p j -
where /, = ^ ^ •

Extending the notation, i.e. putting f.,
= y-J\ ..., we have

^+/i = r(/+/;). /;=/(2/+3/;+/;), /;=/(¥+8/i + A/'=+./'3)> ••-

leading to 2 + 2/, -/; ^ y' (/, +/;) and 2f, -f, = -f (2/, + 3f, +/,),

which with y-=ABIC- can be used to modify forms of the resultf.

The integration yields :

i?(eO= 2

Su.u, (f,-f, _/; +f,\ _ lu,u, S«o«, /f:rUj + §/kr/»
t-^C \ B G J AB \ G B

5C

_^ s«./(,S«M<2 fA+_^A+A ,
2/0-/3

5(7 V C ^ S

Using velocities (0, 0, «>,), (ho, 0, w.,) and putting F=l, we lecjuirc

1^
/+' p'f dnd<t, 1 r-fi

4tJ-iJo (1 - jc, n) (1 - M7,n - iij Vl - 7i2 cos (p) 2.1 -i (1 -Wib)

.(42 a). .

dn

ii^ j -I j (1 - jCjB) (1 - w,n - 1(2 Vl - ifi cos 0) 2 I -i (l - wib) v'l - u," - 2niC2+ n2 (iia^+ iCj^)

'

for which we quote

/"
(in 1 o- tiB + 7 (c« - i)) + •>/{a-2by+ e-f) {a-'ibn+ cn^

_

J (y-n)-Ja- 2hn + crfi -Ja - 2by + cy' 7 -

"

and the integral is then

2 \/aip,'^ - 26w, + e. (1 - Wj) {
(iiir, - 6) - (c - 6ip,) + (1 + lOj) } </(iio,' - 26ic, + c

1 , 1 - w, Wo + V nui,' - 2ine, + c
log -'- "-

2 Vflic,- - 25u', + (• 1 - ic, «„ - V rtir,- - 26ir, +«

To get the last form cross- multiply the fractions and use

oic, - i + 1», (c - 6«'i)
= (ir, - li'.J (1 - ii'j w.j).

Then note that <iir,= -2W, + (;= (l - ip,iPo)-- (1 - ir,-) (1 - ii.,'-'- ir.j=),

write F where 1 appears, and the general character of the result is evident.

t Opening terms of expansions

:

l" f* £f
_2_2j:=_2j:< £ i^ _ ix^ ^_ 8 8t- 8x^

•' ~ 3
"^

5
•

7 ' •'•" 3 15 35 •• ' ''"15" 105 105 •• ''~ 106
•"

105
"*"

385
'
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-CT (/. +A) + ABC ^^-^^ -^^^ ABC~ ^f-^ + ^^>

209

'S.lllV^'ZVryil., SiiiW., 2u.,M,
+ "'2cr

^

(/^ +/») + ^^^^;^^^ (/: + 2/. +./;)

Siii?*-

+ ".{-^ (/. -.A) + —BG^ {.h -/.) ^^--- (2/. -/3>

+

+

SMiM, 2?*]!/.,
^ ^. ^^

,
SltitfeSMjMo ^„^, ^J

(./^ -./;)+^5C B'G ^t\-f^)\

thence
K- B a a + /;)+|(^-?p)./; .(42 6);

'S^(«i) = 2T
2M;«i S!/2«2^ (2 +./;) + '^c

- (/; +/.)

+

a;-./;)

^^'(e.) = -^4^ Si/oi/o
. 2 «.,/(._, , ,. ^, _ 2M]%^ - . i<Ui-.o

•(42 c),

(2 + 2/;-/;)-^^ +
BC (.A +./:.)+ 5C 'iA-A)-^v^{A+f2)

C"-

.(42 rf).

If here we write i^j(ei) = oi^i + /3;/. + Oifi-i + /3i'',, then

if (e,) - .Sf (e,) = 2M,i^^(e,) = V-{a + ^)-(Aa + C^- a,lu,u^ - A Si*,*/.),

if for 2V and 2mv»o we introduce V-- A, V--C to compare with the forms in (42). It will

be found that R(ei)= V-{a+ 8). Thus we can go a step further, and say that the evaluation

of F is the only integration needed. This does not appear to be affected when the phase

terms are introduced, though the form of F is thereby extended to

Fa:{ej) = yx + (a((, + a,?i,) + (/3'(, + j3,iu + ^.,iL +...).

An example of this is seen if we look back to the fifth order value of Fj.{ei), when we

find that F-(a + /3) gives correctly the third order term in R. Also in obtaining the value

of i^xC^i) to the seventh order I found that these terms give correctly the value of the

fifth order term in B. a further addition to the evidence.

^ 16. A case in which the formulae are much simplified is got by writing

U = {miih + vuuo)l(mi + iiu), u — u^ — u,

and then assuming that u is negligible in comparison with IT, while U is negligible in

comparison with ii. Thus in effect we put U for «i or u^, and lf=0 makes Ui= — yrm'i/M,

iu = vi{iilM, where M=mi + m-:,. As a first approximation we then get

2eie., m^nuV j
2?(-

_

(2lTti)-
R{e,) = -

FM)=-
31f^F

( 2?>^
+

:

2tt' (2P'»)- )

.(43),

27—2
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with the same values for iS{e.,), -R (e,) and Fic{e.,). Hence with the self-terms the totals

of radiation, and the sum F^ concerned in total linear momentum, are

s,r-

.+
(lUii)-^ ., R{V'-'ZU'-)^=

V^

These quantities vanish for a like pair with the property Ci : e., = m-^ : in.,

pair {ey7)u — e2m,)-i'M'- = ei- or e«^.

The sum of the self and joint terms in the momentum of e^ is

F.,=^ ...^U).

while for a neutral

and therefore the total linear momentum is

2 (fii + e„) (ei??io — eo»4i)

:3.VF(F=-Si7-)

which vanishes in both special cases.

ti +

V---I.U
.(45 a),

V-'-XW .(4.5 b),

§ 17. It is proposed to examine in detail how the primary motion i.s modified by the

main dissipative terms, those of the third ordei', which we shall treat as small quantities while

gnoring the conservative terms of the second order. The equations of motion are

e,e.d 2e, ...

and the integral of linear momentum is

m.,u., = -^ + gys(eitt, + e.,M.,), Hil'(, .(46),

Wi», + 111211-,— o^3 (ei-l-e..,)(ei(<j + eJ(._) = P (47 a).

For a neutral pair this reduces to the primary fcrm, and the relative motion only is atFected.

For a like pair with the property e, : e^ = *«, : »(.,, (47 a) yields

»*,«, + iiuiu -P= j(m,«, + m,u.;)t^„ - P\ ^ (^i + <^2)=f/3^''^'^^

which requires in^u^->r ni.2iu = P initially and therefore always, unless we are to suppose that

linear momentum can increase indefinitely. In this case the problem is reduced to that

given by the primary terms.

But if wo take the problem of (46) with general values of e^ and e.,, and introduce in

the small terms of (47 a) values resulting from the primary solution, we get

6 V \tn.2 mi/ r-

and for relative acceleration

.(47 6),

. _eiej / 1 IN 2iiiimJi / e., e,
\"'

With the notation

we have

and

26162 (e^ e,

^ \m.2 nil

iVV — l/ll

3F

1 I

V»(, III

P

, . . e,eo/ 1 I > 2ur
/'/ + mv + iiw = ^- — + — + -^

7-^ \lll, III.,/
)'

.(48),

,(icy -//»), ••

shewing central acceleration and aieal change in convenient forms.
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With multipliers »^, », ... in (46) tlie e(|uati(in of energy is

i
dt 2

-"i' + Y -"-' +
"V"'

~ W^ ^ ^^'"' "*" ^-'*'-* ^^'"' "*" ^-''"^ " ~ W- " ^^''''' "*" ^•i"2)'---('*^ "^-

/ g p \ p Q I.

Write ei((i + e„(«o= (— ^ 1 ^-f- in the small tenms of E. and introduce the momenta
' Km.;, mj r^

from (47) and we get a simplified expression for E in the form

E = 1-
—=
—

" 2.11' -I

—

—^ -I
i-—̂ -

The rate of radiation K-rri^ieiU^ + eoU-if has the value — ' \'' or in fact

dE _peie„

'dt r^

.(49 b).

•(50).

The loss of energy by radiation in one revolution is

-pe.e..j^^ ^ = -Vj,. 7^ =-Vj„ (l + -os^^Z0^- ^(•2 + eO...(ol<

and the mean rate of loss, on division by the period, is

_pe,eA2+^
; ^^ ^^^

2a^ (1-6^2

where in the small terms we have assumed the results of an elliptic orbit, k being the

constant of areal description, and e, a, and I having the usual meanings in Conies.

§ 18. So far it has been possible to dispense with an account of the actual deformation

of orbit : this we proceed to consider in the simpler case where the motion is plane, and the

position in polar coordinates is defined by

.(52).
dh__p -*

1

^" 1_ ^i^^/l lA '-^P
f^ 1

dd r' . r d6-r~ h- \nh. m^l hr dd r

I e Cr. f \ \\ I
The solution based on the fundamental solution h=k, -r = — !—

1

|
, ~ = I + e cos 6,

L k- V»ii nul r

when radiation is neglected, is

- + ^7s - = 1 - 2k + n (2^ - e sin ^ - ;3e- sin 6 cos 6)
r do- r kl

'
v...(53a).

/' /'.:

kl

e9
1 + e cos — 2k + acos d + /3 sin + ^ (

2^ + .g- cos ^ + e- sin ^ cos

The orbit can be made to agree with 1= r(l +ecosO) in respect of r, j^, ts, , and to
dff do'

have h = k at ^ = 0, by taking « = /<:= 0, /3 = -^(2+^ + e-j. It appeared however in

dealing with the iieriod and some mean values, that simpler formulae are obtained by making

this agreement correspond to ^ = tt in the middle of the circuit. We make use of this deter-

mination, which gives

kl
a =

2kl
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lu (53 a) we distinguish between a cyclic and non-cyclic perturbation, i.e. we write

- = I + e cos + Ut, in the first revolution, and
?•

- = 1 +ecos6+ Uo+ U,. or 1 + ecosd + L\. + ^~ (i + e cos6)
r fcl

in the second revolution.

Thus we suppose that the 6 which occurs iu Uo is always between and 27r.

If then the constants of the modified ellipse in the second revolution are l', k', e',

l'~ l\ kl )' l'~l\ klj'
e =e{\

kl

The period in the orbit is

.(54).

T = L h 'k klil+ecosO) ] (1 -t-eeos^)='

(10

i-here terms containing sin 6 are not written. This gives a normal value to the period, viz.

The term to be added for the next revolution is

i.e. the next period is

l^ f^" (-6pTr)dd 6jt)7r-/(2+ e^)

k.K ld(l+eco^dr
°'"

A-(l-e-')*
'

27rZ^ l-'^P^L^±^\=2-.a^lV- eie-^M/m-^ni.,,

which conforms to the modification of the fundamental ellipse.

Ill the .same way the mean potential energy taken for a revolution is

e^e., j" dt _ eigj (rdO _ e^ [-' T _ pj-jr-O) _^ Sp (-tt - d) _
'Y j^' T } h " kT J„ 2kl 2kI{\+ecosd)

de

1-1 ecos^

27re,e»/ e, e..

kT\'\-e- (I

.(55).

The mean kinetic energy of relative motion or
_^

' „', i1u-dt is

in,nuk p" r, _ l-e-' ^pJTT-e) L _ 5 + e- 3(1

•2MT Jo " l+ecos0 kl ( 1+ecos^ (1 + e

-e-^)

e cos 6)-

de

nt,iu.,k m,nuk'- e,eo

1 + e cos

(56).
2il/rVl — e' 2Mal 2a

These values are nonnal, and it is readily shown that in the next revolution the

means retain the same form with the altered values of a. These values give as the loss

J e,e., /I 1\ eieiPTr(2 + e^) . ^ .., ... ,

of energy in a period, -~ ( ,\ = dr '" agreement witli (ol a).
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§ 19. The loss of energy- is associated with a contraction of the major axis, and a

diminution of eccentricity. The mean kinetic energy of relative motion is increased by
an amount equal to the loss of energy by radiation, and the mean potential energy bears

the double loss. This is an immediate consequence of the maintenance of the relations

2T,+ Ur = and Tr+Ur = £r (57),

where Tr and [,> are mean values of relative kinetic energy and of potential energy.

A brief statement may be made in respect to hyperbolic orbits, where the total radiation

may be calculated, a quantity which in the theory of point-charges represents the radiation

due to a collision. For the attractive case make the comparison with the fundamental

orbit 1 = r{ecosd + 1) at ^ = 0, i.e. take a = 0=/c and = ^- (2 + ^ + eA. The radiation in

the complete orbit is

- '^^' r *°(1 + « cos ey- de=-^ {(2 + e^) (7r-0,)+ Se sin 0,} (58 a),

where ^o < ^ and e cos 6^ = 1-

For the repulsive case we get

-^'!(2 + e-0^o-3esin^ol (.58 6).

26^ M-
The value of the constant p when e, = — e, = e is p = .^fi= —-— , and if we suppose

that go is a negative electron, so that the ratio »«.> : /Wj is small, then p=~^r[ — ) . The° '
H K^ \m.J

2e^
coefficient of the bracket in (58 «) is then .^^—TzTTTiTs'

°''' ^^ ^ ^^ eliminated, it is

(S

For the elliptic orbit formula, (.51 b) is

2 + e'^—-f-Tf-V
3y=(l-e^)*

and the number p. occurring in the orbital changes is ^ f
—-ry

It may be noticed that if a is taken inversely proportional to temperature 0, then the

kinetic energy of relative motion is proportional to 0, and the rate of radiation to 0*.

This is no doubt a significant point; but application to the thermodynamics of radiation

probably demands a statistical treatment of a large number of elements and the groups

which they can form.

§ 20. I have also solved the problem of the primary motion as modified by the

terms of second order, which when e is finite gives more trouble in the integrations. The

results are of the type found in discussing the question of a modification of gravity as

applied to explain secular changes in the orbit. For the present purpose their importance

seems hardly commensurate with the space needed to prove them.
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In conclusion a brief review of some points in the paper is added.

The fact that a form 2Zi2 is used to give force on 62 while 2L.,i gives force on d,

raises a presumption that the kinetic potential has not a normal character. The departure

from normal type is not easy to locate exactly, without the use of an expansion proceeding

by powers of V~^, an expansion certainly valid for a wide range of motions. It is then

definitely located in the section of terms of odd order, and these terms only are concerned

in radiation.

The even groups iu L^., and Z^ are shewn to have dynamical equivalence (§ 4),

and to form an entirelj- conservative system if treated alone (§ 10). This conservative

section, when acceleration is negligible, admits of a quasi-stationary kinetic potential without

assumption as to smallness of velocities.

Electromagnetic force is known in respect to odd or even sections : in the conservative

section an expression for energy follows at once, iu the dissipative section not until radiation

is evaluated. Closely connected with this is the question of localizing momentum and

energy, i.e. distinguishing the parts attached to the two charges, a problem solved for the

conservative section by the use of the kinetic potential. For the dissipative section it is

necessary to call in the aid of fluxes at infinitj-. In view of the fact that two centres are

concerned it is not immediately evident how this flux is to be treated. But the fact

that we are using information furnished by two methods implies that a correspondence

is to be found which will be a criterion of correct treatment of the flux. The agree-

ment of two methods of reduction to a one-time system is involved.

This adjustment is in fact attained as far as the approximation extends, and it is

presumed that the scheme of relations (39) so deduced has general validit}'. This carries

with it the possibility of presenting the radiation from two sources in a form free from

limitation as to the magnitude of velocities ; and also of deducing expressions for the terms

of odd order in energy, momentum, and force directly from the fluxes at infinity. The

integrals concerned are all derivable from one nuuiamental integral (41) involving the sources

in a symmetrical way.

It will be noted that the ai-gument in general deals with joint or product terms

in the action of two point-charges. The transition to self-terms for the dissipative section

presents no difficulties ; in the conservative section infinite values would appear. It is only

in this connexion that the necessity of giving finite though small dimensions to the electron

arises. The method used in the text does not postulate definite structure, but I think

the decision in the matter must be left to experimental evidence as to the ratio of two

inertias in the case of rapid motion.
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XII. The Field and the Cordon of a Plane Set of Points.

An Essay in Proving the Ohvioivi.
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1. Introduction and summary.

The objects of this paper do not include the introduction to its readers of the sets of

points with which principally the paper is concerned, for with these sets every mathematician

is well acquainted ; the set which is here called the field of a set T is the least convex set

containing F, and I have given the name of cordon to the boundary of this set.

Vol. XXII. No. XII. 28
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In a number of simple cases the field of a set F may be defined in terms of centres

of mass : thus if F is a curve of finite length, and line densitx is given to F, the position

of the centre of mass of F depends on the distribution of density, but there is a certain

reoion ^'F such that however the density may be arranged, continuously or discontinuonsly,

provided only that the density is nowhere negative, the centre of mass lies in ^'F, and

such moreover that whatever point x of F'V is chosen some arrangement of density can

be contrived which brings the centre of mass to a; ; it is this region i^'F which is in this

case the field of F. Again, if F consists of a finite number of points in a plane, there is

only one polygon, in the Euclidean sense of the word, which has all its vertices at points

of F, has no reentrant angles, and has all the points of F in its interior or upon its

sides; in this case the sides of this polygon compose the cordon, and the field consists of

the cordon together with its interior. From these two examples the importance both of the

field and of the cordon will be recognised; the field is involved in almost all mean-value

theorems in multiple integration, and the cordon, apart from its relation to the field, is to

be found in use in the Newton parallelogram for dealing with branches of a curve and in

the Puiseux diagram in connection with linear differential equations.

The bulk of this paper is concerned solely with plane sets of points, and what is offered

is a definition of the field of a set F in a form at once applicable to plane sets of all kinds,

limited and unlimited, open and closed, and convenient for the development of the properties

of a field. The essence of the definition consists in the use of a geometrical element of

which, as far as I know, the introduction is a novelty ; this element, which I call a leaf,

consists of a point together with all the points of some line through it which lie on one side

of it and all the points of the plane which lie on one side of this line ; no set of a quite

simple character can reasonably be called a half-plane, and there is no set simpler than a leaf

which more closely resembles its complement. A point x is said to be outside the field of F

if there is a leaf which includes ./ and includes no point belonging to F, the field is the

complement of the set composed of points outside the field, and the cordon is the common

boundary of the field and its complement. The cordon in general lies partly inside and

partly outside the field, and an account is given of properties distinguishing the two portions

of the cordon.

After .such explanation as seems necessary of the notation adopted, the paper proceeds

to exact definitions of the sets of special kinds which are used, it being stated in each case

what part, if any, of the boundary is included ; the theorems of which use is to be made

are enunciated, proofs being omitted, but in two cases where existence theorems (1137, 1142)

are required constructions are given. With the definitions of the primary (12-11) and

secondary (1312) chords and of the cross points (1411> of a set we come nearer to our

main topic, and the digression to the definition of a convex set (1511) is not irrelevant.

Two ideas of which much use is subsequently made are next explained; roughly, the ex-

eluding angle (16'12) of a set for a point is the angle of the biggest sectors which have

the point for vertex and have no points of the set within them, and a sector 2£ is called a

limiting excluding sector (16"13) for a set F if S itself contains no points of F but every

sector with the same vertex as S of which S is a proper part does contain at Icixst one
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point of r
:

ill this connection it must be noticed that in anticipation of this stage our

formal definitions (9"11, 9'12) of a sector are such that no existent sector contains any part

of its boundary. Each point of a plane falls with respect to a sot F into one of three

classes, denoted by UT. FT, and WT, according as the excluding angle of T for it is

greater than, equal to, or less than, v, and the only propositions in the paper of which the

proofs are tiresome are those (18'35, 19-4-5) which describe characteristics of the sets FT
and WT. These propositions e.stablished we define the field (2021, 2111) and the cordon

(21'14) of a set, and we have no difficulty in demonstrating so many properties of these

sets as to render it evident both that our definitions are well adapted for the development

of formal proofs, and that the subject is one in which wliat is obvious is true. Something

is said of the nature of the field of a set with respect to any relation in space of any kind,

and of the properties of the field in Euclidean space of any finite number of dimensions,

and the paper concludes with suggesting a line of research.

The principal theorems regarding plane sets of whicli the paper contains proofs may

be summarised as follows

:

I. The field of a plane set F is composed of the points of F and the points lying on

primary and secondary chords of F ; if the set F is connected or is the sum of two connected

parts every point of the field belongs to F or to a primary chord of F : (26"1.5, 26-31, 1214).

II. The field of a plane set F is itself a convex set containing F, and is the set

formed of all the points common to all convex sets containing F: (22'34, 2r22, 26"o9).

III. If a set is enlarged by the addition of any part of its boundary, the cordon is

unaltered: (24-23).

IV. The points inside the cordon of F are the cross points of F and the points

lying on secondary chords of F, and they are the points for which the excluding angle is

less than tt : (23-36, 19-45).

V. A point lies outside the cordon of F if there is a straight line parting it from F:

(23-59).

VI. If the cordon consists of the whole of one straight line or of two parallel straight

lines, the excluding angle for every point outside the cordon is equal to tt, but in all other

cases in which the cordon exists the excluding angle for every point outside the cordon is

greater than tt : (23-65).

VII. A point of the cordon of F which belongs to the field of F belongs either to F
or to a primary chord of F: (2414, 24-16).

VIII. A point of the cordon of F for which F has an excluding angle greater than tt

either belongs to F or is a limiting point of F : (24-14, 24-15).

IX. Unless F consists of only one point, every point of the cordon of F is a limiting

point of points on primary chords of F: (24"lo).

2. E.rplanation of logical symbols used in this paper and not described in Chapter I of

the Introduction to " Principia Mathematica."

Except in the use of the letters B, C, D, F and in the absence of any sign of assertion,

the logical notation of this paper is that of Principia Mathematica. There are only a few

28—2
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symbols used here which are not among those explained in Chapter I of the Introduction

to that work, and by describing the use of these I hope to render the paper intelligible to

anyone familiar with that Chapter.

If a symbol is introduced to give brevity to a few proofs without any implication that

the idea associated with it has permanent value, the definition introducing the symbol is

called a temporary definition, and the letters Df which distinguish a permanent definition are

replaced by Dft followed by an indication in square brackets of the extent to which the

new symbol is to be used.

If K is a class whose members ai-e classes, that class whose members are all the terms

which belong to every member of k is called the product of k and denoted by p'k, and

that class is called the sum of k and denoted by s'k which is such that a term belongs to

s'k if and only if there is at least one member of k to which it belongs:

2-21 p^K = & {(«) . a e K D a; e a) Df,

•22 s'« =S{(aa) : oe«..ceo| Df

The number of members which a class a contains is denoted by Nc'a ; thus if F is a

set of points. NcT denotes the number of points in the set, while if /c is a class of sets

Nc'/c is the number of sets belonging to k, but the number of points concerned in the con-

stitution of K is Nc's'«.

The authors of Prindpia Mathematica have occasion to use two different pieces of

symbolism for the one idea of the class formed of those terms which have a given relation R to

a single term ; in our applications, the terms in question are in fact always sets of points.

If ii is a relation which is not in all cases one-manj^ which holds between one set of points

and another, the class of sets whose members are all the sets which liave the relation R

to r can be denoted by either R^T or (sg'i?)'r. The relations which we denote by single

letters are all as a matter of fact one-many relations ; if R denotes one of these relations,

there is only one set which has the relation R to T, this set can be denoted by R'V, and

the class of which this set is the only member is I'R'T. Thus almost all of the cases in

which we require a symbol for a class of referents are cases in wliich the use of an arrow

is inconvenient or its appearance unsightly : for example, to print an arrow above the group of

letters ex If, which occurs in one of our most important definitions, would not only be inelegant

in formulae but also afifect the spacing of lines if the resulting combination occurred in the

body of the text. To limit the groups of letters used in expi-essing relations to groups with

which we do not object to printing an arrow would in many cases prevent such a choice

of letters as assists the memory, and uniformly we adopt the alternative notation ; for

example, the group of symbols that occurs in 2022 is (sg'exlf)'r, and in 4'3 we use (gs'e)'*

<—
rather than e'.c for the class formed of the sets to which x belongs.

There is one feature of the notation of Pnncipia Matheniatica to which attention is

not called in the first Chapter, although it is recognised later as a natural outcome of the

theory of classes there explained. Po.ssession of any property which objects of any kind,

individuals, cla.sses, relations, may have, can be treated symbolically as membership of the
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class of objects possessing that property. For example, we have presently to define what
is meant by the assertion that a set of points is united, and the symbol which is intro-

duced to correspond to the idea of a united set is a symbol not for an adjective but for

the whole class of united sets: we write T e Ud just as we write xea, but while in the

one case we read " x is an a ", in the other we may read simply " V is united " ; the dis-

tinction between possession of a property and membership of a class is one of language

alone, and needs no embodiment in logical symbols. An immediate consequence of this

result is that, if we wish to denote that a set has one or other of a number of properties

or has several properties simultaneously, we can use the ordinary notation for the logical

sum or for the logical product of classes : for example, the numbers and 1 are themselves

regarded as classes, and the condition F e u 1 is equivalent to the condition F e . v . F e 1 •

similarly important properties of sets are expressed by the terms complete set and congre-

gate, Cp is used for the class of complete sets and Cg for the class of congregates, and to

write F e Cp n Cg is to assert that F is a complete congregate.

It is chiefly as a form of shorthand that the notation of Principia Mathematica is

required in this paper. Nevertheless to frame definitions in the form which this notation

is best adapted to express is the surest guarantee that the ideas involved are logically precise,

and in this connection I owe thanks to Prof Whitehead himself for criticism of my manu-

script which has led to considerable modification in the formal definitions contained in the

earlier sections.

3. Definitions adopted from the general theorjj of sets of points.

The explanations yet given are virtually extracts from Principia Mathematica, accounts

of general logical symbolism. Next must be described the notation used to express certain

ideas peculiar to the theory of sets of points but common to all parts of this theory, and

this is done quite briefly, the reader being referred for a fuller discussion of the ideas in-

volved to a paper shortly to appear in the Acta Mathematica. Throughout I use t, u, v, w, x, y, z

for individual points, xy for the distance between * and y, F, A, ©, ct, ^ for sets of any kind,

V for the universe of points, that is, except in sections 27—29, for the set composed of

all the points of the plane in which our sets are supposed to lie. A denotes the null set

of points: that is to say, to write F = A is to assert that there are no points satisfying the

conditions that define membership of F, so that for example the formula Fr>A=A expresses

that F and A have no common point
; g ! F denotes that F is not null, and is the contra-

dictory of F = A.

If F is any set, I denote by (7'F the complement of F, the set formed of all points

which do not belong to F, by Z)'F the derivative of F, the set formed of all the limiting

points of F, and by Cr'F the set obtained by completing F, that is, the set Fu B'V obtained

by adding to F all those of its limiting points which do not belong to it ; also I denote

by FT the edge of F, that is, the set F r> D'G'T formed of the members of F which are

limiting points of the complement C"F, and by BT the set known as the boundary of F,

that is, the sum of the edges of F and its complement, and I describe the set F- F'F,
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which is the same as F — D'C'V, as the set obtained by clipping F, and denote this set

by H'T :

3-21 C'F = V-F Df,

•22 Z)T = ${p>0D,(3!/).yer.0<.'-^<p; Df,

•23 G'F = F v^ D'T Df.

•24 FT = F n D'C'V Df.

•25 B'T = Y'r^Y'G'T Df,

•26 fl'T = F-D'C"F Df.

A set is said to be dense if every one of its points is a limiting point, complete if it

contains all its limiting points, a domain if it has no edge, and limited* if it does not

extend to infinity; the contractions used are shewn in the following formal definitions:

•31 Ds = f{FCZ)T} Df,

•32 Cp = f{i)TCFj Df,

•33 Dom = f{F'F = Aj Df,

34 Lm = f ;(ap).3/,^eFD„,,^^<p; Df.

From 38 and 24

•35 F€Dom. = .i)'CTCC"F,

and so from ^32

•36 F e Dom . = . C'F e Cp,

a property that might be used to define one of the two classes Dom, Cp in terms of the

other :

•37 Dom = C"Cp.

The definitions

•38 CI = Cp A Lm Df,

•39 Pf=DsnCp Df.

shew the useful combinations of properties associated with the words closed and perfect.

Formally the null set belongs to all of the classes defined in the last paragraph ; some-

times it is convenient to express briefly that a set is an existent set with the property

characteristic of a class of sets in which the null set is included, and to this end we add

ex to the symbol of the class•^ to denote that the null set has been removed : thus we write

•41 Domex = Dom - f 'A Df,

and so on, and we have

•42 FeDomexs.a iF.FeDom.

I propose to say that a set F is a congregate § if in every expression of F as the sum

of two sets of which neither is null, the sets obtained by completing these sets have at

* It is only in certain kinds of space that tUia property § The reader will observe that a set that is conuex

defines a limited set, but Euclidean space is of one such iu Cantor's sense i.s not necessarily a congregate ; a pair

kind, whatever the number of dimensions. of conjugate hyperbolas is a connex set formed of four

+ Compare Principia Mathematica, •60'02. distinct congregates.
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least one point in common, and to describe a set F as united if every pair of points con-

tained in r belongs to some closed congregate contained in F, writing

•51 Cg=f {r = Bw*.3!0.a!*:De,*a!G'®«G!'O} Df,

•52 Ud = f {y,2eFD„,,:^aA).AeClACg.^,^eA.ACF} Df.

Any existent set F can be expressed as the sum of a class of mutually exclusive united

sets, and these sets I call the cells of F. To keep the definitions as simple as possible, it

is best to write

53 irr'.'=y}(aA).A6ClnCg.A-,3/6A. ACFJ Df,

without the hypothesis that x belongs to F : this definition gives

•54 X e G'T D Kr'x = A,

but to define the class of cells of F in such a way as not to include the null set we have

only to take the definition

•55 kT = A'r'T Df,

which is an abbreviated form ot

•56 K'T=K[{-3^x).xer.K = Kr'i].

The number of cells of F, that is, the number Nc'«'F, is precisely the number which

common sense assigns to the distinct parts of which F is composed ; the null set has no

cells. The notation of ^53 is essential to the elegance of the definition '55, but is inadequate

when the set whose cells are under consideration is given not directly but by a construction

of any sort, and we therefore write also

-.57 K'(x, F) = Ar'x Df

There is one idea which in its general form most naturally depends on united sets or

on cells, which we use in a particular case. A set is said to part two sets F, A if F

and A are both contained in the complement of 0, but no cell of this complement includes

members of both F and A ; an equivalent definition is that parts F and A if F and A
are both contained in the complement of and if every closed congregate which includes

members of both F and A includes a member of 0. In the second form the definition is

formally independent of the definition of a united set. Taking the first definition,

•61 C"Opart(F, A)=:.F u ACcI):^6F.^eA.D„,.,AV3/n^*'^ = A Df

the equivalence is expressed in the theorem

62 part (F, A) s :. n (F u A) = A : ^? e CI n Cg . a ! ^ n F . g ! ^ « A . D+ g ! ^ « 0.

We have in this paper to consider the relation of a point a; to a set F when there is

a straight line h which does not pass through x and is such that no point of F Ues on h

or on the same side of /( as x, and we adapt the general notation to this case, expressing

the relation by h part (I'x, F) ; but we can easily give a definition applicable only to special

cases, putting

•63 heStlD'.k part (I'x, r)= . yeT:^y'3^l h n x-y Df,

where Stl stands for straight line and x — y for the set of points lying between x and y on

the straight line joining them : it will be noticed that of the definitions given in this
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section, the last is the only one which is not valid in space of any number of dimensions.

If a; is a point not on a straight line h, there are lines parallel to /; between x and /(,

and therefore

3-64 (a h) JieStl.h part (t'.r, T) : D : (3 h) . /( e Stl . /( part (( '.f, GT),

and since the converse implication also is true we have

65 (a h).he Stl . /( part (I'x, T) : = : (a ''0 '' e Stl . h part {I'x, GT).

Following American writers, we describe a set as connected if in every genuin&

division into two parts one of the components contains a limiting point of the other:

•71 cd = f[r = eu<iJ.a!0.a!^.:30,*a!0"*^®'^^'*^^'®'^'i'! Df.

Substituting T n A, F n G'A for B, 4> in this definition we find

72 r e Cd D : a '• r n A . a ! r n C'A . D^ a ! Tn 5'A :

a connected set cannot vault a boundary. On the other hand

•73 n G'* = A . (t'@ n 4> = a . a = 5 {(a y) 2/ e • 2 e * ^2 2/2 5^ 2a;y}

.

D : B C A . * C 6"A . (B u *) n 5«A = A,

shewing that if a set is not connected there is a boundary which it does vault. Thus

we have

•74 cd = f {a !
r r. A

. a !
r n c"A

.
Di a !

1' ^ ^'^!.

the fundamental theorem that expresses the precise degree of continuity belonging to

a connected set. From ^74 it follows that every united set is connected, a result of which

the symbolical expression is

•75 Ud C Cd

;

the converse of "70 is proved false by the actual construction of connected sets that are

not united.

4. Straight lines and rays.

In tiie following discussion of certain parts of the theory of sets of points iu a plane

considerable use is made of sets of several particular kinds, which we commence by describing,

and we reserve particular symbols for sets of liu'se kinds.

To denote that a set F consists of all the points composing a straight line we write

FeStl, and we use (/, li, and / only for straight lines:

4-11 Stl = straight line Df

If /( is any line through a point a; the set h — i'a- consists of two similar cells, one on

each side of a-; each of these cells is called in this paper* a ray, and of these rays x is

called the .source and h the line. For formal definition we take

•
1 2 Ray = F ((a x, h) . h e Stl . x eh.Ve K\h - I'.v)} Df,

* The most useful senHe of tlu' word ray in pure Kle.meiUs of Quitternionn, § VS'2, ex. 1 (p. Ill) of the lir.'it

matlieinaticB in to denote a directed strainlit line, but (18GG) edition; pp. 121, Vi'2 of the first volume of Joly's

directed linefi are not required in the study of fields and (18'J!t) edition), uses ray in precisely the sense adopted

cordons, and the word ray is convenient : Hamilton, here.
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and for rays we use a and c; to denote that x is the source of the ray a we write a.et'

x

or X fe a, and to denote that h is the line containing the ray a we write /( Ic a or a el h,

the use of any of these expressions being taken to imply that a is a ray and also that x

or h as the case ma}- be is a point or line ; a ray a has onl}' one source and only one

line, and these maj- properly be denoted by fe'u and lc'«, but the rays issuing from a

common source x form a class (sg'efyx and the rays situated in a line h form a class (sg'cl)'/;

and both these classes have infinitely many members :

•13 lc = Aa{a6Ray./*eStl.r(C/i; Df,

U cl = Cnv'lc Df,

•15 lcel->Cls,

•16 ef=ax\ae'Ra.y.U6K'(lc'a—i'x)] Df,

•17 fe = Cnv'ef Df,

•18 fe 6 1 ^ Cls.

If a is a ra}', Ic'a— ('fe'« consists of two cells, each of which is a raj-; one of these

rays is the ray a itself, the other is called the retlex of a and we denote it by rfl'a

:

•21 rfl = c « [a e Ray . c = lc'(/ - t'fe'a - a} Df,

•22 tt 6 Ray D : E ! rfl'*/ . rfl'a e Ray.

If a:, y are any two distinct points there is one and only one ray issuing from x which

contains y, and we denote this ray by x—^y; the reflex ray, which issues from the same

source in the direction away from y, we denote by x*r-y. The rays issuing from x form

the class (sg'ef)'a^, and the sets containing y form the class (gs*e)*y, but we must define

a;—>y as s*{(sg'ef)'.>- n (gs'e)'yj, or from a simpler fornmla by

•31 X —* y = s'a [a ei X . y e a] Df,

not as Vci \aeix.yea], for although

"32 .r =f y 3 E ! I'a [a q^x . y e a],

and for au}- class of sets 7

•33 E ! T'7 D .
?'7 = .s'7,

the class a[aeix.xea] is the null class of sets, and Va\aeix .x ea} does not denote A
but is meaningless; on the other hand s'a{aeix . x ea] denotes by definition the set

^[{'^a)aeix .x,Z€a], and since the condition (ga) . aefar.a;, «ea can in no way be satisfied,

this set is the null set A. Thus •SI yields as we desire

•34 x^y'^:x-^ye Ray .x^*y efx.yex—^ y,

35 x—>x= X.

Considerations somewhat similar prevent us from defining x*—y formally as r^'x—^y:

the null set is not a ray and this definition would leave x <— x meaningless ; it is

sufficient to put

•36 x<r-y = s'a{aefx .y er&'a] Df,

Vol. XXII. No. XII. 29
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and then we have

4-37 * 4= ^ D : « <— y = rrt',/; —> ij,

•38 -r 4- X = A.

The set x *— y must not be confused with the set y—>x; both are null if y coincides with

x, but in general the former is a proper part of the latter :

39 x^yD:j;*-yCy-^x.'3^ly-* x -x<-y.

5. Chords.

If y is distinct from x, the common part of the sets x-^y, y—*x is the set formed of

all points between x and y on the line through them ; in any case this set is called the

chord xy and denoted by x — y:

5"1

1

X — y = x-^y r\ y —* X Df

;

the set obtained by adding to this chord the point x is denoted by x t— y ov y —\ x, and

the set obtained by adding both the end points x, y by ,/; i—i y

:

•12 X )— y = x— y yj I'x Df,

•13 a:-^y = x - y yj I'y Df,

"14 X \-{ y — x — y ^ I'x u I'y Df.

Two useful elementary propositions are

•21 zex—*y~.x—>z = x—* y,

•22 zex*—y = xey — z,

of which the second is equivalent to

•23 x*—y = z{xey — z};

and we use also

•24 y =j= X . = xe D'(x - y),

25
,y =t= « = « e D'(xM y).

If y coincides with x, the chord x — y is null, but the completed chord x t-t y has the

one member x; the case of coincidence is the only case in which the derivative of the

chord is contained in the chord, ami also the only case in which the finished chord is not

contained in its derivative :

•26 y = x. = . X - y = A,

•27 y = x. = .xt-iy= i'x.

G. Triangular domains.

If three points ./•, y, z are not coUinear and x is any point in the interior of the triangle of

which they arc the vertices, there is a length p, namely the length of the shortest, or of one of the

shortest, of the perpendiculars from it- on the sides of the triangle, such that every point v

whose distance from a is less than p also lies in the interior of the triangle ; in other

words, the interior of the triangle is a domain. This domain is called the triangular domain
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xyz, and we denote it b}- tridom'(a;, y, z); it can be defined formally in terms of chords, a

simple though unsymmetrical definition being

6'11 tridom'(.r, y, z)= 7i {(gt)) . v e y — z . u e x —v] — (x - y)— (w — z) Df,

where the chords x — y, x — z, which in general have no points in common with the set

u{{'^v).vey — z.U€x — v\, are subtracted in order that we may have

•12 (a A) . h eStl.x, y, zeh.D tridom'(.r, y, z) = A.

an implication which can be replaced by the equivalence

"13 (a^) • /*- e Stl . ;/;, y, z eh . = . tridom*(a;, y, z) — A.

Since the framing of a definition more symmetrical in appearance than 11 finds a natural

place later in our work, we content ourselves for the present with "11. Following a course

which we take in a number of similar cases, we write

•14 Tridom = f {(ga;, y,z) .T= tridom'('-, y, z)\ Df,

and we must note the property implied in the name, expressed in the theorem

•15 Tridom C Dom,

which is true even if the domain is in fact null.

7. Parallel lines, and rays contained in parallel lines.

To denote that two lines /(, Ic are parallel we write h prl k, it being understood that

the possibility of coincidence is not excluded. Since our space is the Euclidean plane we

can write

7-11 prl = hk {h, k e Stl :h=k.v.hr^k=A[ Df

but an interesting alternative rests on the fact that if // and k are not parallel they divide

the plane into four pieces

:

•12 h,keSt\.D: Xc'/t';C'(/i u k)] = 2. = .h = k,

•13 h, k e Stl . D :. Xc'/c'{(7'(/i u ^•)j = 3 . s : A prU- . A + A^.

14 h, k e Stl . D : ^c'K'{C'{h u k)] = 4 . = ~ /« prl k.

Rays in parallel lines may have either opposite directions or a common direction.

Utilising a simple criterion for two rays to have opposite directions we can take as

definitions

•21 opd = a c ;«, c e Eay . (gA, k, V, A) . h, k e Stl . T, A e K'C'(a \jc\j fe'a i-h fe'c) .

/(Cr.y;cA.r+A} Df,
•22 cod = opd- Df

8. Leaves and clipped leaves.

If A is a line through a point x and u, c are the two rays forming /; — /'./•, the set-s a, c

are ordinally similar and so are the sets G'a, G'c, but since a ^ c is not the whole of h

and one point of h is contained both in O'a and in G'c, neither a nor G'a can properly

be described as a half-line. Similarly if li is any line, C'h is formed of two similar

29—2
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cells, but neither of these can be called a half-plane, and we call them clipped leaves,

writing

8-11 Clilf=f KaM./teStl.re/c'C'/i} Df,

and using T and il for sets of this kind. If T is a clipped leaf, the complement of its

boundary is composed of two cells each of which is a clipped leaf: one of these is T
itself, the other we shall call the reflex of T and denote by rflx'T, but as we wish to

postpone the formal definition we denote it for the present by C'G'T, noting that

•12 TeClilfDCe'TeClilf.

If X is any point of the boundary oi a clipped leaf T, and if <i. is one of the rays

with source x contained in B'T, the sets T u a, C'G'T u rtl'a are similar mutually exclusive

sets whose sum omits from the whole plane only the one point x, and the sets T u G'a,

C'G'T u G'rQ'a obtained by adding to each of them the point x are similar, their sum is

the whole plane, and their only common point is x; neither Tw« nor T \j G'a can be

called a half-plane, but T «-» G'a is a typical set of a kind of which we have to make much

use, and we call such a set, that is, the set formed of a completed ray and all the points

on one side of the line containing the ray, a leaf, and the source of the ray we call the

pivot of the leaf. The definition of a leaf that follows explicitly the description just given is

•21 Leaf = f ((ga, A) . A e K'C'h'a . V = t'ie'a u a y AJ Df,

but an adequate definition which formally is simpler could be derived from the theorem

•22 Leaf = f {(ga) . a e Ray . VCT = a . YT = Ic'a - «).

For leaves we use M and N, and in virtue of '22 we may take for the definition of the

pivot of a leaf M
•23 pvt = xM {M e leaf . x = fe' Y'C'M} Df.

Certain elementary properties of leaves have to be noted for use

:

•31 M f Leaf. xeM.D: (gN) . N e Leaf . x pvt N . N C M,

•32 M e Leaf . ,y, s e CM . .« e (/ - r . D .' e CM,

which implies

33 M e Leaf . .j, e y - 5 n M . D : ^ e M . v . s e M,

a, result that proves valuable, and

•34 M 6 Leaf . a; e M . D .- e D'H'M

,

which is used in conjunction with •44 below.

Clipped leaves are to our main purpose of less importance than proper leaves, but they

are simpler in nature, possessing the properties expressed by

•41 ClilfC Domex

and by

•42 T 6 Clilf . j; e T . D :
( g// ) . A t St 1 . h part (t'x, C'T).

But the results

43 T e Clilf . .r e T . D : (gM) . M e Leaf . le M . M C T,
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which can be strengthened into

•44 T 6 Clilf . .e e T . D : (aM ) . M e Leaf .xeH'M.MCT,
and

•4.5 MeLeafDifMeClilf,

which is to some extent a converse of "44, enable us often to secure the advantages of

operating with clipped leaves.

9. Sectors.

If a, c are two rays which have the same source x but do not coincide, 0'(i'.x \j a\J c)

is the sum of two domains each of which has I'x u a u c for its boundary and is called a

sector of a and c ; if A is one of these sectors, G'A is obtained by adding the rays and the

source to A, and therefore the other sector is C'G'A. When c coincides with a, the set

C"{i'x ^ a ^ c) is a single domain, but it is convenient then to regard the null set as

a sector of a and c ; in this case if A is the existent sector C'{i'x wi a), the completed set

G'A is the whole plane, and C'G'^ being null again represents the sector, although C'G'A

is not A but G'A. For definition of sectors we can take

9^11 Sectex = f {(ga;, o, c) . a, ceix.Te «'C"(t'./; u a w c)] Df,

defining existent sectors, followed by

•12 Sect = Sectex u I'A Df;

we reserve for sectors the letters S, T. The properties of sectors first to be noted are

13 Sectex C Domex,

implying

•14 Sect C Dom,

and

•15 S 6 Sectex D C'G^'S e Sect.

It is possible to replace ^12 or •1.5 by

•16 Sect = Sectex «j ("'C'Sectex,

and indeed to deal directly with sectors by starting from

•17 Sect = f {(ga;, a, c, A) : a, c ef x . A e /<:' C"{ I'x uauc):r=A.v.r = C'G'A},

which is effectively a combination of "ll and 16.

It is convenient to have symbolism expressing that S is a sector, existent or null,

of a and c, but a direct construction is impeded by two considerations : unless a and c

have a common source, the definition must not lead to the null set but is to fail altogether

;

nevertheless, the definition must depend primarily on the pair of rays, not on the sector,

to meet the cases of the null sector and of the clipped leaf. To this end we write

•21 sectex = i,7 ((ga;, «, c) : a, c ef ./• . 7= ('« <-i /'c . Se/c'C'd'.c ua u c)j Df,

•22 sect = 27 {(gx, a, c, A) : a, cef ,<• . y = I'a u t'c . A e ic'C'(i'x u a u <;) : 2 =A . v . 1= C'G'A) Df,
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obtaining implicitly definitions of S sectex (I'a u t'c) and Ssect((,'ff w I'c) ;
to avoid the use

of the argument t'a u t'c we substitute (a, c), and we have

9-23 S sectex {a, c) = : (g*-) . a, c eix . S e K'C'{i'.r u o w c),

•24 2 sect (a, c) = : (a-r, A) : a, c of a- . A e k'G\i'x u((wc):2 = A.v.2 = O'G^'A.

Corresponding to "12 is

•25 2 sect (a, c) D : S ^^ectex (a, c) . v . 2 = A,

but to obtain useful propositions we must exhibit the conditions under which the null set enters:

•26 fe'o = fe'c .a^c:'^.^ sect (o, c) h S sectex (a, c),

•27 o = c . D : E ! sectex'(a, c) . (sg*sect)'(o, c) = sectex'(a, c) u t'A.

It is hardly necessary to add the propositions

•28 Sectex = 2 {(a«, c) 2 sectex (a, c)j,

•29 Sect = 2 1(3 «, c) 2 sect («, c)J.

The relation to a sector 2 of rays «, c by means of which it is defined is expressed by

calling these rays bounding rays of the sector, and we write

•31 br = reil(ac).Ssect(a, c)) Df,

•32 rb = Cnv'br Df

If S is a sector of a and c, the common source of a and c is called a vertex of 2, and

we put

•33 vx = X 2 ;(a a, c).a, c ef x . 2 sect (a, c)! Df,

•34 XV = Cnv'vx Df.

If a; is a vertex of 2 and a circle is described with centre .t, the ratio of the length of

the part of the ciicumference within 2 to that of the whole circumference is called the

angle of 2 and denoted by ang'2 ; this angle is a definite one of the two angles between

the bounding rays of 2 which issue from .c. If the angle of an existent sector is not equal

to TT, the vertex is unique and the bounding rays are definite, but if the angle is ecjual to tt,

the sector is a clipped leaf, every point of the boundary is a vertex, and every ray contained

in the boundary is a bounding ray, peculiarities for which allowance has been made; to

justify the use of the symbol ang'2 we have to remark that if the vertex is not unique

the angle is the same at every vertex.

From the definition,

•41 2 sectex (a, c) 3 0'(r'2 sect (a, c),

•42 fe'a = fe'c . D . Nc'(sg'sect)'(a, c) = 2 ;

the sum of the angles of the two different sectors derived from one pair (jf conterminous

rays is •Iir, and this is true if the two rays coincide, the null sector having angle and a

sector of the form C'd'a, where m is a ray, having angle 27r

:

•43 (act, c).2, Tsect(a, c).2=t=T:Dang'2 + ang'T = -27r.
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The complement of a sector S is not a sector, but is a completed sector or a completed ray

according as C'Cr'S exists or is null, and in particular the universal set V is not a sector,

the most comprehensive sector being the complement of a completed ray. It is hardly

necessary to remark that in connection with some problems the valuable sets might be the

complements of what we are calling sectors ; in that case V would be of the standard form

while the null set would not. The propositions

•44 2 6 Sectex D ang'2 w ang'C'G'l = -Itt,

4-5 2 6 Sectex . a; vx 2 . "Dxvx C'G''2,

•46 2 e Sectex . a br 2 . D « br C'G'l

are true even if the angle of 2 is equal to tt, for 2 and C'G'1 acquire simultaneously the

peculiarities consequent upon the possession of that special angle.

Of value to us in relation to any sector 2 is the .sector which we call the reflex of 2,

which may be described as the reflection of 2 in a vertex of 2; even if the angle of 2 is

equal to tt, the reflex of 2 is unique, for then the reflection of 2 in each of its vertices is

the same. We write

51 rflx = r 2 [2 e Sect . T = s'a [(•s^x) . .-; vx 2 . a ef ./; . rfl'a C 2j] Df,

to which an equivalent form is

•52 rflx = r 2 [2 e Sect . T = 2 {(ga;, 3/) . * vx 2 . 3/ e 2 . « e ^ - «j],

and we have

•53 2 6 Sect D rflx'2 6 Sect,

•54 ang'2 > tt s 3 ! 2 n rflx'2,

•55 < ang'2 < tt = g ! C"G'% n rflx'(7'G'2,

56 ang'2 ^ tt = C'G'2 C rflx'2,

57 ang'2 ^ tt h rflx'2 C C"(?'2.

From the last two formulae,

•61 ang'2 = tt . = . rflx'2 = C"G'2,

and other distinctive properties of sectors of angle tt already mentioned are

•62 ang'2 = tt . s 2 e Clilf,

and

•63 2 e Sectex D : ang'2 = -rr . = . Xc'(sg'vx)'2 =f 1,

•64 ang'2 = it . 2 Sect {x —> y, x ^> 2) . D x e y — 2,

which we require in the sequel; a slight but useful modification of •56 is

•65 ang'2 > tt . s . 2 u reflx'2 = C"(sg'vx)'2,

which involves

•66 ang'2 > tt = . Nc'C"(2 u rflx'2) = 1,

•67 ang'2 = tt . = C"(2 u rflx'2) e Stl.
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10. Circtdar domains.

The last particular set which we have to mention is the circular domain, consisting in

normal cases of all points inside a circle. Many of the properties of normal circular domains

are shared by both the null set and the whole plane, and therefore we include these sets in

the general definitions, which are

lO-ll Circdom = T {(ga;, p) . T = y (wy < p)} Df,

•12 circdom'(a; p) = >) {.11/ <. p] Df,

the second, in which p is assumed to be a signless number but not necessarily to be finite,

defining the circular domain with centre x and radius p ; for circular domains we use E, H, Z.

With these definitions

•13 Circdom C Doni,

•14 5 e Circdomex s : (g.-r, p) . p > . H =
f/
(xy < p),

existence being expressed in the usual manner ; the only unlimited domain satisfying the

condition* of '11 is the plane itself, and therefore we can exclude this domain by considering

the class Circdom n Lm.

To indicate the relations between the circular domain circdom'(.r, p) and the point x

and length p, we introduce the definitions

•21 cent = .r S {(ap) . =; = circdom'(a;, p)} Df,

22 rad = pE {(3.'/;) . = = circdom'(«, p)j Df,

implying

•23 X cent E . = : (ap) . S = circdotn'(.r, p),

•24 p cent E . s : (ga-') . S = circdom'(ii-, p).

A circular domain E has a unique radius, whicli can be denoted by rad'E ; the centre is

unique provided that the domain is neither the whole plane nor the null set :

•25 rad el —> Cls,

•26"!" cent
f"
Circdomex n Lm t 1 —» (/Is.

The use to us of circular domains is in connection with limiting points of sets, for .'}"22

is equivalent to each of the theorems

31 X eDT . s . p > Dp g ! 1' n jcircdom*(a,', p) — I'x],

•32 X e G'DT . = : (gS) . a; cent E . E C CT u iKr.

•

* A different order of ideas includes the clipped leaf mi u.se can be made in the study of limiting points.

as a form of unlimited circular domain, since the straight t If It is any relation, 11 f jS denotes the same relation

line is in one sense a form of circle ; in that work however restricted i» application to members of the class ^, tliat is,

the distinction between the inside and the outside of a denotes xy {xRy .i/e^); similarly a "^ 7t, a'^A'f'/ii denote

circle tends to lose importance, and the valuable construct .r 1/ {.r R y , x e a), x y (r R ij .x c a , y t /S). See Principia

is the cell of the complement of the circle, a set of which Mathemntica, • 85.
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11. Theorems relating to chords, leaves, sectors, and circular domains.

Many of the properties of the special sets we have described are useful to us chiefly

in the form of existence theorems. Thus we require

ll'll ii:e y — z .ycentH .zcentZ . 0<rad'H, rail'Z</3.

D :. (gH) : a; cent 5 . < rad'E < p : v e H . w e Z . y 4= w . Dp,,,, 3 ! ('^ - w) n (H - t'x),

12 aey — 2 .^centZ .0< rad'Z < p .

D :. (gE) : a- cent E . < rad'E < p . t«eZ - t'^ D^g ! (y — w) n S,

"13 xey — z .y cent H . z cent Z . g ! H, Z .

D :. (gH) : .ccent E . g ! E : ;( e S D,t(gy, w) . t;eH . ?(;6 Z . we y — »<;

;

the result

•U u vx 2 . A- vx T . S u s'd [a ef x . a br S; C T . g ! S . D Nc'/c'(T - S) = 2

gives significance to

•15 a; vx S . x vx T . ^ vi s'u -a ef a; . a br S } C T . g ! 5! . ^, 3: e T — S . ang'T^ it

.

D : y 6 £"'1-5 2 . V . g ! ^ - 2 n S.

Of a different kind are

•21 X' vx 2 . T < ang'S . D : (gT) . ang'T = t . ./ vx T . T C S . g ! 2 - T,

•22 a; vx 2 . ang'S > tt . 3 : (gM) . M e Leaf . .i- e M . M C 2 w I'x,

•2o aug'S = TT . rt br 2 . D (S u a u I'fe'a) e Leaf,

•24 ang'2>7r..<vx 2.D:(gT).T€Clilf ..«6£'T.TC:i,

25 M e Leaf . a- eM . D : (g T) . T e Clilf . a; e J5'T . T C M,

the last of which we use in the form

•26 M e Leaf . j,- e M . D : (g2) . ang'2 = ir . ;b vx 2 . 2 C M.

By actual construction

•31 T, n e Clilf . B'T n B'D. el . x eT n n . a, c et x . a cod B'T - G'il . c cod B'D. - G'T .

D : (g2) . 2 sect (a, c) . ang'2 > tt . 2 C T u f),

•32 T, n e Clilf . B'T a B'H el .xeT - n .aeix .acod B'T - G'D, . c = * -* i'(B'T r. B'H)

.

D : (g2) . 2 sect (a, c) ang'2 > tt . 2 C T u O
;

31 implies

•33 T, n e Clilf . B'T n fi'n e 1 . ,r e T r. n . D : (g 2) . ang'2 > -tt . .r vx 2 . 2 C T v.; .Q,

•32 implies

•34 T, n € Clilf . B'T n B'n e 1 . .e e T - H . D : (g2) . ang'2 > tt . a- vx 2 . 2 C T u n,

and by an interchange of T and 12 implies also

•35 T, n. e Clilf. B'T n B'ilel .xeQ-T.D: (g2) . ang'2 > tt . a; vx 2 . 2 C T u fi ;

and since

•36 T u o = (T r^ D) u (T - n) u (fl - T)

we have from •33, 34, ^35

•37 T, n 6 Clilf D-.-.B'T prl B'n . v :. * e T u H D : (g2) . aug'2 > tt . a; vx 2 . 2 C T u n.

The last result implies

•38 T e Clilf . ang'2 > tt . a- e T . D : (gT) . ang'T > tt . a; vx T . T C T u 2,
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for among the clipped leaves contained in a sector whose angle is greater than tt, some

have boundaries not parallel to a particular Hue B'T.

Somewhat opposite in character is another result proved by construction. We have

11-41 ang'S >-7r.xvxl.x cent s. .•g.lB .k eStl . B'l r, B'B Ch.xe C'/i . T = K'ix, C'h) :

D-.Te Clilf . a; e T . T C S u = :

if ang'2 < 27r and E is limited, /* is determined by the condition of passing through both

the points common to the circumference B'S and the pair of completed ra}'? B''E, x is

necessarily outside h because ang'S^Ti", and the cell of C'h which contains x is contained

in S «J 3 because ang'2 > tt ; if ang'2 = 2ir, 5'S n B'B. is a single point and h may be any

line through this point except the line through x itself; we make no use of the latitude

allowed, for we require '41 only for the sake of the existence theorem implied, namely

42 ang' S > TT. E! cent's .cent'Hvx 5:. D : (^T) . TeClilf. cent's eT . T C S v^ H.

12. Primary chords of a set.

A point is said to be on a primary chord, or simply on a chord, of a set F if it lies

between two points of T on the line joining them, and we denote the set formed of

points on the chords of F by jST :

12-11 S'r = x {(gi/, 2).y,zeT. x ey-z} Df

If three points of F are coUinear, the middle one is a member of both F and ST, while

if F consists of only two points neither of these belongs to ST: there is no general

relation of inclusion between F and ST. Of more value for technical purposes than *S''F

is the set defined by

-12 LT = x{('^y,z).y,zer.xey\r-t2] Df,

which we call the set derived from F by simple linkage, the principal advantage of this

set being that from the definition

•13 FCZ'F.

The fundamental relation between the sets ST and LT is

•14 Z'F = F w ST,

which may be expressed in terms of operators only, in the form

•15 L = IvjS,

I being the operator of identity ; but the elementary relation

•16 .S"FC/.'F

is often useful. Since F aiul .S"F are not mutually exclusive wc cannot express ST simply

in terms of F and LT, but we have

•17 ST = ic[xeL\V-i'x)\.

From -IH,

-21 ^^\VZ>'^i\L^\\

HO that indeed

•22 a!F = a!//F,
which is eijuivaleiit to

23 F = A . = . Z'F = A
;
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this is a convenient point at which to note

•24 Tel = AT el,

•25 relDZT=r.
As to the existence of ST we have

•26 a ! ST = : (ay, z).y,z€r.y^z,

that is

•27 NcT > 1 s a ! .S'T,

so that

•28 r e u 1 s . ST = A.

From "11 and 5"24

•31 a ! -SfT 3 r C i)'ST

;

if r is null it is contained in every set, and therefore

•32 r e . V . NcT> 1 : D T C D'S'V,

while

•33 r6iDa!r-i)'ST
and so

•34. Telsair-D'ST,
•35 NcT=t=l=rCi)'ST.

From 35 we have

36 NcT =(= 1 D DT C Z)'ST,

and since if T is a unit set D'T is contained in every set we can assert without hypothesis

•37
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From the preliminary propositions ll'll and 11-13 we have immediately

12-6.5 S'DTCD'S'T,

•66 s'(r-D'C'r)CS'r-D'C'S'r,

and -14, -37, -65, and 38 imply

•67 L'DT C D'LT

without hypothesis as to NcT. Wc have sometimes to use

•68 r C A . D . ST C S'A,

•69 rCA.D.iTCi'A,

but we use them as a rule without explicit reference.

For a few purposes it is convenient to write

-71 S'(r,A) = x{{'3_y,z).y€r .ze^..ve!/-z} Df,

•72 L'{^,^) = x{('^y,z).ye^.ze^.xeyl-^z} Df.

with which notation

• -73 S'{r, T) = ST,

-74 L'iT, T) = LT.

We have no need to enunciate results corresponding to all those given for ST and LT,

but we note that while the use of 1111 gives information concerning the sets S'(DT, D'A)

and L'(DT. Z)'A), by using 11 12 we can draw the conclusions

•75 -Sf'(r, D'A) C D'S'(r, A),

•76 L'(r,D'A)CD'L'{r,^),

with the particular cases

•77 S'(r, DT) C D'ST,

78 //(F, DT) C D'LT.

An important relation between the set L'{r, A) and sets of the form LT is most

simply written in the form

•81 //(Fu A) = i:'FuZ'AuL'(F, A);

this is certainly redundant, for F u A is contained both in LT \j L'A and in L\V, A),

but it is the most useful form, and since even if we write

•82 //(FvA) = Z'Fu/>'Au,S:'(F, A)

we are not secure against repetition, '81 if replaced should yield only to

-63 i'( F u A) = F u A u ST w S'A u S\r, A ).

The set .S"(r>-iA) cannot be expressed by any formula similar to -81, but

•84 ,s"(ru A)-(ru A)=<s'rwS'AuS'(r, a)-(Fw A).

From -81, -41, 67, and 78 we have

85 Ve\ .v.I/dTCD'LT,

and -16, -85, -38, and -28 imply

•86 S'GTCD'ST,

although this cannot be deduced from 84 without tht- liolp of S!) and .'57.
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13. Secondary chords of a set.

If u, V, w are three points of a set F no one of which lies ou the primary chord

joining the other two, the chord joining any one of the three to any point ou the primary

chord joining the other two is called a secondary chord of F, and we denote the set composed

of points on secondarj^ chords of F by TT. This description is de.signed to bring TT into

relation with »S'r, but in fact a point is on a secondary chord of F if it lies in a triangular

domain whose vertices belong to F. By means of the operator L we can give a sym-

metrical appearance to the definition of the triangular domain xyz, for

13-11 tridom'ix, y, z) = L"(l'x w I'y u I'z) - L'{i'x^ I'y^i'z),

and TT is defined formally by

12 T'r = x{('^u,v,U').u,v,wer.X€tT\dom'(u,v,iu)} Df

Since

•21 a;, y, 2 6 F D tridom%^, y, z) C T' F,

we have the important theorem

•22 T'F 6 Dom,

implying

•23 a!2"FDrTeDomex.

It can easily be shewn that

•31 6'^«F = .s"Fu2'T,

but S'T and T'V are not in general mutually exclusive, and indeed

•32 Nc'F>3.a!rT.Da!S'Fn T'F,

while on the other hand neither the set S'F— 7"F nor the set 2"F— .S'T plays any part

in the developments we make. Corresponding to 12'68 and 12'69 we have

33 F C A D 2"F C T'A.

The set i-'F, the set derived from F by double linkage, is one of the most interesting

of the sets connected with F, and the value of T'V is owing partly to the fact that a

graphic analysis of i-'F, though not an analysis into mutually exclusive 'sets, is given by

•41 i=T=FuS'FurT.
Proposition ^41 written in the form

•51 L-'T=DVyjT'V

has a curious result when taken in conjunction with the hypothesis that F is connected or

is the sum of two connected parts, which can be used in the form given by

•52 F = u * . ©, * e Cd .

= : M, V, w e F D u.v,w{'3.y, z,/^) .y,2 e I'u u I'v u i'w . y =^ z . ^eCd . y,2 e il . i\Cr :

of any three points of F, two lie in a connected set contained in F. We have

•53 .re tridom'(«, y,2)D . K'{ y,C'ii'x^ x*-z O x*- 1)} =t=
K'[z, C'(i'x yj x^z \j x<-t)\
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which implies immediately

13-54 X e tridom'(<, ^, 2) . A e Cd . y, 2 e A D g ! A n (I'.r w .r <- z u a; 4- <);

also

•541 g ! A A I'a; = a; e A,

•542 2 e A . 3 ! A r\ .1- <— 5 . D .' e S'l,

and in the notation of 12-7

•543 3! An,/ •«-« = a;eS'(A. t'i)

and therefore

•544 A u f 7 C r . a ! A n .r <- < . D .r e ,S'r

;

from -54, -541, -542, 544

•55 X e tridom'(«, ?/, 2) . A e Cd . y, 2 e A . A u «'< C T . D ^- e T u ST,

and -55 with 12 and -52 gives

•56 r = u * . ©, 4> e Cd . X 6 rr . D a; e iT,

that is

.57 r = B u (t . 0, <& e Cd . D TT C iT.

From 57 and ol comes

•58 r = v^ 4> . @, * 6 Cd . D L"-'T = XT,

a result which we shall appreciate more fully when we are better acquainted with the

set L-T , -58 of course implies

•59 r = © u * . R, (J) e Cd . D : « ^ 1 D . i"T = LT.

14. Cr-oss points of a set.

We call a point x a cross point of F if there are two chords of F having x for their

only common point, and we denote the set of cross points of F by XT:

14-11 A'T = X {{'St, It, V, w) . t, u, V, iveF . I'x = {t- u) r. {v - w)} Df.

As with S'T and TT, so with XT,

•21 FC AD A'TC A''A;

and we need hardly remark that

•22 - ZTCST.

The fact that renders necessary the introduction of A'T is that if F is contained wholly

in two intersecting lines the point of intersection does not belong to T'T although it may

belong to XT; if however this point x belongs to A'T and y is any point not on the

lines containing F, theft x belongs not only to A''(Fu('^) but also to T'iTyji'i/), and we

have therefore

23 3! A'FD : A'TC V'T . v . (g/i, ^•). /^^•eStl . FC/( u^,

24 A'«F-rT£()ul.

Of the sets connected with A'F and T'V it is actually TT w A'F, which is of course

identical with 7''I" w ( AT- 7"F), that plays the most prominent part in our work.
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If a: is a cross point of T, and t — u, v — w are chords of T which have x for their

only common point, then if p is less than the length of each of the perpendiculars from x

on the chords t — v, t — w, u — v, m — tu, every point y distinct from x whose distance from

X is less than p belongs to one of the four triangular domains whose vertices are three of

the points t, ii, v, w ; hence

•31 X eXT D : (ap ) . < .ri/ < p D„ yeTT,
that is

•32 X eXT D :. (gp) : p >0 .a-y < pD,,ye T'T w XT,

and so from 13"22

•33 '3^1 TTDTTu XT e Domex,

or since the null set is a domain

•34 TT yj XT e Dom.

15. Convex sets.

A set of points F is said to be convex when if two points y, z belong to F every

point ol y — z necessarily belongs to F; we write FeCvx to denote that F is convex, the

formal definition being

1.511 Cvx = F \ST C F; Df

Convex sets of points have many important properties, some of which we shall develop as

we proceed. From 12^14 we have

•12 FeCvx = .Z'F = r,

a relation often more useful than the fundamental one on which the definition is founded.

Since '11 with 12^68 implies

•13 F e Cvx D fif^'F C F,

we have from 13^31

•14 F e Cvx D 7"F C F,

and so also, using 13'22,

•15 FeCvxD. T'Fo A'TCF.

From 12-64 and 12

•16 Cvx C Ud,

a result which has its use in connection with the nature of the boundary of a convex set.

Possibilities in the relations to a set F of the sets <S'F, LT can be illustrated by

means of lines, ra3's, and leaves. If F is a line or a ray, ST and LT both coincide with

F, and F is convex, although if F is a ray it is not a complete set. If F is a leaf, ST
consists of all the points of F except the pivot, and LT coincides with F; a leaf F is convex,

although there is a whole ray F'C'F which consists of limiting points of F not belonging

to F. We have already in 8-32 asserted implicitly that the complement of a leaf is

a convex set.
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16. Excluding sectors and the excluding angle of a point.

We say that a sector S excludes a set F if no points of F lie within the sector,

writing

16-11 exsect = 2 f {2 e Sect . 2 n F = A
j

Df

;

we have to remember that the boundary of a sector is not contained in the sector, so

that 2 exsect F is not inconsistent with (g.r) . .c vx 2 . a; e F or with g ! F r> £'2, and also

that the null sector has every vertex and excludes every set. From the last convention

it follows that the class of numbers

ang"2 {a; vx 2 . 2 exsect Fj

contains the number 0, and from 1121 it follows that this class is a stretch; because the

bounding rays of a sector are contained in the complement of the sector, this stretch

cannot have an upper limit which does not belong to it, that is to say, the stretch has

a maximum, and we call this maximum the excluding angle of the point x and the set F,

writing

•12 ea'(j, F) = max'ang"{(sg'xv)'.r n (sg'exsect)'F} Df

A sector of which x is a vertex, which excludes F, and has ea'(.r, F) for its angle, we

call a limiting excluding sector of ,r and F, and we write

•13 2 les (a;, F) = : ang'2 = ea'(a;, F) . a; vx 2 . F n 2 = A Df;

the class (sg'les)'(a;, F) certainly exists, although if ea'(a-, F) is zero the members of the

class are null sectors :

•14 a ! (sg'les)'(a-, F).

From the nature of a maximum and from '13,

•21 a ! F - I'x . 2 les(a;, F) . a efx . a br 2 . D : T e Sect . a C T . >r a ! F n (T - 2)

so that also

22 a • r - I'a: . 2 les {x, F) . a ef a; . a br 2 .

D :. a ! F n a . V : 0<p<27r D, (aT) . aug'T = p . a br T . a ! F n (T - 2) ;

•23 a ! 1' - f '» • 2 les {x, F) . a- vx T . 2 u s'(sg'br)'2 C T . a '• 2 . K e k\T - 2) . D a ! F « K

has value because its hypothesis includes that of 11^14, implying that T — 2 has

two cells

;

•24 a ! F - I'a- . 2, T les (a;, F) . 2 + T . D . 2 n T = A,

•25 ang'2 = ea'(ar, F) . 2 xv .-•
, D : a ! F n 2 . v . 2 les (a;, F).

The case in which F has only the one point x is peculiar; in this case every sector

of which a; is a vertex excludes F, and 27r, the greatest angle a sector can have, is the

excluding angle

:

•31 ea'(,r, I'x) = 2iT.

But V — I'x is not a sector, and the limiting excluding sectors are the complements

of completed rays issuing from x. If y is any point other than x, the excluding angle
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of y for I'x is iir but there is only one limiting excluding sector, the complement of

I'y \j y —* x:

•32 e&'{y, I'x) = 27r,

•33 y^x.'Z\es{y, I'x) .Dl ^ C'[i'y ^j y-^x}.

It is convenient to note

•34 ea'ix, r)< 27r D g ! T - I'x.

The case in which the excluding angle of x and T is zero also is peculiar; the ex-

cluding sectors are the null sectors of which the various rays issuing from x are the

bounding rays, and every existent sector with vertex x contains points of F

:

•35 ea.'{x, T) = . = : a; vx S . g ! 2 . Ds 3 ! T n S.

There may or may not be rays from x which do not contain points of V, the existence

of such rays being from our point of view irrelevant.

We have of course

••il r C A . S exsect A . D 2 exsect T,

which implies

•42 r C A 3 ea'(2;, T)> ea'(a;, A).

A particular case of •41 is

•43 2 exsect GT D 2 exsect T

;

on the other hand, because 2 is a domain, D'C'I is contained in C"2, and therefore G'C'%

is identical with C"2 ; hence

•44 r C C'2 D GT C C"2

that is to say

•45 2 exsect T D 2 exsect G' F,

which taken with -43 gives

•46 2 exsect F s 2 exsect GT,

and implies for all positions of x

•47 ea'(a:, GT) = ea.'(x, F).

17. The classification by means of excluding angles.

Just as sectors fall into three classes, composed respectively of those whose angles are

greater than tt, those whose angles are equal to tt, and those whose angles are less than tt,

and the properties of a member of one of these classes for the most part differ widely from

those of a member of another, so each point of a plane falls with respect to any set F

into one of three classes according to the value of the excluding angle of F for it.

We write

17^11 UT = X {ea'(x, F) > tt) Df,

•12 VT = S {ea.'{x, T) = tt} Df,

•13 F'F = X {ea'(a-, F) < ttJ Df

;

of the three sets so defined it is the last which has the simplest and most important pro-

perties, but the three sets are studied together.
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From 16-47 follow

17-21 rCA.ACG'r.Df/^'A= i/'r,

•22 r C A . A C GT . D F'A = FT,

-23 rCA.ACGT.DTf'A = FT,
propositions which would justify us in studying the sets UT, FT, WT first on the hypo-

thesis that r is complete, a course which we do not actually take.

Since

-31 X e y — z'D ea,'{x, I'l/ u i'z) = tt,

•32 X e tridom*(it, v, w) D ea'(.x, I'u <j I'v w I'lv) < tt,

we have from 16-42

•33 a; e 6'T D ea'(a;, rX TT,

•34 a; e yT D ea'(a;, V) < tt,

that is,

•35 S'T C FT w TFT,

•36 TT C TfT
;

also

•37 X eXT D ea'ix, T)< TT,

that is,

•38 ZT C WT,
and therefore

•39 TTuXTCTrT.
From 16^24 we have

•41 a ! r - I'x . ea'ix, T) > . D Nc'(sg'les)'(«, T)< 27r -^ ea'(.e, T)

which has the corollaries

-42 a ! r - I'.v . ea.'{x, T) > tt . D Nc'(sg'les)'(a;, T) = 1,

•43 ea'(a;, T) = tt D : Nc'(sg'les)'(a-, T) = 1 . v . Nc'(sg'les)'(:f, T) = 2.

A special case of the first of the corollaries just enunciated gives

•51 ea'(a;, T) = 27r D : (a«) . a ef a; . T C I'x u a,

against which we put the converse

•52 aetx.rCi'xwa.O ea'(a;, T) = 27r,

of which 16^31, 16-32 are particular cases ; -42 itself may be written in the form

•53 xellTO: Nc'(sg'les)'(.r, T) = 1 . v . T = I'x.

Corollary ^43 can be simplified, for

•54 ang'S = tt . ang'T = tt . ,« vx S . a- vx T . D : g ! 2 a T . v . T = rflx'2,

and therefore

•55 X e FT . Nc'(sg'les)'(a,^, T) = 2 . D : (g /i) . /; e Stl . T C /(

,

and so from 52, 964

•56 a; € FT . Nc'(sg'les)'(,(;, T) = 2 . D .t e 5T

;

thus

•57 X e VT . D :. Nc'(sg'les)'(a;, T) = 1 .

v. we ST .(a/() . /^ e Stl . r C /; . (sgMes)'(,7;, T) = k'G'Ii.
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It is worth while to notice that, if ea,'(x, V) is equal to tt, there is only one line which can

be the boundary of a limiting excluding sector whether the number of such sectors is one

or two

:

•58 a; 6 FT D . Nc'£"(sg'les)'(a;, T) = 1.

One consequence of 16"25 is

61 S les (x, r) D : a ! r r. rflx'S . v . rflx'S les (x, T)

;

writing this in the form

62 2 les (a;, r) D : a ! r A rflx'2 . v . T C C"(S u rflx'S)

we can apply 9'66 if ang'S is greater than w and "oG if ang'S is equal to tt, and we have

63 x€ UT . S les (a;, r) . D : a ! r n rflxT . v . T = I'a;,

•64 a: 6 FT . S les (a:, r) . D : -a ! r n rflxT . v : .- eST .TC B'S
;

the most interesting application of Gl occurs when ea*(a;, F) is less than tt, but before pro-

ceeding to this application we complete the deductions which have to be made at the

present stage from the hypothesis that ea*(a;, F) is greater than or equal to tt.

With regard to the set UT, we have only to point out that 11 '42 implies

71 a;ef/'TD :.,7;6FuDT. v:(aT).TeClilf.a.6T. FnT=A.

18. Points for which the excluding angle is equal to tt.

If S is a sector of angle tt and x is a vertex of 2, and if w is any point not in 2
or on its boundar}', then in order that the ra\- issuing from ./ in the direction of the ray

through w from a point m distinct from x and not contained in 2 should neither contain w
nor lie in 2 or 5'2, the point u must lie either on the boundary £'2 or in the strip

bounded by £'2 and the line through w parallel to 5'2 and must not lie in xi—tv; the

region to which u is thus restricted we denote temporarily by Px'io, the nature of 2 and

the conditions as to the positions of x and w being implied

:

18^11 P^'iu = u {ang'2 = tt . a; vx 2 . w e C"(?'2 .U€C'l:x->y cod w -*«; Dj, j/eC'G'2-t'M;)

Dft [18],

•12 Px'w = s'h [h prl B'2 . g ! A n a; i— w} — x i— «<;.

If u belongs to P^w, there are four sectors which have for one bounding ray the ray from

X in the direction of m—»w and for the other bounding ray a bounding ray of 2, and of these

four there is one and only one which contains 2 and does not include u ; this sector we

denote for a time by Pl^'u

:

•13 Rx'u = I'f [u 6 Px'w . (a a, c) . a, c ef a; . a cod it -> w . c br 2 . a, c br T . 2 C T . M e C"T)

Dft [18].

The properties of sectors of the form R^'u relevant to our purpose are only two, namely

14 a ' -Ra:'w3 (aa)'« efa;. abr2 . a C R^'u,

•15 V e Rx'u — 2 D a • " " ^ " * '~ ^'^•

31—2
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The first of these, with 16"21, gives

18-21 a; e FT . S les (x, D.ue P/w . D a ! T n i?/« - S,

and so from the second we have

22 xeVT.I. les (a;, T) . a ! T n P/w . D g ! .SfT n .r i- w.

We have no reason to suppose that for every position of w in G'G''S. points of T are

to be found in Px'w, and the alternatives we consider are

hjT) 18o (air):2eC"(?'2.w;ea;-^D„g!rr.P^'w,

hyp 186 {'^y,z,v,^u)•.y,zeC'G'l..x-^y^x—*z.V€X — y.wex — z.

G'P^'v = G'P^'w . r A P^'v = A . r n P^'tv = A

;

the form adopted for the second of these is designed to shew that one of the hypotheses is

necessarily fulfilled, but this second assumption is equivalent simply to

hyp 18 b (aw, w):v,weC'G''Z.x-yv=!FX-^iv. G'P/v = G'P^'w . T a {P/v u P^'w) = A
;

in both forms, the condition G'Px'v = G'P/w is a method that happens to be simple

notationally of expressing that the line through i' and w is parallel to jB'S, a condition

required in "32 to ensure that x — v is contained in P/iu and x—iu in P^'v. From "22

and 12'42 we have

•31 a; 6FT . S les {x, T) . hyp 18 « . D a; e D'ST
;

on the other hand

•32 a; e FT . S les {x, r).v,we C'G'l . x^ v =f a- -> w . G'P/v = G'P^'iu .

D . S u t'a- v^ Px'v w Px'w e Clilf,

•33 r A V = A . r n (P^'v w P^'w) = A . D : a- e r . V . r A (S u t'a- u P^'o u P^'w) = A,

and therefore

•34 a:e FT . 2 les (x, T) . hyp 18 6 . D : a- e T . v . (aT) . T e Clilf . ., e T . T a T = A
;

31 and •34 imply

•35 a; e FT D : a- e B'ST . v . (gT) . T 6 Clilf . * e T . T a T = A,

since F is contained in D'ST if F has more than one point and FT is null in the case

excepted.

19. Points for which the excluding angle is less than tt.

Turning to the .set WT, we have first to conduct an investigation in some respects

analogous to that leading to 18^35, but with a result ultimately of more value.

An immediate deduction from 1622 is

11)11 < ea'(a;, F)< tt . S les(ar, F) . rflx'S les {x, F) . D : a- e A'T . v . a ! F a C"G'(2 « rflx'S),

and since we do not need to examine in the pre-sent connection the case of a cross point,

the two sets of hypotheses which we consider in detail are

hyp 19 a ang'2 < tt . :i les («, F) . a ! T a rHx':i,

hyp 19 b ang'i: < tt . 1 les {x, F) . rHx'2 les (a-, F) . 2 sect (a, c) .

a ! F A C'G'(2 u rflx'S yj a u c),
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which we distinguish as hyp 19 a and hyp 19 6, writing (gS) h\'p 19 a if there is a limiting

excluding sector such that the first hypothesis is satisfied, (gS) hyp 19 6 if there is one

satisfying the second. From 1762 and "11

•12 ea'(a;, r)< tt h : (gS) hyp 19 a . v . (gS) hyp 19 6 . v . a- e XT,

and though the possibilities are not mutually exclusive we can extract the information we

require by treating them separately. We notice that

•13 a ! rflx'2 D < ang'S,

so that in hyp 19 a we have actually < ang'S < tt, and that in both cases, from 16'34,

g ! r - I'x.

The form of the last constituent of hyp 19 b is designed to admit the possibility of

null sectors; if S is not null, the whole effect of adding to S and rflx'S their bounding

rays and their vertices is to complete 2 o rflx'S, but if S is a null sector no bounding ray

consists of limiting points of 2, and indeed fr'(2 <j rflx'2) as well as 2 itself is null.

If 2 is a sector with angle between and tt and vertex .«, then in order that the

reflex of a ray x—^y may be neither a part of 2 or rflx'2 nor a bounding ray of 2, the

point y must lie outside both 2 and rflx'2 and must not belong to the boundary of r9x'2
;

y must belong to C(2 <-» G'rflx'2). The constructions we have to make in relation to a

point y which when ang'2 is between and tt require y to belong to C'(2 u (T'rflx'2), we

can make if 2 is a null sector provided then that y does not lie in the line containing the

bounding ray of 2. The regions concerned in the two cases are covered by the one

definition

•21 P/2=y{a, cefa;.2sect(a, c).ir«-yCC"(2v7rflx'2uauc)} Dft [19] ;

if ang'2 is not less than tt, then C"(2 u rflx'2 yj a^ c) consists of the one point x and can-

not contain any rays : hence y e P^'2 is false unless ang'2 is less than tt, and it is super-

fluous to introduce the condition ang'2 < tt explicitly into the definition. If y belongs to

Pa;'2, then the ray x<r-y is not a bounding ray of 2, and of the sectors which have x^—y
for one bounding ray and a bounding ray of 2 for the other bounding ray, there is one

and onl}' one which contains 2 and does not contain y\ this .sector we denote temporarily

by Rx'iy, S), implying by the use of Rx'iy, -) that y lies in Pj;'2

:

•22 Rx'iy, 2) = I'f {(ga, c) . a,cefx .1 sect (a, c) . y e P^'2 . T sect (a, x4r-y).

2 C T . 2/ e C"T; Dft [19].

The use here of sectors of the form Rx'(y, 2) depends on the propositions

23 ea'(a;, r)< tt . 2 les (a;, T; . D g ! T n P^'2,

•24 ea.'(x, r)< tt . 2 les (x, T) . D : (^) . g ! T n {Rx'(y. 2) - 2},

consequences of 1621 and 16'35 ; these imply

•2.5 hyp 19 a D : (gu, v, w) . u,v,w eF . u e rflx'2 . w e Rx'{v, 2) - 2,

•26 hyp 19 6 D : (g u, v, w) . u, v, weV .ve Rx'(u, 2) - 2 . w e P/(u, rflx'2) - rflx'2,

and shew the kinds of properties of the sectors of the form Rx\y, 2) that concern us.
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From the definition

19-31 RAy, S) - S C P/S

for all positions of y in Px'-, and therefore

•32 2ei?^'(2/, I)-2Da!i?/(2, :S);

moreover

•33 z 6 R,'{y, S ) - S D ^ 6 R,\z, S) - S,

so that

•34 zeR,\y,%)-%^yeR,\z,t)-^

and the relation z e Rx'iy, -) - -. which "25 and -26 shew to be connected with the use of

excluding angles, is symmetrical between y and z.

We are now in immediate touch with the proposition we wish to establish, for

•41 (* e rflx'S . w e Rx{v, 2) - S . D a; e tridom'(M, v, w),

in which ang'S cannot be 0, and

•42 V e R^'iu, S) - S . IV e R^'iii, rflx'2 ) - rtlx'S . D x e tridom'(«, v, w),

and from these with •I 2, -25 and •26, we have

•43 ea'(*', T)<7rDxe T'T u XT,

that is

•44 TFT CTTyj XT,

which taken with 17-39 gives

•45 TT^XT=WT,
and implies, from 14-33,

46 ll'T 6 Doni.

The last property of ll'T which we wish to mention is deducible immediately from

16-23, 11-14 and 11-15:

•51 «6 FT . S Ies(a;, r) . a ! S . D a ! ^'T n 1
;

this result emphasises the possible discontinuity of the excluding angle regarded as a function

of the position of x, for it gives immediately

•52 r € Cvx . X e WT . S les (./•, T) . D 5) = A,

that is

•53 r e Cvx D : ea'(a', r)< -tt . = . ea'(a;, T) = 0.

20. Excluding leaves and the points outside the field of a set.

We say that a leaf M excludes a set F if no points of T belong to the leaf, and we

write

20-11 exlf=Mr{M6Leaf. rnM=A) Df.

from which we have at once

•12 rCA.MexlfA.DMexlfr,

•13 Me Leaf . M C N . N exlf T . D M exlf T

;
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the leaves excluding a set form a class (sg*exlf)*r which may be null but otherwise contains

an infinity of numbers; from '12

•14 r C A D (sg'exlf)'A C (sg'exlf )'r.

We say that a point is outside the field of a set if there is a leaf which contains the

point and excludes the set ; the points outside the field of a set F compose a set which

we denote by ET :

•21 £'T=.r[(aM).Mexlfr.a;eM} Df
which is equivalent to

•22 ^T = s'(sg'exlfyr.

From ^21, 8^31 and •IS comes

23 a;e£:'rD:(aN).Nexlfr.a;pvtN;

on the other hand

•24 a; pvt N D a; e N,

and therefore

25 Nexlfr.a;pvtN.D«6^'r,
so that

•26 £'T = «!(aM).Mexlfr.a;pvtr},

or more compactly

•27 £"r = pvt"(sg'exlf)T,

an elegant but not as far as we have found a useful result.

21. The field and the cordon of a set.

It is the set complementary to ET which is of value in analysis : indeed, it is the

known importance of this set, which we call the field of F, that justifies our whole study

;

we write

2111 F'T = C'E'T Df,

but sometimes we make use of the equivalent

•12 E'T=-C'F'r.

A direct definition of F'V is of course

•13 .F'r = ^{M6Leaf.«eM.DMa!rnM|,

but it is usually easier to deal with E'T defined by 20^21 than with FT defined by •IS.

The boundary of the field of F we call the cordon of F and denote by QT ; thus

•14 QT = B'FT Df,

•15 QT = B'ET,

•16 QT = FT n D'ET ^J ET a D'FT,

the last embodying the definition of the boundary. Every set possesses both a field and a

cordon, but it is not every set that can serve in either of these capacities, for the fact of

being a field or a cordon itself implies properties ; it is convenient to write

•17 Fid = F {(aA) . F = F'^] Dft [21-26],

•18 Cdn = f {(aA).F = Q'A; Df,
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but the first of these is a temporary definition, for we shall presently identify the class of

fields with the class of convex sets.

From 20-21 and 2011 we have

21-21 ^TCC'T
which from "11 is equivalent to

•22 rC^T;

hence if F itself is not null neither is FT:

•23 3!r=a!i"r.

The existence of ET cannot be asserted ; for example, if F consists of a pair of inter-

secting straight lines every leaf in the plane contains points of F ; but we can write con-

ditions for the existence of ^'F in the forms

24 a ! £'F = : (gT) . T e Clilf . F C T,

25 a ! j&'F H : (a/(, K) . ;* e Stl . K e K'C'h . r C K,

the second of which merely embodies the definition of a clipped leaf, but permits of a

simple translation into words : the field of a set F does not occupy the whole plane if there

is a straight line which has all the points of F on one side of it; what is in fact an equi-

valent statement is that the field of F does not occupy the whole plane if there is a straight

line which has no points of F on one side of it, which is a translation of

26 a!^'r=:(aT).T6Clilf.FnT = A,

the distinction between this condition and the former being that here we allow points of

the set to lie in the bounding line. As with any other boundary

•27 ^lQ'V=:3^lF'T.^lE'r.

that is, in virtue of '23,

•28 aJQTsraJr.aJ^T.

22. Elementary 'properties of the field and the cordon.

For the construction of proofs it is useful to note that from 20^14 and 2111 the sets

ET, FT have the properties

2211 F C A D A"A C j5;'F,

12 T Q \::> FT z F' ^.

From 21^22 and 11

21 E'FT C ET
;

on the other hand, from •20-21 and 21'12

•22 MexlfF.a.eM .D^a,-6C"/"F,

that is

•23 MexlfrD.^^'FnM = A,

su that

•24 MexltFDM oxlf/^'F,
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which is equivalent to

•25 (sg'exlOT C {sg'exUyFT,

and implies, from 20'22,

•26 ET C E'FT
;

from '21, 26

•27 E'F'T=E'r,

which gives immediately the important result

•28 F'''T = F'r,

shewing that the operator F possesses the property expressed by

•29 n > 1 D F'' = F.

From the preliminary result 8^33 combined with the definition 20^21 we have

•31 xey-zr,E'Y:i .yeE'TwzeE'V,

and therefore

32 xey-z.y,zeF'T.-^xeF'T,

that is

•33 S'F'V C F'T,

or in other terms

•34 F'V e Cvx,

that is

•35 Fid C Cvx

;

for immediate use we have to note that 21^22, 12'68 and '3-i imply

•36 XT C FT,

and we can sum up propositions '34 and •SB in words by saying chat whatever the nature

of r, the field of F is a convex set containing all the points and all the primary

chords of F.

The two propositions "34 and 15^16 imply

•41 FTelyjBs,

that is

42 Fel.v.i^'TeDs:

unless F has only one member, FT has no isolated points. Again

•48 M exlf F . .( e M . D X e Z>'M,

and therefore

•44 xeETDxeD'ET,
that is

•45 ET e Ds :

^'F has no isolated points. The results "42, ^45 fall far short of expressing what we really

Vol. XXII. No. XII. 32
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know of the nature of FT and ET, but they are sufficient grounds for asserting the pro-

positions

22-51 r6l.v.G'i^T = D'i^'r,

•52 G'E'r = D'E'r,

53 Tel.v.QT =B'F'rf^D'E'T,

•54 Tel.v.QTeDs,

55 rel.v.QTePt

56 Tel.v.D'F'^=F'^^JQ'^,

57 D'ET = ET o QT,

of which the last two may be put into the forms

58 rel.y/.D'FT = C'(ET-QT),

•59 D'ET=-C'(FT-QT).

23. The domains inside and outside a cordon.

With reference to a set F the points of the plane may be divided into four mutually

exclusive sets, namely, FT-QT, the region of the plane inside the cordon, FT r\ QT,

the part of the cordon which belongs to the field. ET n QT, the part of the cordon which

does not belong to the field, and ET-QT, the region of the plane outside the cordon;

there is a close relation between this division of the plane and the division by means of

excluding angles into the sets UT, VT, WT. The two sets FT-QT and ET-QT
are necessarily domains, and in connection with each of them we use the principle ex-

pressed by

2311 AeDom.ACr.DACr-«'r,

which gives

•12 AeDom.^C FT. D\C FT-QT,

•l:} A e Dom . A C /i ' F . D A C A' F - QT.

From 11-22 follows

•21 UTCV^ET.
Since

22 A- e FT . S les (a;, F)

.

D :. (ay, 2) . y, 2 e F . S sect (a- —» y, a; —» 2) : v : (gn) . a ef .r . a hv ^ .V r\ a = A,

we have from 9-64

•23 xeVT
D r.ice Fu NT : v : (ga, S) . aef j; . a brS . ang'S = -tt. F r> (S u <; w I'.i) = A,

so that from 1123

24 V'l'C f.T^ ET;
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moreover, 21-22 and 22-36 shew that in -21 and 24 the partition is into mutually exclusive

sets. Again, from 11-26

25 xeJE:'rDea.'(x, r)>7r,

that is

-26 E'VCUT yjV'T,

and this is equivalent to

-27 W'T C F'T.

We can now make our applications of -12 and 13. From 8-43 we have

-311 T 6 Clilf . .« f T . r r, T = A . D ./; 6 E'T,

and so from 8-41 and -13

•312 TeClilf.rAT=A.DTC£"r-QT,
which implies

-313 TeClilf.a;6 5'T.rnT = A. DceD'ET,

whence, using 11-24 on the one side and 22'57 on the other,

32 ea«(x, r)^7rDa,-6£''ruQT,

that is

-33 UT u FT C ET v. QT,

which is equivalent to

-34 FT - QT C WT.

On the other hand, from -12 with -27 and 19-46,

-35 WTCFT-QT,
and this taken with -34 gives the important result

-36 FT~QT=WT,
of which an equivalent form is

-.37 ET ^ QT = UT yj VT.

We have to notice that -36 implies

-41 FT \j QT = IfT u QT,

and that 22-36 and 22-56 give

-42 r yj D'ST C FT u QT,

that is

•43 r^D'STCWTyjQT.

From 1771, 18-35, and 12-37, we have

•51 X 6 UT u FT . D :. ,e e T u D'ST . v : (gT) . T e Clilf . a; e T . F n T = A
;

since WT is the complement of UT \jVT, -51 and -43 give

-52 X e UT u FT-QTD: (gT) . T e Clilf . * e T . F n T = A,

which from -37 is equivalent to

-53 ET - QT C s'f {T e Clilf. F a T = Aj

;

32—2
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on the other hand, -312 is equivalent to

23-54 6'f {TeClilf.rnT = A!C£"r-Q'r,

and this combines with the preceding result to give

•55 £''r-QT=s'f[TeClilf.rnT=Al.

From 842 we have

•56 T e Clilf . a- e T . r n T - A . D : (gA) . /( e Stl . h part {I'x, T)
;

since also

57 h e Stl . h part (I'.r. T).D: K'{x, C'h) e Clilf .TnK (x, C'h) = A
we have

•58 (gT) . T 6 Clilf. ,/ e T . T n T = A : s : (g/*) . /, e Stl . h part {I'x, T),

and "55 is equivalent to

•59 ET - QT = X J(a//) . ;* e Stl . A part (I'x, T)).

It was in anticipation of 53 that the preliminary propositions 1I'37, 11-38 were proved,

for we have from these three results

•61 ^lU'r=.E'T-QT = U'r-G'T,

•62 CT = A . a ! ^T . = : T, n 6 Clilf. T r> T = A . T n o = A . D 5'T prl B'O.

It is easy to prove that the conclusion of "62 implies that the cordon QT is either

one straight line or two straight lines : in the first case either F is contained in this line

but not in a ray contained in the line, FT coincides with QT, and ET-QT is the

complement of QT, or i^T-QT and ^T-QT are the parts of the plane lying one on

each side of the line ; in the second case FT - QT is the strip between the lines and

ET — QT is the part of the plane complementary to the sum of the lines and this strip.

It is convenient to speak of all these cases and of the case in which ^T does not exist

as abnormal, writing

-63 Abnlcdn = f[(aA).r=Q'A.r = Av/<TCStr, Df,

•64 Nlcdn = Cdu - Abnlcdn Df,

definitions not justified until it is shewn that the cordon cannot consist of a number of

intersecting lines ; then we can write

-65 QT e Nlcdn = :'^lET. ET- QT = UT - GT.

24. Analysis of the cordon of a set.

There remains the consideration of the points of the cordon itself. One .simple ex-

pression for the cordon comes directly; from 23-37, 23^ol, and 23o5

2411 QTCiUTyj VT)n {T u D'ST),

and 2343 gives the converse inclusion ; hence

12 7M' = ((7Tu VT)n(V^JrST),

;iiid wo may appeal to 12'51 to substitute for this

V.i r e 1 . V . QT = (UT^ V D n P'ST.
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More detailed results, which follow from 17'7l, 18'35, 23"oo, and 22'36, are

•14 QTn UT n FT = UT n T,

•15 Q'rr^U'rnET = U'rr.(D'T-r),

•16 QT r. FT n FT = VT n ZT,

•17 QT n FT A ET=VT n {D'ST - LT)
;

it must not be forgotten that points of all the classes V, DT-T, LT, D'ST-LT may

lie inside the cordon although none of these classes have points outside.

From 23^36, 17^23

•21 r C A . A C GT . D F'A - Q'A = FT - QT,

and from 23-59, SGo

•22 r C A . A C GT . D ^''A - Q'A = ET - QT,

whence

23 A CUT D Q'iV ^j A) = QT :

the cordon of a set is unchanged if the set is enlarged by the addition of any part of its

boundary. The cordon of the completed set GT belongs wholly to the field of GT, and

in terms of this field QT is given by

24 QT = {UT^JrT)r^F'GT,

while corresponding to "14, lU we have

25 QTnUT = UTryGT,
•26 QTnrT=VT r^L'GT.

25. The nature of a cordon and of a convex arc.

Enough has been done to prove that the definitions adopted enable us formally to

establish the properties which a cordon obviously possesses. A normal cordon is a complete

curve, that is, a united set identical with its own derivative and contained in the derivative

of its complement, it has at each point a pair of tangential rays, bounding rays of the

limiting excluding sector of the set for that point, which may or may not determine a tangent

at the point, and it is a Jordan curve and has a definite finite length between any two of

its points. No line that has points of the cordon on both sides cuts the cordon in more

than two points ; if a line contains a tangential ray of the cordon, the points of the cordon

on the line form a stretch, and the remaining points of the cordon are all on the same

side of the line.

To constitute a single curve, a set of points must be united. It can ho'wever be

proved that a set contained in a Jordan curve must be united if it is connected, and

therefore a convex arc in a plane may be defined as a connected set contained in its own
cordon ; such a set need not be complete, for if from a complete convex arc which does

not extend to infinity we take an end-point if the arc is not closed or any point whatever

if the arc is closed we obtain a convex arc which does not contain one of its limiting points

;

but a convex arc has at each point which is not an end-point a pair of tangential rays and has

between any two of its points a definite finite length.
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26. The fundamental properties of the field of a set.

Returning to the subject of the field, we have from 23"36

2611 FT n^UTyjV'D^F'tnQTniUTyj FT),

and so from 2414, 2416, and 17-35

•12 F'Tn(U'rsjV'r) = L'rn(U'ryjV'r),

and since also, from 2336,

•13 F'T r^ IIT = Tt'T,

we have

14 i''r = Z'rwirT,

which may be expressed, in virtue of 19'45 and 14'22, in the rhetorical form

•15 FT = r ^ ST yj TT :

the points composing the field of a set are the points of the set, the points of its primary

chords, and the points of its secondary chords. If we take ^15 with 13'41 we have

•16 FT = L'-T,

or in terms of operators alone

17 F=D.

The fact that FT is convex can be written in the form

21 L'FT = FT.

and so by •I 7 gives

•22 L'T = L'T,

and implies that L has the curious property, possessed also by B, the operator giving the

boundary of any set, that its complete effect is produced in two operations, though not as

a rule in one operation :

23 n^-lD L" = Z-,

a proposition of which 2229 is a part : we see now that when we defined primary and

secondary chords but not chords of a higher order the limits were not imposed arbitrarily.

In consequence of •IG, we can write \o'oH in the form

•31 r = 0u<|).B, *eCd.Di^'r = LT:

the field of a set which is connected or is the sum of two connected parts consists of the

points belonging to the set and those belonging to its primary chords ; the result may be

analysed by means of 1214 and 12-83 into

•32 r€CdD.^T = ruS'r,

33 r, A € Cd D . F\r « A) = r u A V. ST u S'A u S'(r, A),

and we may use the first of these results in the second and write

•34 r, A e Cd D . F'(r u A ) = FT u /"A u S'(r, A).
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It follows from '15 and 13'31 that

•41 ir<r = r o .ST u .s^r

;

also for all values of n

•42 /S"TCi'"r,

and therefore the set 6'"'r is contained in F'V for all values of n, and if 8^'T denotes the

class of sets whose members are T and all sets of the form (S"'!"', the sum s'S^T is con-

tained in F'T ;
^41 asserts the converse inclusion, and we have

•43 F'r = s'S^'r,

a result whose significance will presently be briefly considered.

The value of FT in analysis comes largely from a theorem now to be proved, that the

field of any set T is composed of all the points that belong to every convex set containing V
;

in logical terms, .FT is the product of the class of convex sets containing P. From 15'12

51 reCvxDX-T=r,

that is, in virtue of •IG,

•52 r 6 Cvx DF'r = T,

since, by 22^34, F'T is convex

•53 r = i^TDreCvx,

and combining this result with the preceding

•54 r e Cvx . = .F'r = r:

a convex set is a set which coincides with its field. Again, from ^52 and 22'12,

•55 AeCvx. rC A.D/'TC A,

which is equivalent to

•56 ii'TC^'AjAeCvx.rC A);

also 22^34 and 21^22 together are equivalent to

•57 i^TeAjAeCvx . rCA),

which implies

•58 p'l {A e Cvx . r C A} C FT,

and '56 and 58 give the desired result,

•59 /"T=p'A{A6Gvx.rCAt,

a formula by which ^T has sometimes been defined.

In order not to interrupt the argument, we did not point out an immediate consequence

of "52 which we announced in 21 ; from '52

•61 r e Cvx D . A = r D i^'A = r,

and in

62 reCvxD:(aA).r=i?"A,
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a weak deduction from Ql, we have authority for the assertion

26-63 Cvx C Fid

which combines with '22'35 to give

64 Fid = Cvx,

whence also

•65 Cdn = 5"Cvx
;

after "64, use of the contraction Fid is entirely superfluous, but in spite of 65, Cdn remains

of service.

27. Fields, cordons, and convexity with respect to relations in general.

It is not only for plane sets of points and for the relation denoted iu this paper by S

that a field is of service, and the merit of 26-43 and 26-59 as definitions of FT is that they

suggest extensions of the theory of convexity to classes and relations between classes of a

very general type. If R is any one-many relation which determines from a class a of any

kind another class R'a of the same type as a, we can call a convex with respect to the relation

R if R'a is contained in a, writing

27-11 cvx = £^li?el^Cls.ii'aCa] Df.

If we denote by hyp 27a the hypothesis that R is such that

hyp 27 a a C 7 D iJ'a C R'y

it can be seen at once that

•12 hyp27a D . i?'«Cp'7;7Cvxi?.oC7;.

Moreover, with the notation already explained in connection with 26'43, R^'a is a class of

classes, and therefore s'R^'a is a definite class derived from a, and s'-R^ is like R itself a

relation between classes. Again,

13 hyp 27 a D . ycvx s'R^ = y cvx R,

and therefore

•14 hyp27«. O.s'R^'aCp'y {ycvxR.aCy}.

Whatever the nature of R, the class a is a member of the class of classes R^'a and is contained

in s'R^'a, but the assumption hyp 27a is not sufficient to secure (s'R^'a) cvx R, that is

hyp 27 b R's'R^'a C s' R^'a.

We may secure the last condition by a hypothesis ad hoc, and enunciate the theorem

•15 (o, 7) . a C 7 D fl'a C R'y : (a) R's'R^'a C s'R^'u :. D . s'R^'a = p'y |7Cvx R.aCy},

but if we secure the condition hyp 27 b by the assumption

hyp 27 c R'{a o 7) C R'a o R'y,

and observe that tiiis ami the original assumption hyp 27a together are equivalent to

hyp 27 d R'(a u 7) = iJ'o u R'y,
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we have the less general but more useful theorem

•16 (a, 7) B'(a w 7) = R'a u i?'7 . D . s'R^'a = p'y {ycvxR.aC y],

sufficing to shew that with respect to any relation with the property expressed by hyp27(Z the

field* of a class a may usefully be defined either as a sum or as a product of a class of classes,

and the idea of the field may be connected with the idea of convexity with respect to the same

relation.

Further, if the classes between which the relation 'R holds are sets of points in any space

in which boundaries exist, we may define the cordon of a with respect to R as B's'R^'a. For

example, if F is a set of points in any reducedf space in which distance is numerical, the field

of r with respect to the operator B that connects F with its derivative is the completed set

F uD'F, and this is the product of the class of complete sets containing F; the cordon B'G'T

of F with respect to D is not necessarily the same as the boundary B'T of F, but is in fact

composed of those points of B'-T, the boundary of the boundary of F, which are not isolated

points of the complement CF. The utility of a field is certainly not confined to cases in

which the relation concerned satisfies hyp 27 d, for the relation S defined in 12"11 does not fulfil

this condition, and whether the two classes s'R^'a and p'y [y cvx R . aCy] are equally

important in cases in which they differ, experience alone can decide.

28. Fields in Euclidean space of more than two dimensions.

Returning more nearly to the main subject of this paper, we observe that in Euclidean

space of any finite number of dimensions properties of the field and of the cordon—with respect

to the relation of lying in a chord—may be investigated precisely as we have investigated them

for a plane, the initial definition of the field being not of either of the general forms 26'43, 2659

but of a form similar to 2111, adapted to the geometry of the space and shewn ultimately to be

equivalent to a definition in a general form. In three dimensions, the excluding angle is the

measure of a dihedral angle, and the points outside the field are defined by means of a standard

geometrical figure composed of a leaf together with all the points of space on one side of the plane

containing the leaf. It is sufficient to say that in the whole of this theory everything that is

obvious is true, but we add that the appearance of the number 2 in 26"1G and 26"23 is

associated with the fact that in those propositions plane sets only are in question. In Euclidean

space of m dimensions

2811 FT = L""r;

whereas the operator B determining the boundary of a set has the same property^

•12 B-Jf=B.n-^2D B" = B^

* In work of this general character, the field of a a neighbourhood that does not contain the other ; in

relation has a definite meaning, and although a relation a reduced space with numerical distances the distance

is not a class and there can be no real confusion between between distinct points cannot be zero,

the field of a relation and anything which we choose to § Note in formulae '12, -13 that to write iJ + S of

describe as the field of a class, the use of the word field is two one-many relations R, S between classes means

open to criticism. (gP) . JiT + ST, and does not mean (FjiiT+ ST ; the

+ A space is reduced if of every two points each has relations are not asserted to be mutually exclusive.

Vol. XXII. No. XII. 33
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in space of all dimensious, the use of Euclidean space of m dimensions makes us acquainted

with a simple operator L requiring precisely m applications to secure its ultimate effect, that

is, having the property

28-13 " > m D L" = i" . n < m D L" + i'".

29. Geodesic fields on a sphere.

A reference to the geometry of a sphere shews that the use of some set analogous to a

leaf of a plane is not confined to dealings with the Euclidean plane or with complete Euclidean

space of any number of dimensions. If y, z are two points of a sphere, let us denote by

sa'(y, £) the points lying between y and s on a great-circle arc subtending an angle not greater

than TT at the centre of the sphere ; then writing

R'V = x{y,ztV .xe%%\y,z)\

we may study the geodesic field of a set T, that is, the field of T with respect to R, and a set V

may be called geodesically convex if i?T is contained in F. It is easy to see that a theory

analogous to the theory of plane sets developed in this paper may be developed for spherical

sets, the place of a leaf being taken by a set which may properly be called a hemisphere,

namely, a set composed of all the points on one side of some great circle, together with all the

points in a semicircle contained in this great circle, and including one but not both of the end-

points of this semicircle.

30. Zeroes of functions of a complex variable : a suggested line of research.

We conclude with indicating a direction in which research, rendered possible by ac-

quaintance with the concept of the field of a set which is neither finite nor limited, might

prove profitable.

It is well known that if f{z) is a polynomial in the complex variable z, the points repre-

senting the zeroes of the derivative/' (2) belong to the field of the set composed of the zeroes of

f{z). and therefore to the field of the zero-set of /"(^)~ c for any value of c. Reference to the

functions sinz, cos 2 shews that the same result holds for some transcendental functions, and

we have only to consider the function (z — a)/(z — h)- to see that there are functions for

which the result does not hold. Denoting the zero-set of the function f{z), that is, the set

composed of points in the plane of the complex variable which corresponds to zeroes of the

function, by Z'\f(z)], the four questions which first suggest themselves are:

(1) Does the class of functions fi^z) such that Z^[f' {z)] is contained in the field of

Z'{f{z)} possess any other distinguishing mark ?

(2) If Z'{f(z)] is contained in F'Z'{f{z)\, iu what circumstances is.it contained in

F'Z'\f(z)-c] for all values of c?
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(3) If Z'[f'(z)] is contained in the field of Z'[f{z) — c} for all values of c, can there

be points outside the field of Z'[f'(z)] which also belong to the field of Z'[f{z) — c] for all

values of c ?

(4) If Z'{f'{z)} is contained in the field of Z'{f(z)—c} for some values but not for

all values of c, does the class of numbers for which the inclusion holds present itself else-

where in the theory of the function f{z) ?

There is no diflSculty in shewing that for a very large class of integral functions Z'[f'(z)]

is contained in the field of Z'[f(z) — c} for all values of c, and that the property is neither

common to all integral functions nor peculiar to integral functions, but whether any attempts

have been made to answer the third or fourth of the above questions even in the most

elementary cases I do not know.
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XIII. On certain Irigonometrical iSums and their Aiyplications

in the Theory of Numbers.

By S. Ramanujan, B.A., F.R.S., Trinity College.

[Received and read 4 Februaiy 1918.]

1. The trigonometrical sums -with whicli this paper is concerned are of the type

, ^ .^ 2'7r\)i
Cs (n) = 2 cos ,

A s

where X is prime to s and not greater than s. It is plain that

Cs(«) = Sa",

where a is a primitive root of the equation

uf -1=0.

These sums are obviously of verj- gi-eat interest, and a few of their properties have been

discussed already*. But, so far as I know, they have never been considered from the point of

view which I adopt in this paper ; and I believe that all the results which it contains are new.

My principal object is to obtain expressions for a varietj' of well-known arithmetical

functions of n in the form of a series

2 ttjCs (n).

s

A typical formula is

irn
j
ci()i) c^{n) c,{n)

,

where cr{n) is the sum of the divisors of n. I give two distinct methods for the proof of this and

a large variety of similar formulae. The majority of my foruiulae are ' elementary ' in the

technical sense of the word—they can (that is to say) be proved by a combination of processes

involving only finite algebra and simple general theorems concerning infinite series. There are

however some which are of a ' deeper ' character, and can only be proved by means of theorems

which seem to depend essentially on the theory of analytic fimctions. A typical formula of

this class is

c,(n) + ^c,{>i) + ic,{n)+...=0,

a formula which depends upon, and is indeed substantially equivalent to, the ' Prime Xumber

Theorem ' of Hadamard and de la Vallee-Poussin.

Many of my formulae are intimately comiected with those of my previous paper ' On certain

arithmetical functions
,
published in 1916 in these T7-ansactions. They are also connected

(in a manner pointed out in § 15) with a joint paper by Mr Hardy and myself, 'Asymptotic

Formulae in Combinatory Analysis ', in course of publication in the Proceedings of the London

Mathematical Society.

* See, e.g., Diriehlet-Dedekind, Vorlesungen iiber Zahlentheorie, ed. 4, Supplement vii, pp. 360—370.

Vol. XXII. No. XIII. 34
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2. Let F(u, v) be any function of u and v, and let

(2-1) I)(n) = lF[S.B'),

where 8 is a divisor of n and S8' = /(. For instance

B(l) = F(lAy, nc2) = F(\,2) + F(2,l);

D{B) = F{irS) + F(S,iy, Di4,)= F{l,i) + F{-2.2) + F{4>,iy,

J){5) = F(l,o) + F{b.l): D(6) = Fa,6) + F{2.-^)JrF(S.2) + F{6,\y. ...

It is clear that D (ft) may also be expressed in the form

(2-2) D{n) = lF(B'.8).

Suppose now that
-1 -7,

(2-3) 77.,(»)=2cos
«

ZTTVn

s

so that vs(n) = s if s is a divisor of « and ?;« (w) = otherwise. Then

(2-4) Din) = i-^vAn)F{''-l)*,

where i is any number not less than n. Now let

_ 2-77 \>i

(2-5) c«(w) = Scos

—

—,

where A. is prime to s and does not exceed s ; e.g.

Ci («) = 1 ; Ca («) = cos HTT ; Cs (ft) = 2 cos 5 MTT

;

Ca ( h) = 2 cos ^«7r ; Cj (ft) = 2 cos fftTT + 2 cos inir

;

Ce (ft) = 2 cos fftTT ; Cr (ft) = 2 COS * ftTT + 2 cos fftTT + 2 cos fftTT

;

C8(ft) = 2cosJftTT+2cosfnTr; c<,(/0 = 2cos|nTT+ 2cos|ftTT + 2cosSftTr

:

C]o(ft) = 2cos4HTr+ 2cosfftTr;

It follows from (2-3) and (2-o) that

(2-6) r,,{n) = 1cs(n),
6

where 8 is a divisor of s ; and hencet that

(2-7) c,(n) = -M(8') »?«(«),

where 8 is a divisor of s, BB' = s, and

(2'^^ -
,.» "?(«)'

f (s) being the KiLiiiann Zeta-function. In particular

c, (ft) = r,, (ft) ; Co (ft) = V2 («) - '/i («) ; Cs (») = JJa («) - '?. (");

C4 (n) = '?.(«)- '72 ("); c, (ft) = 7?5 (ft) - f?! (ft) ;

• 2 is to be understood as meaning Z, where [t] de- t See Landau, Handbuch der Lehre von der Verteilung

' '
der Primzahlen, p. 577.

notes as usual the greatest integer m t.



AND THEIR APPLICATIONS IN THE THEORY OF NUMBERS. 2G1

But fi'om (2"3) we know that t](, (n) = if B is not a divisor of n ; and so we can suppose

that, in (2'7'), B is a common divisor of n and s. It follows that

,Cs(n)| $28,

where S is a divisor of « ; so that

(2-9) c,(n)=0(l)

if V is fixed and v —* od . Since

Vs (") = Vs (« + s) ; Cs (n ) = Cs{n + s),

the values of Cj (») for h = 1, 2, 3 ... can be shown conveniently by writing

c,(/0 = l; c.(n) = -l,l: c-,(n) = -l,-l,2]

c,(7i) = 0, -2, 0, 2; Cs («) = -!, -1,-1, -1,4:

c„ («) = 1, - 1, - 2, - 1, 1, 2 ; c, (;() = - 1, - 1, - 1, - 1, - 1, - 1, 6
;

c, {n ) = 0, 0, 0, - 4, 0, 0, 0, 4 ; c<, (/)) = 0, 0, - 8, 0, 0, - 3, 0, 0, 6

;

c,„(,()=l,-l,l,-l,-4, -1, 1,-1, 1,4;

the meaning of the third formula, for example, being that r, (1) = - 1, c, (2) = - 1, c, (3) = 2. and

that these values are then repeated periodically.

It is plain that we have also

(2-91) cjn) = 0(l),

ivhen V is fixed and /(—»;».

3. Substituting (2'6) in (2'4), and collecting the coefficients of Cj (»), c„(n), c^in), ..., we

find that

(3-1) i)00 = c.(.)Sji^(.,3 + c.(,02ij^(2..|,) + C3(«)f^i^(3.,|;) + ...,

where t is any number not less than n. If we use (2'2) instead of (2'1) we obtain another

expression, viz.

(3-2) D{n) = c,(n)i-F(-,v) + c,(n)'ilF(~,2v) + c,(n)^i^F(^,:iv) + ...,
I V \v / I 2v \2i/ I I 6v \6v I

where t is any number not less than n.

Supjjose now that

jF, (m, v) = F(u, v) log «, F.. (ii, v) = F{u, v) log v.

Then we have

D (n) log u = 1 F{B. B') log » = 1F{B, B') log (BB')

= 1FAB. B') + lF..iB,B'),
s s

where 8 is a divisor of n and BB' = n.

34—2
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Now for SJ^i (8, 8') we shall write the expression corresponding to (SI) and for 'E.F.siS, B')

s ^

the expression corresponding to (3'2). Then we have

(3-3) C<„,,„g„-c.(»)i!2£ff(,!) + ^(,0'i':fA>(2,i_)^<,(»)|'5|lV(3.,i>.^^

.0,(»,^'»£->(i>).c,,.)l'^V(i.2.).c
,'f

15.^3^.3.).....

where ?• and t are any two numbers not less than n. If, in particular, F{u, v) = F{v, u), then

(3'3) reduces to

,3-4, ,i<«log,..c,(,„i!^V(...=)+.„.)^'5|f>(2.i).o.(,„l'^>(3.,fJ....,

where < is an}' number not less than n.

4. We may also write B(n) in the form

(4-1) D(n) = iF(S,B')+kF(S',S),
i=i a=i

where S is a di\'isor of n, 8S' = n, and *(. y are any two positive numbers such that uv= n, it being

understood that, if u and v are both integral, a term F{u, v) is to be subtracted from the right-

hand side. Hence (with the same conventions)

D(n)=^i^--rjAn)F(v,-] + ^^-vAn)FC-,v).

Apphang to this formula transformations similar to those of § 3, we obtain

(4-2) i>(H) = c,(«)i-^^f.',3 + c=(H)*sl^(2.,fJ + ...

where u and v are positive numbers such that uv = ii. If it and i' are integers then a term

F(u,v) should be subtracted from the right-hand side.

If we suppose that 0<m$1 then (4-2) reduces to (3'2), and if 0<i>$I it reduces to (S'l).

Another particular case of interest is that in which n = u. Then

If n is a perfect square then jP(V«, V") should be subtracted from the right-hand side.

5. We shall now consider some special forms of these general equations. Suppose that

F(u,v) = if, so that D{n) is the sum aAn) of the A'th powers of the divisors of n. Then from

(31) and (3 2) we have

(5-1) -^ = c.(,0il-..-c.(,of(2^ + c,(,4^^.+ ...,

(5-2) <T, (n) = c, («) S i;»-' -I- Ci,(n) 1 (21^)*" -I- c, (n) S (3j;)'— -I- ...

,

1 1 1
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where t is any number not less than n : from (3"3)

(5-3) a, (n) log n = c, (n) S v'-' log v + c, (w) 2 {2vy-' log 2;/ + ...

where /• and t are any two numbers not less than n : and from (4'2)

u hi ', ?(

(5-4) a,{)i) = c, in) t v^' + c, («) 2 {2vy-' + c, (n) % (3j^)»-' + . ..

1 1 1

where uv = n. If « and v are integers then «("' should be subtracted from the right-hand side.

Let d (ft) = cr„ (m) denote the number of divisors of n and cr (n) = a^ (n) the sum of the divisors

of n. Then from (5'1)—(.5'4) we obtain

(5-5) d(7i) = cAn) i ^ + c,{n)t^ + c, (>i) 1.^+...,

(5-6) ain) = c, (n) [t] + c,{n) [it] + c,(>') [ht] +.....

(5-7) ^rf(ft)log« = c,(,02^-^'' + c,(«)S'^%c,(ft)l^"^%...,

(5-8) f/(,o = c,(ft) 2- + 2- +c,(ft) 2^ + 2^ +C3(n) 2^ + 2^ +...,

where < ^ « and av = n. If u and v are integers then 1 should be subtracted from the right-hand

side of (5-8). Putting u=v = \Jn in (.5-8) we obtain

(5-9) i d in) = c, (ft) 2 ^ + c, (w)T ~ + C3 (ft)
2" ^ + . .

.

,

1 !> X Iv I 6v

unless 11 is a perfect square, when h should be subtracted fi-om the right-hand side. It may be

interesting to note that, if we replace the left-hand side in (5"9) by

[i + irf(ft)],

then the formula is true without exception.

6. So far our work has been based on elementary formal transformations, and no questions

of convergence have arisen. We shall now consider the equation (o'l) more carefully. Let us

suppose that s > 0. Then

!(^i^>=!(i^^^^('A4)=ii-^^(^+i)+^t^^)-

The number of terms in the right-hand side of (5"1) is [t\ Also we know that c^ {n) = (1) as

v -^ 00 . Hence

^^=r(s + l)2^-4^VoJi2^1'
n* ,,=1 v^*^ [V^ ^^xv

= ^..M)2^-#+0«
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Making t-^- x we obtaino

Ci(n)
,
c.{n) Csin)

(6-1) .,(«, = „.f(. + l)j>^ii^V"|_^ _^-

if »• > 0. Similarly, if we make ( ^ x in {o'3), we obtain

a-s (n) log H = C] (n) 2 !•'-> log v + c„ («) S (2j;)»-i log 21/ +
1 1

A / \vl0gl' / ^^ 10^21/

But

It follows fi-om this and (6'1) that

(?'(s+l)
(6-2 ) aAn)\ y—r^! + log »\ = c, (n) 1 1/-' log r + c, («) S (2i')«-i log 2i. + . .

.

( ^ ( s + 1

)

>

1 1

where «> and < ^ //. Putting s = 1 in (6"1) and (6"2) we obtain

(6-3)
-.('0=f"f-^ + ^^'-^+...},

(6-4) M.)|ff^log4=f«|^nogl+^4>log2 + ...l

+ c (h) [i] log 1 + c, («) [i«] log 2 + . .

.

+ c, (n) log [«]!+c(«) log [!<]!+...,

where t^n.

7. Since

(7-1) o-j («)= "''o--»(n).

we may write (61) in the form

U-) ^A + l) 1"+' 2'+' 3'+'
'

where s > 0. This result has been proved by purely elementary methods. But in order to

know whether the right-hand side of (7-2) is convergent or not for values of s less than ov equal

to zero we require the help of theorems which have only been established by transcendental

methods.

Now the right-hand side of (7'2) is an ordinary Dirichlet's series for

The first factor is a finite Dirichlet's series and so an absolutely convergent Dirichlet's series.
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It follows that the right-hand side of (7'2) is convergent whenever the Dirichlet's series for

l/r(«+l), viz.

is convergent. But it is known* that the series (7'3) is convergent when .s = and that its

sum is 0.

It follows from this that

(7-4) c, («) + ic, (n) + ic, (ft) + • • = 0.

Nothing is known about the convergence of (7'3) when — ^ < s < 0. But with the assumption

of the truth of the hitherto unproved Riemann hypothesis it has been provedf that {7'3) is

convergent when s > — ^. With this assumption we see that (7'2) is true when s > — ^. In

other words, if — i < .9 < J then

(7-5) ' '..oo = r(i-)f^+|g+|g + ...

8. It is known:|: that all the series obtained from (7'3) by term-by-term diiferentiation

with respect to s are convergent when s = ; and it is obvious that the derivatives of a-^s (n)

with respect to s are all finite Dirichlet's series and so absolutely convergent. It follows that

all the derivatives of the right-hand side of (7"2) are convergent when s = 0: and so we can

equate the coefficients of like powers of .s from the two sides of (7 "2). Now

(8-1)
w^r-'-y^'-^-'

where 7 is Euler's constant. And

o-_,(/0 = 2 8-» = S 1 -sSlogS-h...,
S i s

where 8 is a divisor of /(. But

2 log 5 = 2 log 8' = 1 S log {88') = id («) log n,

« s
'

s

where 88' = n. Hence

(8-2) o-_^ (ft) = d (?0 - ^sd (n) log n 4- ...

.

Now equating the coefficients of s and s- from the two sides of (7'2), and using (8"1) and

(8'2), we obtain

(8-3) Ci {n) log 1+^c, {n) log 2 + ^c, («) log 3 -f . . . = - d (n),

(8-4) c (ft) (log I)= + ic, (ft) (log 2>^ + Jc (ft) (log Sy+...=-d in) (27 + log n).

9. I shall now find an expression of the same kind for </> (/«). the number of numbers prime

to and not exceeding «. Let p^, p,^, p,, ... be the piime divisors of n and let

(9-1) ^,(ft) = ftMl -jcrnii -/jr'id -P3-')....

so that (^, ( ft ) = (^ (n). Suppose that

F(u, v) =
fj.

{u) v".

* Landau, Handbuch, p. .591. t Littlewood, Comptes Rendu.f, 29 Jan. 1912. * Landau, Handbuch, p. .594.



266 Mr RAMANUJAN, ON CERTAIN TRIGONOMETRICAL SUMS

Then it is easy to see that

D («) = 4>, (ft).

Hence, from (31), we have

(92)
^^,

-c^")- ^.., +Ci^n)-^2p)»+l + ••

where t is any number not less than n. If 5 > we can make < —> x , as in § 6. Then we have

(93)
^^,

-c,(«)^
^,+,

+c,(«)-^2^/^,+ ....

But it can easily be shown that

^ ' X v" ?(s)(i-j»rn(i -:?).-') (i-i>r')...'

where /),, p.,. i^s. •• ^'I'e the prime divisors of /;. In other words

^'^^^
T ^'^ 0.(»)r(s)"

It follows from (9-3) and (9-5) that

<t>,{n)Us+l ) _ M (l)c,(n) /.(2)c,(») M(3)c3(n)
^^•"^ «' <^.+,(l) <^.«(2) ^ <&,,+:(3)

^•-

In particular

(9-7) -,^(„) = c,(»)-2-?31- 3^71-5^71

Cs (h) C7 (Jil ^ c^iri)

(2=-l)(3=-l) 7=-l (2^-1)(5=-1)
•

10. I shall now consider an application of the main formulae to the problem of the number

of representations of a number as the sum of 2, 4. 6, 8, ... squares. We shall require the

following preliminar}- results.

(1) Let

(10-1) 2i)(n)." = Z, = ^-^. + ^+j^;^+....

We shall choose

F{u,v)=tf-', H=l(mod2),

F(u,v) = -V-\ u = 2 (mod 4),

F (u, j;) = (
2" - 1 ) t)— ' , w = (mod 4).

Then from (3'1) we can show, by arguments similar to those used in § 6, that

(10-11) D{»)= «»-' (!-» + 3-» + 0-' +...) [!-' c, («) + 2-» c, («) + 3-» Cj (?«) + 4-» c, («)

+ 5-* c, (n) + 6-» c,An) + 7"' c, («) + S"" c,, (") + . .
.

}

if s > 1.

(2) Let

, . _ ,., „ l--'a; 2''-'a^i S'-'a.-*

ao-2) 2^(«''"=^^'^=r--.+ rT«^+i^ + --
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We shall choose

Fiu,v) = v'-\ its 1 (mod 2),

F{ii,v) = v'-', « = 2(mod4),

F{u, v) = (l- 2») >f-\ « = (mod 4).

Then we obtain as before

(10-21) D{n) = «"-' (1-* + 3-« + 5-' + . .
. ) {l"* c, (n) - 2"*

c, (n) + 3"' c, (n)
- -i-' c^ (n)

+ 0-' c,{n) -e-' c,,in) + 7-' cin)-S-' c,{n) + ...\.

(3) Let

(10-3) SD(n)^" = Z. = f~-4 + f-^ + TT^+....

We shall choose

F{u,v) = 0, i( = 0(mod2),

F{u, v) = v^\ 11 = 1 (mod 4),

^(j(, y) = - >f-\ u = 3 (mod 4).

Then we obtain as before

(10-31) i)(n) = ft'-' (1~* - 3-' + o-'- -...)•[!-* Ci(«)- 3-" C3(«) + 5-'c, («)-...}.

(4) We shall also require a similar formula for the function D («) defined by

^ -^ ,^ l*~^a; 3*~'a;^ 5'~'ar'
(10-4) 2i)(«).'. = X.=— -^,+ ^^,-....

The formula required is not a direct consequence of the preceding analysis, but if, instead of

starting with the function

Cr{n) = z cos ,

we start with the function

s,(n)=S(-l)-*^~^'sin
27r/iX

r

where \ is prime to r and does not exceed r, and proceed as in §§ 2-3, we can show that

(10-41) D (/0=i'i*-'(l~'- 3-' + 5-«-. ..){!"' S4(«) + 2-«Ss (») + 3~*Sio(«)+ •••)•

It should be observed that there is a con-espondence between Cr (n) and the ordinai-y

^-function on the one hand and s,- (ft) and the function

T] (s) = 1-* - 3-* + o-* - ...

on the other. It is possible to define an infinity of systems of trigonometrical sums such as

Cp(«), Sr{n), each corresponding to one of the general class of ' Z-functions* ' of which f (s) and

r] (s) are the simplest members.

We have shown that (I0*31) and (10-41) are true when ^ > 1. But if we assume that the

Dirichlet's series for !/>?(«) is convergent when s=l, a result which is precisely of the same

depth as the prime number theorem and has only been established by transcendental methods,

then we can show by arguments similar to those of § 7 that (I0"31) and (1041) are true

when s = 1.

* See Landau, Handbuch, pp. 414 et seq.

Vol. XXII. No. XIII. 35
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11. I have shown elsewhere* that if s is a positive integer and

1 + 2 /, (") «•" = (1 + 2a; + 2a7* + 2a;-'' + . . . f,

then
r.^{n) = Lsin) + €.;,,(»),

where e^s (n) = when s = 1, 2, 3 or 4 and is of lower order-^ than S.^s {») in all cases : that if s is

a multiple of 4 then

(1 ri

)

(1- + 3-' + 0-* -h . . .) 2 &>. (n) .V" = (T^fy, ^1 ;

if s is of the form 4i- + 2 then

(11-2) (!-' + 3-»- + 5- + . . .) 2 8.,, («) a;" = ^-^—^y,
X,

;

if s is of the form 4A; + 1 then

(11-3) (l--3- + .5-»-...)28^(«).c" = ^-j^,(A'. + 2>-»Z,),

except when s = 1 ; and if i is of the form 4A; + 3 then

(11-4) (1-* - 3- + 5- - . .
.
) 2 B.^ («) w» = ^^^, (X, - 2'- X,),

X,, X,, Xs, X4 being the same as in § 10.

In the case in which s = 1 it is well known that

(11-5) ^^=^«)-"=nr^-T^'-'i^^--)

It follows from § 10 that, if s is a multiple of 4 then

) + 4-* Ca (n(1111) 85,(?0 = r^Tv|l~*Ci('r)+2-'C4()0 + 3-''c,(») + 4-*caH) + 5-'c,(") + t>~*c,,,(H)

\S i ) ;

if s is of the form 'ik + 2 then

( 1 1-21 ) 8:^ (n) =
"^"7'

jl-" c, («) - 2-« c, («) + 3-' c, («) - 4"* Cs(«) + 5"' c, (») - 6-* c,, («)

+ 7-''c:(«>-s-*c„(")+...!;

if s is of the form 4^- 4- 1 then

(11-31) S,„(/-) = ,'^"" '

{l-''c,()0 + 2-««,(/()-3-''C3(//) + 4-''s8('0 + 5-*c»(«) + 6-''s,2(»0

-7-»c,(«) + S-''Si6(»i) + -- 1.

except when s = 1 ; and if s is of the form 4/.- + 3 then

(11-41) B.^(u) = ^yf^' l~'cAn)-2-''sAn)-S-'cA'i)--i:-''«A'') + ^~'<^>(»)-^~'Sy^(»)

- 7-' c,(/0-8-*«.a(») + ••}•

• Tranmctiom of the Uumhndoe Philosophical Society, t For a more precise result concerning the order of

vol. 22, 1910, pp. 159—184. ^.,(»i) see S 15.
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From (II'5) and the remarks at the end of the previous section, it follows that

(11-51) /. («) = 8, (n) = TT {Ci (n) - ^c, (n) + ^c, {n) - ...}

= TT [^s, {n) + \s^ (n) + ^s,, («) + ...),

but this is ot course not such an elementary result as the preceding ones.

We can combine all the formulae (ll'll)—(11'41) in one by writing

(11-6) 8,, (n) =^^, {1-^ Ci (n) + 2"* c^ («) + S"'' Cj (n) + 4-« Cg («) + .5-' Cg (n)

+ 6-"Ci2(«)+7-^C7(/0 + «-'Ci6(«)+..-|,
where s is an integer greater than 1 and

Ct (n) = Cr (n) cos ^rrs(?-— l) — s,.(n)sh\ hTrs(r — 1).

12. We can obtain analogous results concerning the number of representations of a number

as the sum of 2, 4, 6, 8, ... triangular numbers. Equation (147) of my former paper* is

equivalent to

(121) (l-2«+2^-2a:^ + ...p = l+2S^.(«)(-*)"+-'^, t Z„ (- a;)"/^±i

,

1 ./(*-)!<« <U«-i) /-""(a;)

where Kn is a constant and

/(a-) =(!-..•) (l-^t:^)(l- ^)....

Suppose now that

X = e""", x = e—^'"''.

Then we know that

(12-2) Va (1 - 2.?' + 2./;^ - 2a;'-' +...) = 2*'^ (1 4- *' + x' + x'' +...),

(12'3) V(ia) a;A/(«) = x^f{x% •Jax^'-f{x') = x^^f{x^.

Finally 1+2 S.^, {n) (— ;/j)" can be expressed in powers of x' by using the formulae :

C
12S—

1

92s—

1

02s—

1

)

(12-4) «.JH(l-2.s)+^..3Tn-:b-i-e^l + -}
f

1 2S—

1

92s—

1

0!i«—

1

where a/3 = tt- and * is an integer greater than 1 ; and

, 1 f l^*'
2^' S'*

(12-5) i-^'^r^A^^. + -^,-^r^^ + ^3.^3. +

I, „ ,
1-" 3=» 5^»

= (- /3)^- V(2/3) i 7, (- 2.S) + ^,-— - ^^3-— +

where a/3 = tt-, s is any positive integer, and tj (s) is the function represented by the series

1~* — 3~* + •5"*' — . . . and its analytical continuations.

It follows from all these formulae that, if s is a positive integer and

(12-6) (I + x + x" + af + ...f = Sr'o, {,,) X" = IB'.^ (n) x" + le'.., {n) *»,

then

where if,, and/(*') are the same as in (12'1);

* I.e., p. 181.

35—2
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(12-61) (l- + 3-+5-+...)2S',,(«)^" = ^-^.^ il-3r- + 13^ + 13^ + -]

if s is a multiple of 4 ;

(12-62) (l-+3- + 5-4-...)28'.(«).r" = ^^,^ * (t^S ^ T^^ ^ T^^ "^

-)

if s is of the form 4^- + 2

;

2(A7ry _is/l^-'a,i 3«-ia;^ 5*"' a:*

(12-63) (l-'-3- + 5--...)^S'^(«)'^" = 7-^,«^ * ; -x + :,

,+-
% + -

1 — a;- 1 — a;- 1 — x-

if s is of the form 4i + 1 (except when s = 1) ; and

(12-64) a-'-3- + 5-'-...)iS.(«)^" = 7;^,^- * L—-* +7—'4+7—1-
(.* J-

'
• ^1 + a-- 1 + a-- 1 + X-

+ .

l*-i a^ 3*-' a;* 5»-' a;*

1 — a"- 1 — a-- 1 — a;-

if s is of the form 4A- + 3. In the case in which s= 1 we have

•)

(12-65) 2 S.; (n) .c" = x'^^^, +-^ +-^ + ...)

^1 + a;^ l+«- l + «-

1 a 5
_ i / a-* a--* a;* \

= ^ M i a + -^---•
VI - a-i 1 - a-^ 1 - x^ '

It is easy to see that the principal results proved about e3s(«) in my former paper are also true

of e'2s(?i). f*nd in particular that

e'»,(«) =

when s= 1, 2, 3 or 4, and

r'2,(M)~8'3,(n)

for all values of s.

13. It follows from (12-62) that if s is of the foi-m 4A-+2 then (l-* + 3-* + 5-*+ ...)3a,(«)

is the coeflScient of a;" in

2(i7r)'' -ii(V-'x^- 2'-'a: 3«-'a-^2(i7r)'' -i,/l»-'a-5 2"-' a; 3«-'a-^ N

^ ' (4 — 1)1 \ 1 — a^ 1 — a- 1 — JT* /(4-1)'

Similarly from (12-63) and (12-64) it follows that if s is an odd integer greater than 1 then

(l-» — 3~' + 5~*— ...)S'2«(n) is the coefficient of a-" in

4(i7r)» -is/l'-'a-i 2'-'a;^ S'-'.r^ \
(13-2) , J^,x * —

—

i-+
+

a + --- •

Now by applying our main formulae to (12-61), (131) and (132) we obtain :

—

(13-3) «'„(«) = ^^i^,.(« + is)'-'{l-*c.(" + is) + 3-c,(« + i«) + 5-'c,(H + js)+...i

if A- is a multiple of 4

;
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(13-4) 6',, (n) = -^^, {n + js)'-' {!-» c, (2« + U) + 8-» c. (2n + is) + 5-»
c, {-In + i_.<!) + ...]

if s is twice an odd number ; and

(13-5) S',, (n) = 7^^, (" + \sy~'
1

1~^
ci (4« + s) - :i-' c, (in + s) + o"' c, (4n + s) - . .

.

}

if « is an odd number greater than 1.

Since the coefficient of «" in ( 1 + « + «' + ...)'- is that of ar"'+i in (^ + « + a"* + . . .
)-, it follows

from (11 51) that

(13-6) r,'(n) = S/ (»0 = J
{c, (4» + 1) - ic, (4/i + 1) + 4c., (4n + 1) _ ...j.

This restdt however depends on the fact that the Dirichlet's series for l/tjis) is convergent

when s= 1.

14. The preceding formulae for o"., (?i), S;s(«). 2'=s(") may be arrived at by another method.

We understand by

^ ksm(7iv/k)

the limit of

sin ./'TT

A'sin(a;'jr/A;)

when .r-*H. It is easy to see that, if ?! and k are positive integers, and k odd, then (14-1) is

equal to 1 if k is a divisor of n and to otherwise.

When k is even we have (with similar conventions)

(14-2) , /7". =lorQ
^ k tan (mr/k)

according as k is a divisor of n or not. It follows that

/- ^ ox , i «-, f i_, /sin httN / sin jiTT , „ / sin htt \ ,
/ sin «7r \ )

(14'3) o-,_,(n = »»-M 1-' [-. +- L -,
— +3"M -—i +4 (x-—, )+}

^ '
i Vsm »7ry Vtan^wTr/ Vsin^«7r/ \tani«7r/

)

Similarly from the definitions of B.2s(n) and B'.2s(n) we find that

Vsin(-imr + -is7r)/ Vsin (^«7r + S7r)/ Vsin (i«7r + fstt)/

if s is an integer greater than 1
;

/-. . -V , X f , , ^ i/sinjwN , / sin HTT \ , / sin »7r
(14-5) r.,(n)=S.,(n) = i]{-. -» [-.—, + i { -—;

_ j, / sin /(TT N , / sinjiTT \ j / sinwr

Veos iM7r.

(14-6) (l-» + o- + 5- + . . . ) 8'. (« ) = ii^l, (. + i.r .
]

1-.^- (!Hil!i±i^)
(s-1)! *

(.
\.sm(?i + is)7r/

,

3-., / sip (" + is) TT \
^

^_^ / sin (n + jg) TT \

I

Vsin ^(« + is)7ry \sm ^ {71 + Is) ITJ '"]

if s is a multiple of 4 ;

35—3
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, / sin( 2« + 15) TT \ , sin (2» + hs) ir \ )

if s is twice an odd number
;

g_, / sin (4n + a') tt \
^

_^ ' sin (4« + s) -tt \

Isin ^ (4h + s) tt/ Vsin 4 (4n + s) tt/

if s is an odd number greater than 1 ; and

/sin (4>i + I ) ttN
, sini4/( + l)7r

, ,
/ sin(4« + 1) tt \ I

(14-9) ;, (n) = 6a» )
=
(,j„^^„^i,J - i Uin i (4«TT)^ J + ^ Ui(4« + 1)-J

" ' "

"
f

'

In all these equations the series on the right hand are finite Dii-ichlet's series and therefore

absolutely convergent.

But the series (14'3) is (as is easily shown by actual multiplication) the product of the two

series

\-^Ci{n)+-2-'c..{ii)+ ...

and n'-'(l-'+2-' + 3-»+...).

\A'e thus obtain an alternative proof of the formulae (7-5). Similarly taking the previous

expression of h.2g{n), viz. the right-hand side of (11'6), and multiplying it by the series

!-* + (- 3)-* + 5-* + (- 7 )-* + . .

.

we can show that the product is actually the right-hand side of (144). The formulae for 8'og(?i)

can be disposed of similarly.

1.5. The formulae which I have found are closely connected with a method used for another

purpose by Mr Hardy and myself*. The function

(l.rl) (1 + 2a,- -I- 2ar* -!- 2a* -f- . . . V^ = S r^, (n) «"

has everj- point of the unit circle as a singular point. If x approaches a 'rational point'

exp (- '2.pmjq) on the circle, the function behaves roughly like

(^•^-^
{-(2p«79)-loga;}"

where <Op,,= \,0, or — 1 according as q is of the form 4^• + 1, ik -I- 2 or 4t + 3, while if q is of the

form 4i then ojp,, = — 2{ or 2i according as p is of the form 4^• -|- 1 or 4i- -t- 3.

Following the argument of our paper refeiTed to, we can construct simple functions of x

which are regular except at one point of the circle of convergence, and there behave in a manner

very similar to that of the function (lo'I): for example at the point exp (- 2^7ri7g) such

a function is

1 1 .3-3) ^ ''^"i^ S /("- e^"»''i'i X".
^ ' (s-1): 1

• 'Asymptotic formulae iii Combinatory Analysis', Proc. Londnii Mulh. .Snc, ser. 2, vol. 17, 1918, pp. 75—115.
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The method which we used, with particular reference to the function

was to approximate to the coefficients by means of a sum of a large number of the coefficients of

these auxiliaiy functions. This method leads, in the present problem, to formulae of the type

rjg(n) = S2,(w)+0 («*"),

the first term on the right-hand side presenting itself precisely in the form of the series

(11-11) etc.

It is a ve'r\' interesting problem to cletermine in such cases whether the approximate

formula gives an exact representation of such an arithmetical function. The results proved here

show that, in the case of /•».*(») this is in general not so. The formula represents not r.^(n) but

(except when s = 1) its dominant term B.^g (n), which is 'equal to r.,,, (ii) only when .s = 1, 2, 3, or 4.

When s—1 the formula gives 25., («)*•

16. We shall now consider the sum

(16-1) 0-,(I) + <7,(2)+...+<7,i«).

Suppose that

(16-2) r,.(»)^xvf^^"K2» + l^-^M_iy j^
,sin{(2« + l)^rXAj

where X is prime to /• and does not exceed ?•, so that

Trin) = c,.(l) + c,{-2)++ tv («)

and Ur{n) = Tr{n) + i_<l){r),

where <^ (n) is the same as in § 9. Since Cr (n) = (1) as r ^- x , it follows that

(16-21

)

Tr (») = 0(1), Ur (ft) = (r),

as r^- X . It follows from (7-.5) that if s > then

(16-3) ._,a) + .-,42).... + .-a«)=?o^+i)f4-|l;'V^> + ^>+.
Since

^±(v)^ J(s)
7 v'^' ?(s + l)

if .s > 1, (16-3) can be written as

(16-31) o-_, (1) + <7_,(2 )+... + <7_. (ft )

if .« > 1. Similarly from (8-3), (8-4) and (11-51) we obtain

(16-4) d (1) + d (2) +...+d{n) = -^T, {n) log i-^.T, (ft) log 3 - ^T, (n) log 4- ...,

(16-.5) cZ(l)logl + rf(2)log2+ ... +f?(H)logft

= i T, (ft) {2v log 2 - (log 2)=} +1T, (ft) {2v log 3 - (log 3)-^} + . .
.

,

(16-6) r,(l) + r, (2) + ... + r, (n) = tt {ft - hT, (n) + 47, (n) -IT, (?i) + ...).

* The method is also applicable to the problem of the and in particular of five or seven', Proc. London Math. Soe.

representation of a number by the sum of an odd number (Records of proceedings at meelinris, March 1918). A fuller

of squares, and gives an exact result when the number of account of this paper will appear shortly in the Proceedings

squares is 3, 5, or 7. See G. H. Hardy, ' On the represen- of the National Academy of Sciences (Washington, D.C.).

tation of a number as the sum of any number of squares.
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Suppose now that

Tr,M) =
J

(l- cos -p + 2» cos ^^ + . . . + n^ cos --
j ,

where X is prime to r and does not exceed r, so that

rr,,(«)=l-^cal)+2«c,(2)+... + «"c,(»).

Then it follows from (T'o) that

(16-7) o-,. ( I ) + o-,. (2) + . . . + 0-, (?i )

if s >0. Putting s= 1 in (16-8) and (16-7), we find that

(16-8) (.H - 1 ) o-_, ( 1) + (» - 2) o-_i (2) + ...+{n-n) c7_, (h)

_ -JT
\
n{n-\ ) v.,{n) v^{n) v^n)

]

~6
( 2 ^ 2-^ ^ 3=" 4°-

J

^ fsin= (TTJiX/r)
|

-here ''^^"^ = ^? j^T^.) " "} '

\ being prime to r and not exceeding r.

It has been proved by Wigert*, by less elementar}' methods, that the left-hand side of (16"8)

is equal to

(16-9)
12 - " -* ZTT 1 V"

where /, is the ordinai-y Bessel's function.

17. We shall now find a relation between the functions (16' 1) and (16'3) which enables

us to determine the behaviour of the former for large values of ii. It is easily shown that this

function is equal to

(171)

Now

2 (l«-l-2'-(-3-'-l-...-l-

.\ vn

I 1=1

sjn

-[v//0 2 ^^.

1. + 2« + . . . + ^' = r(- s) + ^—^, ^ + Qsr^-)

for all values of s, it being understood that

r(-s)+ s+l

denotes 7 + log (i- + \) when s = - 1 . Let

V
\

V

Then we have

l'+2'+...+ ^er--©"-''Q-f(-.)-^:^.rr-

and

* Xcta Mathematica, vol. 37, pp. 113—140 (p. 140).
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It follows fi-om these equations and (17"1) that

(17-2) <7,(l) + ff,(2^ + ...+<7,(/0= S If(- s) + -^f-V^' + ""'-'

+e.QVe.v-(v'.+6)r'+o(?;j;;)

Changing s to — .s in (17'2) we have

(17-21) n^ {a^,a) + <y-A-2) + ... + <r-A")\ = S \»' ^{s) + '~- + (-Y''\ e^.v^'

^=1 I 1 — s Vi'

...0'-(.»..)C)\o(^
It follows that

(17'3) «»)<7_,(l) + a_., (2) +...+<T _,(»)} -fo-,(l) + <T,(2) + ...+o-,(«)}= S ]«»f(A-)-f (_.,)

\s+l

1/=!

+fT-,(? -r^/"'-<^'»—--<v-^) 3Vo(^:.^')

Suppose now that s > 0. Then, since v varies troni 1 to t, it is obvious that

,84

1

»S—

1

—1
— < -

;/ v'

and so of—) = 0'?l')-

Also S {/r' ?(s) - ?(- s)} = (^/» - i + e) («* f (*) - ? (- .s-)}

;

4 ^„^-..-S_f(l-»)+^(V„+,)-+0(«*');

2 (V;- + e) v^ = Wn + e) ?(-«)+ ^^^^ + ^)'^'
+ Q {n^')

;

2 (Vw + 6) ( -Y = »* (V» + e) ?(s) + r^ (^/n + e)=-» + (»*')

;

and i^0('i^;) = 0(m),

where

( 17-4) »( = /;-'' (s < 2), /(( = n log « {s = 2), m = n^-^ (s > 2).

It follows that the right-hand side of (17'3) is equal to

1 +s 1— S" ' 1+s
n (V?t + 6)" - «« (V" + e)'-'

But (^" +
^>^^V"^:'<^"

+ -^"'

^2e»^'^^-' + 0(»i-);

Y^ = -26h'^ ' + 0(/i-).

+ ( ml
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It follows that

(17-.5) <r,(l) + o-,(2) + ...+o-,00 = «'i<^-«(l) + o--*(2)+---+o--4n)l-YTp^?(l + «>

on

+ i n» r(«) - YZTs r (1 - s> + (m)

if s > 0, ))i being the same as in (17-4 ). If .s = 1, (l7o) reduces to

(17-6) (n - 1) o-_, (1) + (» - 2) o-_, ( 2) + . . . + (» - /O o-_i (?i)

= ^' «^ - f« (7 - 1 + log 2/'7r) + (V«)*

From (16-2) and (17-5) it follows that

(17-7) <r,(I) + c7,(2)+... + <7,(/0 = Y^?(l+s) + i«'r(s) + j33?(l-*)

+

for all positive values of s. If .s > 1, the right-hand side can be wTitten as

ns , ^ , ^ { n , U.An) ll>(ii) Us(7i) } ^, ,

(17-8) ^ r(l - «) + "- rd + «)
] j^iTs

+ 5 +^ + -gSr +-^ + ••} + (>n).

Putting s = 1 in (17 7) we obtain

( 17-9 ) 0-, (1 ) + 0-, ( 2 ) + . . . + 0-, (« ) =p "- + i ft (7 - 1 + log 2mr)

Additional note to § 7 (J/w/y 1, 1918).

From (7-2) it follows that

^, {1-<T,_,. (1) + 2-a,_,. (2) +...} = l-'lm--c,„ (1) + 2-* i m-'c,„ (2) + ...,

Q(r) 1 1

^(s)^(r + s -l) ^^^ c,„{n)

?('•) TT '«'«''

from which we deduce

?(s) S /. (S) S''- ='^ + ^-^^ + '"'"j-^ + . . .

,

5
1" z" .y

B being a divisor of ni and B' its conjugate. The series on the right-hand side is convergent for

A- > (except when »/ = 1, when it reduces to the ordinary series for ^(s)).

When s= 1, m> 1. we have to replace the left-hand side by its limit as a—» 1. We find

that

c,„ (1) + ic,„ (2) 4- ic, (3) + ... = - A ()h),

A(m) being the well-known arithmetical function which is equal to logp if m is a power of

a prime p and to zero otherwise.

* This result has been proved by Landau. See his a more transcendental method, replaced 0(^'«) by 0{n')

report on Wigert'a memoir in the G'lttingische gelehrte {I.e. p. 414).

Ameigen, 1915, pp. 377-414 (p. 402). Landau has also, by
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XIV. Asymptotic expansions of hypergeometnc functions.

By G. N. Watson, Sc.D., Trinity College, Cambridge.

[Received June 11, 1917. Read Feb. 4, 191S.]

1. The hypergeometric function F{a,j3; y, x) presents two distinct problems to mathe-

maticians interested in the theories of analytic continuations and asymptotic expansions. The

first, and simpler, problem is that of finding the analytic continuation of the function beyond

the circle x = 1 , which is the circle of convergence of the series by which the function is

usually defined, ilore generally, the problem is that of finding the analytic continuation of

q+iFq beyond the circle
| « ,

= 1 , and of finding the asymptotic expansion of ^F, for large values

of j a; I when p<q + \; as usual, pF,j denotes a generalised hypergeometric function defined

by a series in which each coefficient is a fraction whose numerator and denominator consist

of p and of 9 + 1 sets of factors respectively; the function is an integral function when p< q + 1.

This problem has now been completely solved ; the earlier investigations by double-circuit

integi-als (in connexion with which reference may be made to the researches of Hankel* on

Bessel functions, of Hobsonf on Legendre functions, and the extensions due to Orr|, by means

of elaborate inductions, to generalised hypergeometric functions) have been followed by the

memoirs published by Barnes §, whose powerful method of employing integrals invohing gamma

functions renders it unlikely that the subject retains any general results to be discovered by

future investigators.

The second problem presented by the hypergeometric function is that of the discoverj' of

approximate formulae (and complete asymptotic expansions) for the function when one, or more,

of the constants a, /3, 7 is large and the remaining constants and x have any assigned values.

The earliest investigation of a problem of this type seems to be due to Laplace |j, who gave two

proofs that, when n is a large integer and < 6< tt, then

P„ (cos 6) -*. I ^"l^os {(« + i)d-^7r}.
\mr sin 0/

A more satisfactory demonstration of Laplace's result is given by DarbouxIT in his epoch-

making memoirs Sur l'approximation des fonctions de tres grands nomhres. These memoirs also

contain an investigation of the hypergeometric function F{a + n, —n; 7; x), where n is a large

positive integer: this function is sometimes known as Jacobi's** (or Tchebychef'sff) polynomial.

* Math. Ann. i. (1869), pp. 467-501. pp. 97-204.

t Phil. Trans. 187 A (1896), pp. 443-531. II
Mecanique Celeste v. (1823), livre 11, supplement 1.

t Cambridge Phil. Trans. xv^I. (1898), pp. 171-199, f. Liouville (3) iv. (1878), pp. 5-56, 377-416.

283-290. ** Crelle lvi. (1859), pp. 149-175.

§ Proc. London Math. Soc. (2) v. (1907), pp. 59-118; tt CEuvres ii. (1907), pp. 189-215; these researches

VI. (1908), pp. 141-177: Quarterly Journal xxxix. (1908), were first published in 1872-1874.

Vol. XXII. No. XIV. 36
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More modem investigatdons in the particular case of Legendre functions are due to Barnes*,

but his methods convey the impression that they are primarily adapted for attacking the first

problem rather than the second; on the other hand, it must be stated that the}" are quite

effective in obtaining complete asymptotic expansions of P,l°^{z) and Q„'"(^) when either

I

n or
j
m 1 is large, and n, m are not restricted to be integers.

The most natural way of attacking the second problem seems to me to be by the method

of steepest descents. The application of this method to the problem is of special historical

interest, because it was in connexion with hypergeometric functions that Eiemann ^vrote the

paper-)- which contains the first indications of the potentialities of the method. More recently,

in the hands of Debye, Brillouin and myself, the method has proved to be effective in dealing

with Bessel functions, Weber-Hermite functions (i.e. those associated in harmonic analysis with

the parabolic cylinder) and numerous other functions (defined b\' definite integiitls of various

types) which occur in many branches of Mathematical Physics*

As the investigations of this paper have the asymptotic expansions of Legendre functions

as one of their ultimate objects, a notation will be employed which will make it as easy as

possible to write do\vn the special results for these ftmctions. It may be mentioned here that

the contours which are yielded by the method of steepest descents in the case of h\-per-

geometric functions are all algebraic curves, many of them being nodal circular cubics ; this is in

marked contradistinction to the fact that the contours employed in pre\"ious applications of the

method (with the exception of some of Brillouin's researches on the functions of Physical Optics)

have been somewhat complicated transcendental curves.

It should also be remarked that very slight modifications of the contour integrals are

adequate to supply the asymptotic expansions in various exceptional cases in which the appli-

cation of the Mellin-Bames method requires detailed separate investigations.

* Quarterly Journal, loc. cit. This paper contains ^x<:tf<fT, which is ii-«i/mpfofic over the wider range 0<S<ir,

(p. 143) an extended acconnt of researches on Legendre when n is large. It will appear in Part IV of this memoir

functions. For more general hypergeometric functions, see that a similar property characterises hypergeometric func-

also Eneyelopedie des Sciences Math. t. n. vol. 5. tions which are there described as belonging to tirpe B.

Legendre functions have been discussed from the aspect + This paper, which was published posthumously, is

of the theory of diflerential equations byNicholson, (^iKirtcr/y given in Kiemann's IlVri* (1892), pp. 424-430. See also

Journal xi.i. (1910), pp. 241-264, xliu. (1911), pp. 53-62. the French edition (1S98), pp. 369-377.

It may also be noted here that a generalisation of * Debye, .1/afA. Jnii. Lsvn. (1909), pp. 535—568; Miinch-

Laplace's formula ener Sit:ungsberichte (1910), [5]. Brillouin. Ann. de VKcole

p ml fli-
^ r(n+iw+ l) rco3{(n + |)g-iTT^Btir} .Voniia/*' S«;)^ri>iir<r (3) xxxiii. (1916), pp. 17-69. Watson,

^."(eos )--^ r(n + |) L (2 sin i)^ ^"x-. London Math. Soc. (2) xvl (1917), pp. 150-174, xvii.

(1918), pp. 116-148; QuarUrly Journal xLvm. (1917), pp.l--4m» e08!(>n-?)g- JT-rjmr} "I (1915

"2(2n-3) - ^2sin9)^ *'"J ^'^^

(Hobson, p. 486) afiords a convergent expansion when
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Pabt I. The geseraused Jacobi-Tchebychef fcxctions.

2. Statement of the problem.

In this section, we shall obtain the complete aspnptotic esp\nsion .t

F{a+ K ^-^; 7; •«>.

where a, ^. y. x have any assigned values, real or complex (the value of « , being not restricted

to be less than 1), and X, is large while* argX <7r. More precisely it is supposed that

argX $'n--8, where 8 is an arbitrary positive number, independent :" \

We shall invariably write i— ^i in place of x (with a view to applications to Legendre

funccionsf) and ^ will then be defined by the equation

£ = coshf

;

and, if t = fir ny. where f. jj are real, it will be supposed that f>0, — 7r§»;$— . These con-

ventions determine f uniquely when s is given, except when s is real and less than 1. It will

be supposed that the arguments of s, s—1. r-rl are given their principal values (numerically

not exceeding b->, and, in the special case in which c — 1 is real and negative, it is t-o be supposed

that s attains its value by a limiting process which will determine whether aig (r — 1) is to be

taken equal to + it or to — tt. The values of arg s and arg {z + 1) are to be determined in this

exceptional case in the same manner.

In the i-plane the curves on which f is constant are confocal ellipses, and the curves

on which ij is constant are ares of confocal hyperbolas, the tixii being at r = + 1.

3. The contour integrals associated with the h^pergeometric function.

With the notation introduced in | 2, the ftmction under consideration is

F{a + \, ^ — X; 7; — sinh-itt = i'(a-{-\. ^-X; 7; i - is).

In our preliminary discussion we suppose that arg X $ i -r — 8. and not tt — B as stated

in § 2: the more extended range is considered in § 7.

To deal with this hypergeometric function we write down one of the integrals satisfying

the associated hypergeometric equation, namely
;|:

I,= i (1 - *)r-*-T (1 + t)Tr-3+*-i(5 - f^-«-**,
-' -1

in which the path of integration is either (i) the segment of the real axis, or (ii) a path

which ij reconcilable with this segment without crossing over the singularity t=2: and

* Some of cbe expansions irhieh will be obtained aie t Of comse x has no connexion with the real part of ;.

TaUd cmlyiriien -|v--<i^<:aig\<:lir— w,. vbste ei^, eb aie The reader is doubtless familiar with fonnalae of the type

een«in positiTe aeote angles. The asymptotic expansions 1 /T.i.i\i*

vben X is not in this sector of the plane are obtained by » ''^'~r(l-«) Is-lJ l" - 1- - " • 1 - «; J - Js).

working with \ (= - X) and mafcing an obvions interchange * Xhis is easily derived from the int^ral given by
''[,'• ^- Forsyth. DiUireRtial Equations. § 143.

36—2
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siTg(z—t) is defined by giving it the value arg(a + l) at ^ = — 1. The integral obviously

converges at both limits when X
, is sufficiently large.

To evaluate the integral, suppose that |« — 1'>2; and then, taking the path of inte-

gration to be the real axis, we have 1 — ^ < \z—l\. Hence, on expansion, we get

A = (." -D— f ' (I - o«-*->
(1 + ?)>-«—' I ^!V/^"? f?-^ fdt.

J -1 „=o » r(a-|-\) \I -zi

Integrating term by term, we have at once

^ •2'^-^T(a + \-y+l)r(y-^-i-X):z-l\-'-^„f ^ ^ ^ ^ .. . 2 \

.

^ =
Tia-l^2X+{) (V) i^(«+X,a-fX-7-^l:a-^+2X+I:^--J.

Since /, is anal}i;ic and one-valued throughout the plane (when cut from + 1 to — x ), this

equation, proved when \z—l\>2, persists throughout the cut plane.

Xext take the integral /,, defined by the equation

/., =
1 (1 - ty-^-y ( 1 + <)r-3+^-i (z - t)-'-^ dt.
J -1

in which the path of integration passes above the point t = z when l(z)'^0, and below it

when l(z)^0. Then lo is analytic in each part of the plane when the plane is cut along the

whole length of the real axis.

Deforming the contour in the maimer indicated in Figure 1, we see that

/•(ST)

^. = /i + j (1 - ty-^-^ { 1 -I- t)y-^^^-' {z - f")-"-^ dt,

where the path of integration starts from t = 1 and returns to it after encircling the point

t = z negatively or positively according as I (z) is positive or negative.

-1
>-

Fig. 1.

To evaluate this loop integral, take \z — l\<-2 and write 1 -< = (<- l)e'''", so that

arg(<-l) <Tr;

and then put u = (t-l)l{z -\),

so that t-\ =u(z-\), z-t = {\-u){z-\), t + \ = 2+ iH^z -\),

where arg(l — u) is zero on the first part of the loop and + 2Tr on the second part.
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Then

1, 1,-j^^ ,u.{. l)e
,

-r
,-^,,,Y{^-X~y + \) 2"

X {(1 - u){z - l)}-«-^ {z -\)du

"' ^" r(2-7) I 2 ;

X f (a + X-7+1, /i-X-7+ 1; 2-7; i - U)

_27rie±'"V2^-^r(a + \-7+l) /s- 1 ,'-v„,
^ , o ^ ,i o 1 i n^

r(2-7)r(a + \)

Since it follows from the formulae of analytic continuation* that

2^-^r(7-^ + x)r(i-7)
^> = r(i-^ + x)

i^(« + ^, /5-x, 7, .-i^)

^
2--^r(a + X-74.1,r.7-l) ^^:zJ)-V(«.X-7.1, ^-X-7 + l: 2-,: i - *.),

it is easily shewn that

strictly speaking, this result has not been proved when 7 is a positive integer, in view of

the factor r(l-7) which occurs in the course of the reduction; but, since both sides of

the final equation are analytic functions of 7 (except when 7 is zero or a negative integer),

the equation holds also for the exceptional values of 1, 2, ... of 7, provided only that X
'

is

so large that the integrals /i and I2 are convergent.

4. The contours provided by the method of steepest descents.

We now- apply the principles of the method of steepest descents to the integral

(
(1 - t)''-y ( 1 + t)y-»-' (z - 0"" exp (- X log ^,j dt,

with a view to determining asymptotic expansions of /, , I., when
J

X
)
is large.

The stationary points of log {(2 - 0/(1 - t')], </«« function of t, are given by the equation

^^ - 2^( + 1 = 0,

and so they are t = e^', t = e~^.

The contours which are provided by the method of steepest descents are consequently

arcs of the curves f
2 / 2 g» z t z ~— e~^

Writing:;: t= X -\-iY, and supposing that ^1, c^,, <^3 =^i'e the angles w^hich the vectors i- 1, <+ 1,

t - z make with the X-axis, we see that each of the curves is such that c^, +</>.,- (^3 is constant

on it. These curves are portions of circular cubics.

* Barnes, Froc. London Math. Soc. (2) vi. (1908), cedure involves very great labour in obtaining terms of the

p. 147. asymptotic expansion following the dominant terms (cf.

t Riemann takes the real part of the logarithm constant Cambridge Philosophical Proceedings xix. (1917), p. 45).

and then applies the method of stationary phase ; this pro- * Of course .Y and Y are supposed to be real.



282 Dr WATSON, ASYMPTOTIC EXPANSIONS

( t-z^ _F(Z=4-r-+l)-sinhfsin77(Z-- F— l) + 2XFcosh^cosj7
Since tan

|
/ log

^-j^^J
= x (Z^' + F' - 1) - cosh ? cos v (X' - T' - 1) - 2A' Fsinh ^ sin rj

'

the equations of the two cubics are

Y{X- + Y- + 1) + sinh f sin r) {X- - 1"- - 1) - 2Z F cosh f cos t;

= ± tan7;[A'(A'-+ F'-- D- cosh f ccs 7; (X- - F- - 1) - 2A'Fsinh f sinT;].

and the cubics have nodes at (e^ cost?, e^ sin?;) and (e^f cos j;, - g-^ sin ijU-espectiveh".

We shall consider fully (§§ 5-7) the properties of the cubic (S.^ obtained by taking the

upper sign in this equation, and deduce (§ <S) comparatively briefly the properties of the other

cubic (.S'l); the simplest mode of passing fi'om one cubic to the other is by changing the signs

of I and 77 throughout the work.

5. Propeoiies of the cubic S..

To express the coordinates of any point on & as rational functions of a parameter fi,

we write the equation of the cur\-e in the form

( Fcos 7? - Z sin v) {X (X - e- cos j?) + F( F- e^ sin ij)} - e-^ {X -er- cos ??) ( F - e^ sin 7;) = :

and if we now put Y - e^ sin 7; = ^ {X - e^ cos 77).

we find after some straightforward algebra that

fi-e^ cos T) sin 7; + /x (e^ cos 2ri — e^^) — e^ cos 77 sin 7;

(sin 7; — /x cos 7;) ( 1 + /i-)
X = e^ cos 77 +

F = e* sin 77 +
fjL l/i'e^ cos 77 sin 7; + /i (e^ cos £17 — e~^) — e^ cos j] sin 7?|

(sin 7] — IX cos 7;) (1 + fi-)

The only real asymptote is }' cos 7; — X sin 7? = e~^ cos rj sin t).

The curve degenerates (into a straight line and a circle) only when »? is 0, ± ^, + tt,

and, in each of these cases, the curves C, and C.y coincide. It will, however, appear later

that the degeneration when 7; = + ^tt does not affect the analysis; but in the cases 7; = 0, +7r,

the difficulty has to be surmounted by taking as contour not a portion of the degenerate

cubic, but a slightly different curve (§ 7).

To return to the non-degenerate cubic, we notice that the effect of changing the sign

of 77 is to reflect the curve in the axis of K ; while the eff"ect of writing ± tt — 17 for 7; is to

reflect the curve in the axis of F. We can consequently derive the shape of the curve

for any atlmissible value of 77 by considering the shape of a curve of the family for which

7j is a positive acute angle.

We now construct the following tablu of values of t{=X ->r iY) and fi:
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It is easy to see ti-Diii the table that {when ij is a positive acute angle) as ^ increases

t'roiii tan y to + x , and then from — x to tan 77 again, it passes in succession thi-ough tlie vahies*

Ml' M-'. (Ms '>!' Mj). M.-,. Ms. Mi-

To determine the positions of the node relative to these six points, we observe that the

parameters of the node are the roots of the quadratic g (n) = 0, where

g (yfj.)
= fjL- e^ cos -qhrnri -\-

fj,
(e^ cos Irj — e~^) — e^ sin >; cos 77

;

now g (fi,) >0>g (/x.,),

and g (/n..) = •2e~^ sin 7? (cosh f — cos i])/{e^ cos 7; — 1 )- > 0,

g (yti,) = — e~^ tan 77 < 0,

g (tj,2)
= e~^^sin 7; cos 77 (coth- f tan- 77 + 1) > 0.

Hence one of the parameters of the node lies in the intervals (/x,, /is) and (/^j, ^(g), whili' the

other lies in the interval (/^i, /i,).

Hence, if a point starts fi-om infinity and traverses the entire length of the cubic, it

passes through the points of interest in the following order:

cK , ef{node), z, 1 or e^ cos 77, ef(node), ie^sin77, —1, 00

(the points being specified by their complex ciwrdinates); if 77 is a negative acute angle, the

points are traversed in the same order; while if 77 is obtuse (either positive or negative), the

order is:

X, e^ (node), z, —1 or e* cos 77, e^(node), te^sin77, 1, x.

The curve is shewn in Figures 2 and 3 in two cases, 77 being a positive acute angle, and

e^ cos 77 > 1 in 2 and e^ cos 77 < 1 in 3, while in Figure 4 77 = |7r. The portions of the curve from

Fig. 2. Fio. 3. Fig. 4.

which the contour has to be selected are shewn in continuous lines ; and it is obvious (even in

the critical cases when 77 = + Jtt) that the cubic has an arc which passes from — 1 to 1 through

the node without passing through f the critical points z and 00 ; and further, this arc cannot

* The sign of e^ cos rj - 1 determines whether pL^ comes is true if cosech | cos rj < coth J, which is obviously the case,

before or after /ii4 . When e^ cos ))>1, wc prove that jn^P"^^- t This is not true in the other critical cases 7; = 0, ±jr;

cedes ^3 by proving that coth f {e^ cos 7; - 1) <c e^ cos 1; ; this see the end of § 7.
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be reconciled with the segment (-1, 1) of the real axis without passing over the point z, and

the are is of the type specified for the second contour of § 3.

Further, as t passes along the arc from — 1 to 1,

T = log l(f - ^)/(f— l)i + log ( 2eO

passes by a steady decrease from + x to (at i = e^) and then increases steadily to + x again.

Hence /, = ([" + [")(!- tY'^ (1 + i)y-^-'(z - t)-^ 2^ e'^ e"^'
J^

dr.

6. Transformations of the integrand of /.,.

It is now possible to obtain the asymptotic expansion of /._,, by a consideration of the

expansions of

(1 - tY-y(l + t)y-^-\z - O"" {dtldr),

in powers of t on the two parts of the path near t= e^.

From the equation defining t, it is readily seen that

; _ ef = + (1 - f^4-')i (1 -e-')- - ef (1 - e-^)

= + i a,T''+i+ i hr^\

when |T is sutHciently small; if the upper sign refers to the arc joining ^ = e^ to t=\, then

a„ = + (l-e=0*,

where the upper sign is given on the understanding that a^ varies continuously with ^, so

long as /(eO '^o^* not change sign, and Oq is positive when 7; = + Jtt, so that the saddle-

point {i.e. the node of the cubic) is on the imaginary axis in the <-plane.

This result gives rise to an expansion of the form

(1 - tY-y (1 + O'-^-' {z - t)- f-
= ±Cl cy - i + I rf,T»,

OT
,? = S=

where c„=l and c = ^(1 -eO'"^"^*(l +eO^"^"*(^-eO"".

and the many-valued functions are specified by the conventions

|arg(l-eO <7r.
i

arg(l +eOI < «,

since we took arg(l —0 and arg(l + t) to vanish when — 1 < << 1.

To determine arg (z — e^) = arg (— sinh f), we notice that it is to vary continuously with ^

so long !xs I{z) does not change sign ; and that, in the special cases when 77 = + Jtt, ^ — e*" is a pure

imaginar}' whose sign is opposite to that of t] ; and that, as t passes along the contour from — 1

to 1, arg {z — t) varies from arg (z + 1) to arg (^ — 1) + 277 ; and hence that, in tiu' special cases,

arg(i — e^)= + ivr.

Hence it follows that the equation

z-e^=y-i(l -eO(l+eO

is always true in the sense that the argument of the expression on the left is the sum of the

arguments of the factoi-s on the right, and does not differ from the sum by a multiple of 27r.
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Therefore C = 2«-' e«? ( 1 - eO* " "^
( 1 + e^y - ^^ - (^ - i

.

We shall next obtain a compact expression for the general coefficient ci, it is evident that

I rtO+,()+)
( rlt) dr

the path of integration being a double circuit round the origin in the r-plane corresponding to

a single circuit in the f-plane round t = e^.

Hence Ccg is half the coefficient of (t — ef)-' in the expansion of

(l-tY-y(l + t)y-^-'(2~tr''T-'-Ht-e^f'+'

in ascending powers of t — eK

If we write i = e*"+ T, it is easy to shew that c^ is e(jual to (1 — e-O" multiplied by the coef-

ficient of jr-' in the expansion of

in ascending powers of T.

The value of c,j is unity, as has been already stated ; and

c, = i (X + Me^+ Ne-<)l(l - e-0,

where Z = (« + /3 - 27 + 1 )- - « + /3 - ^,

M = - 2(a + -l)(a + 13 - 2y + 1),

M = {a + l3-iy + (x-f3 + l.

Next we consider the range of validity of the expansions + CSCsT*"^ 4. Sd^r*; the values + 1,

z of t correspond to infinite values of
[
t

[

, and so the only finite singularities of the function

of T defined by the expansion are the points for which dtjd.T is zero or infinite (i.e. the points

for which t fails to be a monogenic function of t). These points are given by t" — 2tz +1=0, i.e.

by t = e^^-, and the corresponding values of t are

These are the points t= 'Ikiri, 2f + 2^7r^, where A: is any integer. Hence, by Taylor's theorem,

the radius of convergence of the expansion is 'I-rr or 2,fi, whichever* is the smaller.

Further, it is easy to see that, throughout the r-plane (except in the immediate neigh-

bourhood of the points 'Ikiri, 2^+ 2kTri), we have

when T is large, A' being a positive constant {i.e. independent of t) which depends on a, 0,

7, 2, and r being any fixed positive integer.

* Since -tt^jj^t, no one of the points 2j-+"2ixi is nearer to the origin than 2f.

Vol. XXII. No. XIV. 37
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7. The asymptotic expansion of I.,.

It follows, by applying a general theorem* to the result of § 6, that we have the com-

plete asymptotic expansion

i a-t)'^-ya + ty-»-'(z-t)-'e-^-'{dt;dr)dTs,±G S cA T'-ie-^uh+ ^ dj T'^-^-rfr,

and so /, ^ -2*+" Ce^i i c,. p (s + i) \
- «

" 4

,

the expansion being asymptotic in the sense of Poincare when
j \ , is sufficiently large and

l^rgXj ^^TT-^B: provided that rj is not equal to or +7r, as the integrand would then have

a singularity for a positive value of t.

We shall now examine to what extent these restrictions can be removed.

It can be shewn that the expansion is valid when 7/ = or + tt; for suppose that tj is slightly

greater than (or - tt); then instead of taking the contour to be the real axis in the r-plane,

we take it to bef the ray argT = - iS; the modified integi-al is an analytic function of \ when
- ^TT + S < arg \ < ^TT, and it is also an analytic function of ? when /(?) 5^ (or - tt). Hence,

making f assume the real value '^ (or the value f - iri), we see that, when ?? = + or - tt + 0,

/„ is equal to the modified integral, and also the asymptotic expansion is unaffected. To discuss

the cases rj = — 0, tt -0 we proceed similarly, but we swing the contour round in the opposite

direction; and we note that the expansion is the same whether j; = + or - 0.

Secondly, to extend the range of values of arg X, we observe that the process of swinging

round the contour can be can-ied further, as shewn in Fig. .5. Take the two of the points 2f + 2A-7ri

Ki.i,

• Proc. Lonliin Math. Soc. (2) xvil. (1018), p. 133. deformed contour, is oue which passes from - 1 to 1 and

t The contour in the f-plane, corresponding to this it is of a spiral form near eacli of these points.



OF HYPERGEOMETRIC FUNCTIONS. 287

which are nearest to the real axis (one on each side of it), and let the rays joining the origin

to them be arg t — — w,, arg t = w^, so that tui, w^ are positive (or zero) acute angles.

When argX,>0, we take the contour to be the ray argT = — tuj + ^8, and the modified

integral (which has the asymptotic expansion already given) provides the analytic continuation

of /„ over the range for which arg A. < Jtt 4- <b, - 8, provided that
j

\
]
is sufficiently large to make

A'|Ti-A'(\-)<0.

Similarly, if arg \<0, we swing the contour round to be the ray arg t = <U2 - |3, and we get

the asymptotic expansion of the analytic continuation of /, over the range arg \> — ^tt — (o.^ + B.

Hence, when \\\ is sufficiently large, and — Jtt — &>„ + 8 < arg A. < ^tt + m, — 8, tve have the

asymptotic expansion of I., and its analytic continuation, given by the formula

And the values of eo^, (Oo are given by the formulae

GJa = tan~' {v/^)> —
&>i = tan~' {(?; — 7r)/f},

when 17^0; and by the formulae

<o, = tan-' {(t) + 7r)/f; , - a>, = tan"' (yj/^),

when 7? ^ 0, the sj'mbol tan~' in each case denoting an acute angle, positive or negative.

[The method obtaining the asymptotic expansion of /, when \ does not lie in the specified

sector of the plane is indicated in the first footnote to § 2.]

8. The asymptotic expansion of /,

.

We next consider the second contour {S-i) of § 4, namely

t-znog^^=i log-

-i -

The analysis is derived from the preceding analysis by writing (— ^, — rj) for (f, ij).

If F+ g-^sin j; = /Li(A' — e"^cos7;), we can construct (as in § 5) a table of corresponding

values of t (= A' + i'l^ and ^.
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The parameters of the node are the roots of h {/j.) = 0, where

h(fi,) = fjL- e~^ cos Tj sin rj — fi, (e"- cos 2j; — e^) — e~^ cos tj sin 7;

;

now k{fu)<0. h (fjLio)
= '2e-^ sim) (cosh ^ - cos rj) {I — e-^ cos tjY > 0,

h (/ijo) > 0, /( (^j) = - e-? tan ?; < 0,

and so a point which traverses the entire length of the cubic passes through the points of

interest in the following order:

X, —1, — ie^sin?;, e~*'(node), 1, z, e~^cosr), e~^'(node). x.

Hence the arc of the cubic (Fig. 6) which passes trom — 1 to 1 through the node is an

admissible contour which lies entirely on one side of the real axis while the point z lies on

the other side, as shewn in Fig. 6.

Fig. 6.

By suitable reflexions, we see that the cubic possesses these properties for all values of

Tj from — TT to TT.

Hence, writing
t
— ~

we get /, = [|" + r)(l -tY-m+t)y-»-'(z-i)-''-2''e->^^e-''''^dT,.

Also, when t is e~f we have

l-t=l-e-<, ]+t=l + e-i z-t=le^l-e-i)(l+e-<),

where .
|
arg (1 - e'O

i
^ "^i

I

arg (1 + e~0 § v.

We now proceed as in § 7, and we find that the asymptotic expansion of /,, for large values

ot |\|, is given by the formula

/,~ -2^+' Ce-'i i c; r (.V + ^)\~"-

,

.1 =

where C = 2-' e-'^l - e-0*"^(l + g-^"^
"
" " ^ "

*,

and the value of to' is 1, while the general coefficient Cg' is derived fi-om Cg by changing the sign

of f. In particular

c/ = i (i + Me-i + .Ve-»0/(l - e-%

where L, M, N have the values given in § 6.



OF HYPERGEOMETRIC FUNCTIONS. 289

There is, however, an important difference in the range of values of arg X, for which the

asymptotic expansion of I^ is valid. For the singularities i)f the integrand are the points

T] = ikiri, 2kiri — 2^, and the points 2kTri — 2f, being on the left of the imaginary axis, do not

hamper the process of swinging round the path of integration; we may therefore swing it round

so as to be either of the lines argxi = + (^tt — iS), according as 7(\) g 0; and therefore the

asymptotic expansion of /, is valid over the sector

I

arg X
I

^ TT — S,

provided that
|

A,
j

is sufficiently large. For brevity we shall describe the sector for which

I

arg X
!
^ TT — S,

as a complete range of values of arg X, while the sector for which argX lies between — lir—w.+h

and \tt + ft), — 8 will be described as an incomplete range of values of argX.

9. Asymptotic expansions of hypergeometric functions.

It is now possible to write down the asymptotic expansions of two independent solutions of

the h\'pergeometric equation of the type under consideration; the formulae are as follows:

- IX"""'^ / 2
F(a + \, a + X-7+1; a-j3 + 2\ + l; £-_

j

2-^r(«-/3 + 2x + i)
._,„,.„^i_^_^i-,(i + ^-,).-.-^-4 i e;r(. + i)x— 4,

r(a + X-7 + l)r(7-/3 + X)

valid when
|
X

j

is large and
|
arg X § tt — 8 : and

^(« + X, ;3-X; 7: i- i.)^
^<^ "/ +y_^^^7' 2-^^-Ml - ^-^4-7(1 +,-^)7-a-^-i

TT I {y — p + ^)

valid when
j

X , is large and — i tt — o)., + S < arg X, < j tt + &), — S.

In the second formula, the upper or lower sign is taken according as I (s) i. 0, and, in

deriving it, use has been made of the equation 1 — e^=e^{l — e~^)e^".

The discontinuity in the second formula is only apparent; for if z crosses the real axis

between + 1, account has to be taken of the discontinuity in the value of rj; while if 2 crosses

the real axis on the right of z=l, we must have arg|X|$i7r — 8 for the crossing to be

possible*, and then the second expansion is nf exponentially lower order than the first.

When 7)= +0 we must have and, when »j= -0, we must have

- Att - tan-i {TTlt) + 5 < arg \ < Jir - S, - Jtt + 5 < argX <iir + tan"' (7r/t )
- S.
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Part II. Asymptotic expaxsioxs of Legendre functions.

10. The asymptotic expansion of Qn™ {s) ivhen \n\ is large.

As special cases of the formulae obtained in §| 7-9 we can write down cninplete

asymptotic expansions of the generalised Legendre functions Q,™(2), P„"'(z) when z is assigned

and either i»ii or |rK| is large, n and m not being necessai-ily integers; the formulae agi'ee with

results previously obtained by Hobson and Barnes, but some of them are valid o^er a more

e.xtended range than has been hitherto assigned.

Let us first consider Q„""(2) when n\ is large and arg n ^tt-S. We have*

sin(« + m)7r U-1/ r(2K+2) 12 V
/< \^ j_^/

when iarg(2+ I) ^-tt, so that

z-l~\l-e-i) '

the arguments of both sides of this equation being equal and not differing by a multiple of 2ir.

But, with these conventions, if a = 1, /3 = 0, 7 = 1 - m, X = n, we have

Therefore, by § 8, the asymptotic expansion of Q,,*" (z) is given by the formula

n mi ^ -rCi + l) sin (n + m)ir (7r/«)-e-"'+"^ [. , | c^T(£+_|)|

^" ^^^"'r(n-m+l) sinn-n- V(l-e-^0 1 s=i r(i)«- \'

valid when ,arg(2 + 1)
j

^tt and argw
|
§7r — 8; and c,' is given by the formula

c, = = ?((- — J + ( III- — i) coth f.
4(l-e-'-f)

In the special case when z = cos 17, Qn'" (z) is defined t as

i {Qn" (cosh (0+ir,)) + Qn"' cosh (0 - ir])},

where we may take < ?; < tt.

If we wTite in turn ^=0 + iv and ^ = - ir). we get

e< = e-'^ V( 1 - e--^) = e = ^''' = l""'' V(2 sin rj),

since V(l —e~^) is positive when ^ is a pure imaginary.

We thus obtain the complete asymptotic expansion

^ ^ '' r(n-TO + l) sm NTT V \2wsinj?y L i
^"

(»*" — i)cot n . , , ,

,

11,-^ * —^'sin{(« + .U»; + i7r! +

valid when < ?; < tt, jarg nj < tt — 8.

• This 18 in accordance with the definition given by (p. U4). It differs from Hobson's definition, Phil. Tnnn.

Barnes, Quarterli/ .Journnl (loc. cit.). pp. lOO, 107. ('"c cit.). p. 471.

t This is also in accordance wit)i Barnes' definition
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11. Tlie <(si/mptotic expansion of F„'"'(z) when \n\ is large.

From the well-known formula*

we at once derive the asymptotic expansion

r()i + l) e-4f
p«"'(^)' T{n-m + \)(niTf{\-e--i)^

X

valid throughout the incomplete range of values of arg n given by

— 2 TT — &)o + 8 ^ arg n !g -J tt + Wi + S.

In the special case in which t; = and
j

arg?i
|

^ ^tt — 8, the second expansion may be

omitted and we have the sinipler formula

p,„, , ., . rO'+_ij e^-^ _l c,r(6- + | )

" ^^^^''"r(w-m+l)V(2»7rsinhf),to ^{\)n' '

To discuss the case in which — 1 < < 1, we write z = cos r) where < v < tt. Then, remember-

ing that, with the usual dehnition,

P„'» (cos ri) = e^ ""^' P,.'" {cosh (0 + tji)},

we get P,,'" (cos ?;) -^ =- — -rj^ ^

,

_(im7r- J)r + tt?) + i7))
<: ^ Q 1 (s + ^)

.,ro r(i«)'

+ ''

.=0 r(^)/i-'

this expansion is valid when
j

arg »i ' $ tt — 8.

The dominant terms are

P,»'»(cos7;)~ „,
'""*" '-

(
—'-.— ) cosf(M+ h)r] + i mir- 1 7r\+"'^^ cos{{n+i)7i+h'mTr-^Tr}

- cot r] sin {(« + j) "J? + I niTT — | tt ( + . .

.

2?i

It is worthy of note that the asymptotic expansion of P,;'" (cos rj) is valid over a more

extended range of values of argn than is given by Barnes' method (p. 155). The results of

this section are otherwise equivalent to those given by him on pp. 152-161.

12. Asymptotic expansions of Legendre functions wltose order m is large.

These expansions need a rather more lengthy investigation than the expansions given in

§§ 10, 11, since the cases R{z)^0, R(z)^0 have to be considered separately.

The formulaef which will be employed to obtain the expansions are

P,r{z) = ^
Ya_„i) -Fiin + i_-hvt, -in-hn; 1 - m; 1 - z%

^.«v.^-^.> ..-Un-,l) ^"'-''!^iiri + ^m + i)r(in + im + l)

sin (;( + /») 77 rr/i 1 11 1 .1 , t 1\
sin JMT \ " - ^ - - - i—z-j

which are valid when R{s}^0.

* Hobson, p. 451; Barnes, p. 102. t Barnes, pp. 120, 123.
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If in the first of these formulae we wi'ite —m. for m, and then in the fommlae of | 3

we write a = /3 = i?(+J, 7 = » + |, X = \m, we see that

9-fm+ Jn + i/ ;_i\-Jn-i

" -^ ' r(Jw-in)r(im + |« + l)
"

where, in I^ we have to Avrite (1— s'-)~' in place of \{\ — z) wherever z occurs; so that f is^

now defined in terms of z by the equation

i (1 - cosh = (1 -«')"'.

and therefore cosh^=^—=-, sinht'=^^—i,2^—1 Z' — L

and, since R{z) ^0, the upper sign must be taken in order that we may have .e~^\ ^\.

The asymptotic expansion of P„~"'(2) is therefore

where c/ (1 + 2P(42)~* is the coefficient of T-* in the expansion of

r(i+g)- ( {i + zfT-- 11"'"*

'^l4:zT' ^^\ ^ ^s-2{z^-\)T-(\+zfT^\\

and the asymptotic expansion is valid, when jR(2)^0, over a complete range (§ 8) of values

of arg m.

By using the second asymptotic expansion given in | 9, we find

-^ U + li r+,-:"T^|)7n» )J-

this is valid, when iJ(2)>0, over an incomplete range of values of a.rg»r. the upper or lower

sign is taken according as / (

-J $ 0, i.e. as I(z) g 0, and c* is derived tiom c,' by changing

the sign of z.

Frnin the formula (Hobson, p. 462; Barnes, p. 109)

2Q„"' (2) r ( - >u - n ) 7r-= ,sin m-jr sin n-rr = --f
""-'M- - „Jf^'] . ,

we find P,r (z) -.,
- .v^».^^..^2;xv^„.-.,.-r^; ,

_^.^ ^^^^ / iZli
)
"

'" i 1 + f
2* c. r (*• + J )\find P„'"(2)-», !^ ?—^-^j^—^^

= ^' smwTT =• U T^ - ^,,. ,

This result is simplified by the disappearance of the first series in the special case wlien

7/1 is a positive integer.

The general formula is valid, when R (z) ^ 0, over an incomplete range of values of arg di ;

the special formula is true (jver a complete range.



OF HYPERGEOMETRIC FUNCTIONS. 293

Since $„'» {z) F (- m - n) = Q,r" (2) T {m - n)

(Barnes, p. 105), the asymptotic expansions wht'o B{z)'^0 are completed.

We next consider the expansions when R {2} ^ 0.

From the formula (Hobson, p. 463 ; Barnes, p. 106)

P, ™ {-z) = P,.'" {z) 6=^'""' - 2Q,.'" (z) TT-' sin mr,

we see that, when R (z) ^ 0,

z-l\i'"
(, ,

^ 2%T(s + D
sin WITT T i 1 +z+lj ] \Zi r(i)m'-

fz + l\i"^( - 2'c,r(s+i)
- sni mr r -^ 1 + i

_ 2"'r(im + »« + |)r(|m-l?t+i)
^ ^'^

7rv/(2m7r)

Kz-iJ 1
"

,=1 r(i)m«

Changing the sign of z, and noting that, when this is done, Cg interchanges with Cg' and e"""

with e~""", we see that the expansion of Pn"-{z) has the same form for all values of z in an

incomplete range of values of arg in.

Next, taking the formula (Hobson, p. 463; Barnes, p. 106)

Q.'"(-^) = -e*""Qn"'(^).

we obtain the asymptotic expansion of Q„"'(— 2) when R{z)'^0; writing —z for z, we see that,

as in the case of P,i"'(a), the asymptotic expansion of Qn^iz) has the same form whether R{z)

be positive or negative; and from formulae already given connecting Pn^™, Qn^^, it is evident

that the same is true of Pn~™{z) and Q,~^"-{z). The expansion of P„~'"(2) is valid for a complete

range of values of arg hi when R{z)^0 only; the other exj)ansions are valid for an incomplete

range, as is that of P,,"'" {z) when R {z) ^ 0.

The permanence of the form of the expansions when R{z) passes through zero might have

been anticipated* from the fact that, when m is positive, (^ + 1)'" and {z — 1)'" have the same

modulus when R{z) = 0, and that (as was pointed out by Stokes) discontinuities in asymptotic

formulae usually occur in terms which ai'e negligible in comparison with the dominant part of

the expansion.

Part III. Miscellaxeous properties of Legendre functions.

13. Definite integrals representing Legendre functions.

We shall now obtain important and interesting definite integrals for P„ (cosh f) and

Qn (cosh f) ; they are derived fi-om the formulae of §§ 3, 6, 8 by putting a.= 1, ^ — 0, 7=1, \ = n;

this substituiion gives

/.-,=
('/" +

I ]
(cosh ^- t)-' 2"e"ie-"-'{clt/dT) dr,

, , * — cosh t , „ .

where t = log ~ + low 2eS

so that
dr__ (t--l) (f -cosh^
dt~ <--2«coshf+l

* The permanence of the expansions may also be seen F{>i + l, -)i; m+1; i-fe),
from the fact that P,~'" (z) is expressible in terms of which is of the form described in Part IV below as type B.
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Let ij.fs be the values of t corresponding to any assigned positive value of t. of which fj is

on that part of the contour S^ in the i-plane which joins the node to the point t= + \.

Then, since t^, <j are the roots of the quadratic

i--l = 2ef-'(<-coshO.

we have cosh f= (1 + UU^jiU + U),

and so (cosh ^- UY' {dUldr) - (cosh f- Q-' (dLidr)

t-;' - 1 t/ - 1

~
tj- - 2«, cosh ^+1 U-- 2U cosh f+ 1

= 4e<-^/((, - L).

Now ^, U = e<-^ ±(l- e-')^ ( 1 - e^'^-')-,

where the upper sign refers to <, if arg (1 — e^^"') -<- as t ^- x .

,-'<! g-m-i-DTfj-

Hence we have I. = 2"+' e<"+" f

0 (i_e-^)*(i_e=f-^)*'

provided * that 77 is not zero or + tt.

In like manner /i = 2"^> e" '"+" ^ 5 r

,

•'0 (i_e-'-)*(l_e-'?-r)*

pro\4ded * that 77 is not + tt.

It is desirable to modify these results slightly, by observing that

1 - e=f-^ = e^ { - (1 + e-') sinh ?+ (1 - e"') cosh ?}

= e^f^e^ {(1 + e-') sinh f- (1 - e"') cosh f},

according as 7(5') S 0, where arg (sinh f) lies between + tt.

Similarly

1 - e-=f-' = e-f {(1 + e-'') sinh r+ ( 1 - e"') cosh ?}

;

and so we have the formulae

/, = 2»+'e-<" + **f -^— r {(1 +e-') sinh ?+(!-£-') cosh f) -dr,
Jo (1 — e"')*

/.,= 2"-'e^*"' + »''-*-*'f
f

^~'"^"\
{(l+e--)sinh^-(l-e-Mcoshtr^rfT.

Jo (1 - e-')*

The first of these gives the definite integral for Q„ {z), namely

, , ^ f* fi- <n-^l)r _ i

Q,.(2) = e"'""*"*'n — . {(l+e-')sinhf +(l-e-')cosh?i 'dr,
» (1 - e~')*

valid except when 2+1 is real and negative; when — l<i<l, the mode of approach to the

real axis has to be specified.

• Allowance can be made for the exceptional cases by a suitable indentation of the contour at the points where
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When z is on the real axis, however, we define Q„ (cos rj) as the mean of the values on either

side of the cut ; so that

Q„ (cos 7) ) = |Q„ {cosh (0 + %r])\ + |Q„ [cosh (0 - it])]
;

since sinh (0 + t?;) = e* -'^' sin t} when < ?; < tt, we see that, for values of t) between and tt, lue

have
r^ p-{n+VT

Q„ (cos t;) = A e<"+^) "' + *''' ^[{l+e-')sin7)-i{l-e-^)cosT]}-^-dT
^0 (1 - e'^y

^ig-{n + i)iv-i^' _f
[{1 + e-') sin ri + i (l - e-') COS r]\-i dr.

Jo (1 _ g-"-)*

Similarly, fi-om the formula

we have

P,. (0) = 7r-'e(" + 4)f r {(1 - e-') ginh f- (1 - e"') cosh ^1 " ^ rfr

•'0 d -e-')*(l-e-')4

e~

(T- e-)
+ ^-ig-(H + 4)i-±4^! J j{(l+e-')sinhf+(l-e-')cosh?)-i(^T,

-'0 (1 - e"'')*

provided t] is not zero or tt.

Making | ^- 0, we see i/iaJ, i/ < t? < tt, we Aave

P„ (cos v) = 7r-ie(" + 4)"' - i" -^
j {(1 + e"') sin t? - i (1 - e"') cos t;}

- * dr
Jo (1 — e"'')*

+ ^-ie-(« + 4)"? + J« J ,{(l+e-')sin7;+i(l-e-0cosr,}-4rfT.
.' (1 — e~^)^

These integrals are fundamental in the subsequent analysis.

14. Some properties of the zeros of Legendre functions.

We shall now shew how to obtain roughly the positions of the zeros of P„ (cos 6) and

Q„ (cos 6).

When < ^ < TT, we see that, as t increases from to oo
,

arg {(1 + e-') sin ^ - i (1 - e'^) cos d]

varies monotonically from to ^ — Jtt ; and so

arg {(1 + e-^) sin ^ - i ( 1 - e'^) cos 6]'^-

varies monotonically from to \-n- — 10.

Hence, since e~"''*""7(l — «~^)" is positive, we see, by considering the definition of an integral

as the limit of a sum, that the value of

^ {(1+ e-^)sin ^ - I (1 - e-') cos e}~-dT
'0 (1-e-^)^

lies between and ^tt — hO.

38—2
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We may consequently write

^ {(I + e-' ) sin t>^i{l- e"') cos 0}" ^ rfr = iw Fe-*

where W is positive and w is an angle (depending on n and 0) between and jtt — i0.

We thus obtain the formulae

P„ (cos d) = Fcos {{n + i) 0-1-77 + co], Qn (cos 6) = ^ttIFcos {(n + ^)d + l-7r + m}.

Next it will be shewn that (n + ^) 6 + co is an increasing function of when n is fixed.

We have ttP,, (cos 6) ., ,.,-,, ,

and so

1 {(n + J) ^ + iTT + 0,} = 2,r |q„ (cos 6)
dPnicose) _

^^^ ^^^^ ^^
dQ.,ico,0)

y j"^, ^^^ ^^^^ ^^j,

+ 4{Q,.(cos^)j

But, by appl3"ing a well-knowoi theorem, due to Abel*, to Legendre's equation, we deduce

that sin- [Q„Pn — PnQn} is constant; and, on wTiting 6 = iTr and making use of the values of

P„(0), P„'(0), QniO), Qn'iO) given by Hobson, p. 469, and Barnes, pp. 121. 12-1., we get

sm'd{Q„P,:-P,Q,:] = -l.

Therefore ^ {{n + i) +> + «} = 2 {tt sin ^W] > 0,

which gives the result stated.

We can now obtain limits for the zeros of P„{cosd)-. when O^d^W, we observe that

(n + ^)d — l'7r + a) certainly lies between {k — J) tt and {k + J) tt, k being an integer, if

(fc-i)7r$(n + i)6l-i7r, (« + ^)(9-i7r + (i7r-i6l)$(i + i)7r,

•. (4^-1 )77 ^^ (2^•+l)7^
i.e. if —i—

—J, $ c' ^ s
——

4;i + 2 2>i

In this range of values of 6, cos {(» + h)6 — Iw + co} has the sign of (—1)*; therefore, as

increases from (2^ + l)7r/(2H) to (4i + 3)7r/(4n + 2), (n + h)0 — ^tt + o} steadily increases from

a value between"(^- + })7r to a value between (k+l + |)ir; hence its cosine changes sign once

and only once. Thus the only zeros of P„(cos^) in the range O-^^^stt are in the intervals

[{2k + 1) 7r/(2n), (4A + 3) 7r/(4»i + 2)]

;

and there is one zero and only one in each of these intervalsf-

When \v^d^7r, co is negative, so that the inequalities are replaced by

{k-^)-7r^{n + l)0-l0,{n + l)0-}-7r^{k + i)7r:

and we get one zero and only one in each of the intervals

[{ik + 3) 7r/(4« + 2), {2k +l)ir {2n)]

and none outside these intervals.

The function Q„ (cos 0) can be dealt with in a similar manner ; we shall not give the details

as the reader will have no difficulty in constnicting the analysis.

• Crelle n. p. 22. See also Forsyth, Differential Equa- internal point unless n is an odd intecier. in which case the

tionn, § 6s. The dashes denote differentiations with regard corre.'iponding interval is evanescent, and we have the known

to cos «. result that P„ (0)= 0.

^ None of these intervals can have the point ^ir as an
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Part IV. Asymptotic expansions of a system ok hypergeoi^etric functions.

15. The system of hypergeometric functions with large constant elements.

We shall now determine the asymptotic expansion of any hypergeometric function in wliich

one or more of the constant elements is large, provided that, when more than one of the constants

is large, the ratio of the large constants is approximately + 1. The Jacobi-Tchebychef functions

discussed in Part I are the most obviously important functions of this nature, but others seem to

be of sufficient interest to justify the very brief account which we shall give.

The functi(3ns which will be considered are of the form

F (a + €^\, ,8 + €.^\
; y + e^X; x),

where a, /3, 7, a; are assigned,
j

\
|

is large and e,, e,, e^ have the values 0, + 1.

There are obviously 27 sets of values of (e^, eo, €3), but of course the set (0, 0, 0) has to be

omitted ; and nine other sets may also be omitted on account of the symmetry of the hyper-

geometric function in its first two elements ; thus (1,-1, 1) is effectively equivalent to (— 1, 1, 1).

We shall take the hypergeometric equations associated with the surviving seventeen functions

and obtain asymptotic expansions of a fundamental pair of solutions of each equation. It will

appear that the equations tall into four distinct types, according to the values of (e,, e.,, e,^ shewn

in the following table :

Case
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16. Hypergeometric functidns of type A.

The reader will have .observed that the functions of type A are those already investigated in

Part I of this paper, in^-iew of the fact that the function of case 1 is jP(a + \, /3 — \; 7; x). We
shall merely give a table, indicating the natiu-e of the order of magnitude of the constant elements

in the twenty-four h\-pergeometric functions connected with the equation which is satisfied by

F(a + \, /3 — X; 7; x). By expressing an}- one of these functions in terms of the two funda-

mental integrals /, and Z, introduced in Part I, the asymptotic expansions of the twenty-four

solutions are at once obtained for a range of values of arg\ greater than the half-plane !argX|$|7r;

for values of \ outside this range, we put X = — X,, and then we obtain the asymptotic expansion

of the function under consideration in terms of Xj.

The complete set of functions of type A is given in the following table, the numbering of

the solutions t)eing that adopted by Forsyth, Differential Equations, §§120-121 ; the first three

columns in the table give the coeflScients of X in tlie corresponding elements of the hypergeometi-ic

functions connected with the solutions shewn in the fourth column.

Coefficients of X 1 Functions Case
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The two solutions which will be regarded as fundamental are the sulutioii (I), namely

Fia, /3 ; 7 + X ; «), and (VIII), namely a;i->-* {l-a:)y+'^-'-^F(l - aA- /3 : y + \- a- (B + 1 : 1 -x);

it is evidently sufficient (since both are included in case 4) to obtain the asymptotic expansion of

one of these functions.

The reader will easily verify that these solutions form a fundamental system when
|
X

j

is

large.

We now investigate the asymptotic expansion of F{a, /3 ; y + \; .i) ; it will be found that,

in the case of this function, the saddle-point, which is usually characteristic of the method of

steepest descents, does not appear in the analysis.

We take the integral* L,= [ t^~'(l - t) r+^-^-i (l _ j;t)-''dt,

and we observe that (when X, is positive), (l—t)'' decreases steadily from 1 to zero as t describes

the path of integration.

Accordingly, writing 1 — ^ = e^', we have

/s = f {(1 - e-')S->e-"r-si {1-X + xe-')-'} e'^'dr.
Jo

Now, when t is sufficiently small, we have

(1 - e~^y-'e-^'y-^> (1 - « + xe-^)-" = t^-' S k^T',
.5 =

where k^, = 1. Hence, when R (^) > 0, we have

/3~ir(/9 + s)^,/X^+«;
s =

the singularities of the integrand are at the points t = 2mri, 2mri + log (1 - x'^), and so, as in § 8,

the expansion is valid over a complete range of values of argX when 1 1 —x~^\ ^ 1, and over a

certain incomplete range (greater than a half-plane) when
1
1 — «~'

|

> 1.

Hence ^(a, /3 ; 7 + X
; ^0 -^ ^^~^'^. i ^^^^^ ' ' r(7 + x-/S)x^=o r{^)\^

When R{/3)^0 this result may be obtained by taking a Hankel-Pochhammer contour (x ; -I-)

in the r-plane in place of the real axis.

The expansion on the right may be obtained formally by taking each term of the series for

-'^(O) ^; 7 + '^; ^)! expanding in descending powers of X, arranging the sum in powers of X, anil

multiplying by the expansion of T (7 -1- X - /3)/T (7 + \) in descending powers of \.

18. Hypergeometric functions of type C.

This type consists of the twenty-four functions associated with the equation for which
solution (I) is the function F (a, 13 + \; y-\; *•); the coefficients of X in the constant elements
of the twenty-four functions are as follows :

* If .r>l, an indentation has to be made at t=\jx in the path of integration.
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Coefficients of X
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It is found that the only finite singularities of t qua function of t ai-e at the points in the r-plane

for which t = —l; these are the points t = 2.S7ri. The finite singularities of the other function

are at the points in the r-plane at which t = lix: these are the points t = 2s-7ri — log , 2sTri.

One of these points is on the real axis if
i

.« = 1 or if x is negative ; and one of the points

approaches the origin if, and only if, a; ^ — 1 ; hence the expansion holds for an incomplete range

of values of arg \ except at x= — l; and it holds for a complete range of values of arg \ when

4.r >ja;-l \\

The domain of the complex variable ./• for which this inequality holds is shaded* in Figure 7.

Fig. 7.

When X = — 1 the expansion assumes a different form, since ( 1 — xt)~'^, when expanded in

ascending powere of t, has its leading term t"-" instead of (1 -t-a-)""; it is easy to make the

necessary modifications in the analysis.

Next take the integral

/, = x'-y+>' (1 - x)y-'-^-"'i {- 0"^""^ (1 - tf-^^-^ (1 - .rt)"-' dt.

The method of steepest descents gives the same potential contours as in the case of I^, but

now, in order to secure convergence, we take the circle t =1 (taken counter-clockwise starting

from i= 1) as contour ; if a; < 1, by expanding in ascending powers of x, we get

If
1
a; '
> 1, however, by expanding in descending powers of x, we get

/, = x^-y^^ (1 - a;)v-«-3-^ l(_ i)«-s-i-A ^j _ tf-y+->^ (^ ~ l)
'^^

r(l+ 13 -y + 2\)
= - 2-n-i af'-y-'^ (I - a')v-<'-S--^

r ( 1 + a - 7 -I- X) r ( 1 - a -f- /3 -(- X)

xF(l -a, 7-a-X: l-a + /3 + \; l/x).

* This is not a scale drawing but it affords a rough the points where the curve meets the real axis are -1,

indication of the region in which the inequality holds. 017^, •5-828.

The small loop should be drawn very much smaller, as

Vol. XXII. No. XIV. 39
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To obtain the asymptotic expansion of 7^, we write

(l_f)=/(_40 = e-,

and then, if gi is the coeflScient of T-" in the expansion of

xT Y-' (4 . ,, . r- M-*-i

we get

(-y^a - TY-^ (1 - ^Tf-r [l -
j^J"' 1^,

log ^1 +^)
/, ^ - /2»-i'+'-""-^ (1 + a)"-' A'^-r-^ (1 _ .,,)r-<.-fl-2A ^^/;,^)* I ^fJl^ilD

.

The domains of values of w in which this expansion holds for a complete range of values of arg \

are the unshaded portions of the plane in Fig. 7.

19. Hypergeometric functions of type D.

This type consists of the twenty-four functions associated with the equation for which

solution (I) is F(a + \, /3 + X; 7 + 3\: x): the coefficients of X in the constant elements of the

twenty-four functions are as follows

:

Coefficients of X
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The path for I-, is reconcilable with the real axis without crossing over the singularity ^3= Yjx;

the path tor /„ passes above or below this point according as the point is above or below the

real axis.

It is readily verified that

^^=
r(7 + 3X)

PKc^-^K^ + X: y + SX: .r),

xF(l3 + \, 0-y-2\+l; 0-a+l: l/.r) + e-2"(»+A) j^

where the upper or lower sign is taken according as / («) 5 0, and it is supposed that I arg a;
j

$ tt.

In order to employ the method of steepest descents we have to determine the stationary

points of (1 —wt) t~^(l — ty- qua function of f ; they are given by the roots of the quadratic

•2wt"- - 3i + 1 = 0.

Put 9 — 8ii' = z, it being understood that
|
arg z' Ktt [the cut from x =1 to x = + x in the

a;-plane insures this inequality being satisfied if we define arg (9 — 8.1;) to be zero when .1: = 0],

and the stationaiy points are

t, = 2l(S+^z). t,= 2l{S-^z).

The vahies of (1 — .rf)"' (1 — t)~- a.t ti, L are respectively

1 Wz + 3)V(^/^ + 1), i Wz - Sf/Wz - 1).

We shall now discuss, by electrical methods*, the topography of the contours in the f-plane

(for all assigned values of z) which are supplied by the application of the method of steepest

descents.

If we write TTT^-^
=«''*' '^'

where V and W are real, it is evident that V is the potential at the point t due to a two-

dimensional electrical distribution consisting of line charges through the points 0, 1, l!x in the

<-plane, the charges per unit length of the lines being in the ratios 1 : 2 :
— 1.

The points (], t, are the only points of equilibrium: and the curves on which V and W
respectively are constant are the equipotentials and the lines of force.

By straightforward algebra it is seen that the equipotentials are bicircular sextics and the

lines of force are portions of circular quartics ; the quartics pass through the points t = 0, 1, Ijx,

and have a node at t—l and two real perpendicular asymptotes ; the curves on which W
is constant consist of portions of the quartics with end points at the points 0, 1, l/x, x ; and it

is these portions of quartics (ending at the points 0, 1 only, when R{\)>0, to secure the con-

vergence of /j and /«) which are required by the method of steepest descents. We can now

consider the topography of the ditierent equipotentials obtained by varying V from + x to — x .

* I should have preferred lo have employed the algebraic (in general) only two nodes, they are not unicursal curves,

methods of Part I in discussing the forms of the contours and so the algebra appeared intraetible. The investigation

instead of this combination of geometrical and electrical actually given is, I think, quite rigorous,

theories ; but as the contours are portions of quartics with

39—2

/
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When V is large and positive, the equipotential consists of two small ovals* surrounding

the positive charges at 0, I respectively. As V decreases, the ovals increase in size, until we

reach an equipotential through that one of the equilibrium points at which tlie potential is

higher ; this equipotential has a node which may arise in one or other of two ways, (I) by the

two ovals uniting to form a figure-of-eight or (II) by previously distinct parts of the same

oval bending round towards one another and uniting. Case (I) is shewn in Fig. 8 and casef

(II) in Fig. 9.

Fig. 8.

Fio. 9.

First take case (I). As V decreases further the equipotential becomes a single oval sur-

rounding the figure-of-eight and this form persists until wc reach the equipotential through the

equilibrium point with lower potential; the node at the equilibrium point can only be formed

by distinct parts nf the oval uniting to surround a portion of the plane not previously

enclosed ; this area having a portion of an equipotential as its complete boundary must contain

a charge ; this can only be the charge at t^ = l/x. .Subse(]Uont equipotentials consist of two

ovals, a large one surrounding all three charges and a small one inside the former surrounding

the charge at <3 only.

* The word oval ih used, in the absence of a more suit- could join up with itself; but, as will be seen later, this

able term, to mean a closed branch of a curve without mules phenomenon does not occur when the charges have the

or cusps; it is not supposed that the bianch has no intlec- proportions of those under discussion. Figs. 8 and ;• are

tions. not drawn to scale, but merely indicate the general topo-

t It might have been anticipated that the left-hand oval graphy of the plane; the dotted curves are lines of force.
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Next we take case (II). As V decreases further, the equipotentials become tripartite,

consisting of an oval round the charge at 0, another round the charges at 1 and ^3, and a third,

inside the second, round the charge at ^ only. This form persists until the first two unite at

the remaining equilibrium-point to form a figure-of-eight ; and subsequent equipotentials are

bipartite, consisting of a large oval round all three charges and a smaller one round the charge

at t, only.

If now we regard a; (and therefore z) as a variable, the transition fi-om case (I) to case (II)

can only occur when 2 passes through a value which makes the nodal equipotentials coincident

;

i.e. when 2 satisfies the equation

Wz - sy

kIz-I

The curve in the ./-plane on which this equation is satisfied is shewn* in Fig. 10; the

simplest form of the equation of the curve is obtained by writing z = re'* (?• ^ 0, — it ^6 ^ ir),

when the equation of the curve reduces to

r = 6V3cosi0-9,

together with the coincident rays cos \d=Q {i.e. = ± it).

•
/

Fig. 10.

It is easy to see that when co is outside the curve of Fig. 10 and fairly near the oiigin (so

that >Jz is comparatively nearly equal to 3), the potential at t^ is higher than that at t^. And,

when ja!| is very small the charge at t3{= 1/x) has little influence on the form of the equi-

potentials moderately' near and 1 ; and so the equipotentials moderately near and 1 have

nearly the form which thej^ would have if the only existing charges were at and 1. Hence,

whenx is outside the curve of Fig. 10, the equipotentials have the configuration of case (I); and the

node of the figure-of-eight is at t^, while the node of the other nodal equipotential (which may be

described as a closed crescent) is at t^.

When \x—\\ is small, so are
i

^3 - 1 and \z—\\\ and, if we consider the special case in

which ^3 — 1 is positivet, the equilibrium point t, is on the right of t^ and the potential there,

viz. log {^ (3 — >Jzyi{-Jz — l)j , is much higher than the potential at ^, and <, is near the point |

;

hence we have the configuration of case (II) as shewn in Fig. 9 ; and so we have the configuration

* Fig. 10 is drawn to scale; the dotted curve is t So that j- is just less thau 1, and z is just greater

r= 9-6V3 jsin i9 , which will be required subsequently. than 1.
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of Fig. 9 whenever x is inside* the curve of Fig. 10. It is to be noted that ti is always the node

of the figure-of-eight.

[As a confirmation of these results, take
\
x

i

large, when the equilibrium points are both near the

origin ; when we take z positive, t^ is nearer the origin than ?.,, and the potential of t^ is higher than

that of <„ ; thus we obtain the configuration of case (I). If now we vary arg z from to +Tr, keeping

I z
I

fixed, tj describes an arc round the origin, driving the node of the figure-of-eight round the origin

in front of it with approximately half its own angular velocity. When arg z becomes + tt, the two parts

of the figure-of-eight unite behind t,, and we get a degenerate equipotential witli two nodes, near the

imaginary axis, which are symmetrically placed with respect to the real axis.]

We shall noiu shew that part of the line offorce through t^ always passes from to 1 and is

reconcilable with the real aoois without crossing over t^.

First take the configuration of case (I). The line of force through ti has a node there, and

one of its branches (in the neighbourhood of t^) lies inside the loops of the eight. This branch

of the line of force cannot emerge from the loops of the eight before passing through an

equilibrium point, and no such point exists. The line of force therefore terminates at and 1.

Further, when |a;| is smallf the line of force nearly coincides with the real axis and 4 is at a

great distance fi-om the origin, while f, and ^ are on the opposite sides of the real axis.

Therefore the line of force is reconcilable with the real axis. Now vary .r, and we see that the

line of force remains reconcilable with the real axis so long as t^ does not cross the line of force

or the real axis. But as x varies, t, cannot cross the line of force without entering the figure of

eight, i.e. without x crossing the curve of Fig. 10; and since the variation in x may be supposed

to take place \\dthout x crossing the real axis (since the initial value of x, with
|
x

\
small, may

have a positive or negative imaginary part, as we please), we see that whatever be the position

of X (outside the curve of Fig. 10), a line of force passes from to 1 through t,, and this line of

force, so far as the point ^ is concerned, is reconcilable with the real axis.

Next take the configuration of case (II). In the special case when 1 — x is positive, t-i is

on the right of 1, and one branch of the line of force through ^, passes straight from to 1.

As we vary x continuously the form of the line of force through ti varies continuously

except when x passes througii such a value that the line of force has another node : but the

quartic of which a line of force forms part can only have two nodes (other than the point t = 1)

if (V2-I-3)' Wz-sy

is zero or an even multiple of tt.

Now this difference is a multiple of tt only when

,• = !i + 6 V3 sin | (9,

or when sin ^0 = 0. where, as previously, s=re'*(r>0, — tt^^^tt); the difference is an odd

multiple of tt on the branch /• = 9 -I- 6 V3 1 sin |^ |
near z =9, and so the difference is an even

niultiple of TT only when sin If^ = or 7-= 9 — fi V3 '^in i^ ; this curve is shewn by a dotted

line in Fig. 10, and it lies wholly oidside the curve r = 6v'3 cos J ^ — 9. It follows that, as ./•

varies inside the continuous curve of Fig. 10, the general configuration of the branch of the lino

of force fi-om to 1 through t, does not change, but always lies inside the figure-of-eight and

* And so no case arises in which the closed-orescent justifies the statement made in footnote +, p. 304.

equipotential contains the charges at 0, 1/x only; thia t Whether / (x) be positive or negative.
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does not go near* ?.. Also, as we may suppose that t^ and ^3 do not cross the real axis, and as

the branch of the line of force is reconcilable with the real axis, so far as t, is concerned, when

/ (1 — «)
I

is very small and iJ (1 — a.) is small and positive, it follows that, for all positions of x

inside the continuous curve of Fig. 10, the branch of the line of force under consideration is

reconcilable with the real axis.

It is now a simple matter to apply the method of steepest descents to obtain the asymptotic

expansion of/,.

Writing ( 1 - xt) r' (1 - t)-' = 1 [Wz + 8f Wz + l ){ e',

where t is po.sitive, we get

and dtldT is expansible (near t = 0) in a series of ascending powers of t^ commencing with a

term in t ~ - whose coefficient is

and hence, after the manner of Part I, we obtain an asymptotic expansion for I^, in descending

powers of X, of which the dominant term is given by the formula

This fornmla is valid for a complete range of values of argX provided that R{t) is negative

when t = t.,; i.e. provided that the potential of t^ is higher than the potential of t,,. Consequently

the formula is valid for a complete or for an incomplete range of values of arg X according as

X is outside or inside the continuous curve of Fig. 10.

We shall finally shew that a branch of the line offorce through t, either starts from 1, encircles

tj, and returns to 1 ; or else it starts from 1 and ends at O. The former is the case when x is

inside the dotted curve of Fig. 10, and the latter when x is outside it.

First suppose that x is inside the continuous curve of Fig. 10 ; then the equipotentials have

the configuration of case (II). Consider the branch of the line of force which enters the horns

of the closed crescent at i,; it cannot cross the boundaries of the crescent without passing

through an equilibrium point, and no such point exists ; hence both ends of the branch must

terminate at the point 1. Now the configuration of the lines of force only alters when x crosses

the dotted curve of Fig. 10. Hence, whenever x is inside the dotted curve of Fig. 10, there is a

branch of a line of force which starts from 1, goes to t^, and returns to 1, obviously encircling t,,

which is in the region surrounded by the crescent.

When X is outside the continuous curve of Fig. 10, the closed crescent contains the point

as well as 1 ; and the only possible change of configuration of the line of force is tb '>ne of its

endsf should be at instead of both being at 1.
^ and of Clask. ^

* It can only go near (3 by assuming a form in wliieh it sideration is zero, ami since the ch9

passes through (2, and we have just seen that it cannot assume curve, it would have also to contain

this form when x is inside the continuous curve of Fig. 10. at (these charges being numeric „,>,,,, journal ot Mathe-
t Both ends cannot beat 0; for suppose the line charges in sign). Therefore the quartic t22i_249

replaced by surface distributions on circular cylinders of forms part would have a cusp at ., Carneaie Institution of
very small radius; smce, by Gauss' theorem, the total charge it from 0, it would bifurcate befo)

inside the (closed) branch of the line of force under con- neither of these events actually
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To see that the branch of the line of force has one end at and the other at 1, when x is

outside the dotted curve of Fig. 10, take .r ' large (greater than 9/8 is sufficient) and consider

the Hmiting case when x is positive, so that args is +*7r. In this case the nodal eqiiipotentials

coincide and form a curve consisting of two ovals crossing one another at U , L (which are con-

jugate complexes); the left-hand oval contains the charges at and Yjx, and the right-hand

oval contains the charges at l/.-r and 1. And obviously the branch of the line of force through U

has its ends at and 1 ; hence, whenever R (.r - 9/8) is positive and I {a:) is very small, the line

of force must pass very near ; and so it must actually have its end at 0, in \-iew of the manner

in which lines of force radiate from the charge at 0.

Hence, whenever x is outside the dotted curve of Fig. 10, a branch of a Hne of force passes

from to 1 by way of f, ; moreover t, lies in the region between this curve and the real axis
;

for U is in the region surrounded by the closed crescent, and is consequently inside the region

bounded by the line of force and any curve joining and 1 and lying wholly inside the crescent

;

and, since L and 4 are on the same side of the real axis, the ciu-ve just mentioned is reconcilable

^vith the real axis so far as fs is concerned. Hence, when x is outside the dotted curve of Fig. 1 0,

we get

and it is easy to shew that — \jz. 1 — >Jz, 3 — V- have to be taken to have their arguments

numerically less than tt.

If, however, x is inside the dotted curve of Fig. 10, the function which possesses the asymp-

totic expansion of which the dominant term has just been written down is

I

^3+^-' (1 - t)y-^+'^'' ( 1 - xt)-'->' dt,

I

where the contour is described counter-clockwise or clockwise according as /(.r)20.

By writing <= 1 —u{x— l)/x, this is easily found to be

r(7-/3+2X)6^"<v-°-^-^-" _ ,

xF(y-^ + -2\,l-/3-\: 7-a-/3-l-X-f-l; -

—

),

and so we get

^r(7-^ + 2\) _ .,_._3^, 3_,_,,

r(7-a-/8 + \ + l)r(a + \)' '

xF(y-0 + -2\ 1 -I3-X\ y-a-f3+l: ''^^]

,.-...-.,v,-...-.<3-...,.-.{^<^}*(g',

where 2 = 9 — 8a:. By considering the potentials of <, and U, we see that, when the first type of

asj'uiptotic expansion (viz. that involved in /j) is valid for a complete range of values of arg\,

the second type is valid tor an incninplfte range, and vice versa.



XV. Asymptotic Satellites near the Equilateral- Tnangle Equilihriiim Points

in the Problem of Three Bodies.

By Professor Dajstiel Buchanan, Queen's University, Kingston, Canada.

[^Received 30 March, 1918. Presented by Professor Baker.]

1. Introduction.

If two finite bodies are subject to the Newtonian law of attraction and move in circles about

their common centre of gravity, then there are five points, as Lagrange has shown*, at which an

infinitesimal bodj^ would remain fixed with respect to the moving system if it were given an

initial projection so as to be instantaneously fixed with respect to the finite bodies. Three of these

points are situated on the line joining the finite bodies and these are called the straight line

equilibrium points of the problem of three bodies. The remaining two points are situated at

the vertices of the equilateral triangles having the line joining the finite masses as base. These

points are called the equilateral-triangle equilibrium points of the problem of three bodies.

If the infinitesimal body is given a slight displacement from one of these points of equili-

brium, and initial conditions are so determined that it «411 move in an orbit which is closed

relatively to the moving system, it is called an oscillating satellite. If the iufinitesimal body

is disturbed slightly from an equilibrium point or from the periodic orbit about the equilibrium

point, and initial conditions ai-e so chosen that it will approach the equilibrium point or the

periodic orbit, respectively, as the time approaches infinity, it will be called an asymptotic

satellite.

The orbits which are asymptotic to the straight line equilibrium points were determined by

Warrenf in 1913. Those which are asymptotic to the periodic oscillations about these equili-

brium points have been determined by the author of the present paper and appear in another

memoir. [Proc. Lon. Math. Sac, vol. xvii. (1918), p. 54.]

The periodic orbits to which they are asymptotic are the orbits of Class A and of Class B as

determined by Moulton in chapter v. of his Periodic Orbits^.

* Lagrange, Collected Works, vol. vi. pp. 229-324. Problem of Three Bodies," American Journal of Mathe-

Tisseraud, Mecanique Celeste, vol. i. chap. vin. Moulton, mattes, vol. xxxviii. No. 3, pp. 221-249.

Introductionto Celestial Mechanics {^evi Edition, ch&p.vui.). J Publication No. 161 of the Carnegie Institution of

t Warren, "A Class of Asymptotic Orbits in the Washington.

Vol. XXII. No. XV. 40
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The object of the present paper is to make the discussion for the equilateral-triangle points

of equilibrium which corresponds to the two papers mentioned above. The periodic orbits of the

oscillating satellite which are approached by the asymptotic satellite are those determined by

Buck*.

Two classes of periodic orbits are determined in Buck's memoir. One class of orbits is of

two dimensions and lies wholly in the plane of motion of the finite bodies. This class exists only

when one of the finite bodies is relatively small in comparison with the other body. The other

class of orbits is of three dimensions, but there is no restriction as to the relative masses of the

finite bodies.

The treatment of the problem under consideration is divided into two parts, Part I being

devoted to asymptotic orbits of two dimensions, and Part II to asymptotic orbits of three

dimensions.

The orbits considered in Part I are asymptotic to the equilibrium points themselves and not

to the two-dimensional periodic orbits about these points. These asymptotic orbits exist only

when the masses are more nearly equal than in the case of the two-dimensional periodic orbits.

It is therefore doubtful if orbits exist which are a.symptotic to the two-dimensional periodic

orbits.

The three-dimensional orbits considered in Part II are as3rmptotic to the three-dimensional

periodic orbits. The same restriction as to the relative masses of the finite bodies must be

applied here as in Part I.

Only the formal constructions of the asymptotic solutions are made in this memoir. It has

been shown, however, by Poincaref, that if certain divisors which appear in the construction of

such solutions do not vanish, then the solutions will converge for all values of the time t. Now
t can occur explicitly in the solutions only when such divisors vanish and, further, if t does not

occur oxplicitl}' then these divisoi-s are different from zero. Hence, if the solutions can be

constructed so that t does not occur explicitly their convergence is assured, by Poincare's

theorem.

PART I.

TWO-DIMENSIONAL ASYMPTOTIC ObBITS.

2. The Differential Equations.

Let the motion of the infinitesimal body be referred to a set of rotating rectangular axes

f, tj, f, of which the origin is at the centre of mass of the finite bodies, and the f?;-plane is the

plane of their motion. The f and 17 axes rotate in the same direction as the finite bodies and

with the same angular velocity. The masses of the finite bodies will bo denoted by /i and 1 — /tt,

•Buck, "Oscillating Satellites near the Lagrangian chap. ix. This paper will be cited as "Oscillating Satellite."

Equilateral-Triangle Points," Moulton's Periodic Orbits, f M€canique Celeste, vol. i. p. 341.
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and the notation chosen so that /^= i- The distance between the finite bodies will be chosen as

the unit of length, and the unit of time will be so chosen that the gravitational constant is unity.

If the coordinates of the infinitesimal body are denoted by f, 77, and f, and if derivatives

with respect to t are denoted by primes, then the differential equations of motion for the infi-

nitesimal body are*

Pi P-2

•d)

^] and p., being the distances from the infinitesimal body to the bodies 1 — ft and /x respectively.

The points of equilibrium are the solutions of the equations f

af dv d^

There are two sets of points which satisfy these equations, but those with which we are concerned

in this paper are

I. f„ = i-/i, ^„ = + iV3, ^0 = 0,

IL ?„ = i-M, '7o
= -iV3, r,,

= o.

These two points lie in the rotating plane and at the vertices of the equilateral triangles having

the line joining I — fi and fi as base. Obviously, the coordinates of the points differ only in the

sign of Vs. The asymptotic orbits will be discussed only for the point I, for on changing the sign

of Vo we may obtain the corresponding results for the point II.

Let the origin be transferred to the point I by the transformation

^ = i_^ + f, ^ = + ^V3 + f, ?=l (2)

Then the right members of the differential equations (1) can be expanded as power series in the

new variables f
, y, and I. These e.xpansions converge only up to the singularities of the functions

l/pi and l/p2, that is, in the region which is common to the two spheres having their centres at

the finite bodies and radii v'2, but which excludes their centres.

Let a parameter e be introduced into the differential equations by the substitutions

X = ex, y = ey, z = es, (3)

where x, y, and z are the new dependent variables. Then as a consequence of (2) and (3) the

differential equations (1) become J

x" - 2y' = Zj + Z,e + A'.e- + . .
.

,

y" + 2x' = F, + i:>e + Y.,e- + ...,[-
.(4)

* Moulton, Celestial Mechanics, p. 280.

t Ibid. p. 290. Charlier, Vie Mechanik des Himmels, vol. xi. pp. 102-111.

X "Oscillating Satellite," equations (4).

40—2
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where

Z. = J[a; + V3(l-2M)3/], F, = |[V3(I - 2^)a; + ft^],

Xo = + ^[7{l-2fi)s? + 2'^xy-U(l-2tt)f^4'(l-2/j.)z-l

K = _^ [V3ar= + 22 ( 1 - 2m) iry + 3 VSy^ - 4 V3^=],

J3 = j^ [_ 37a;» + 75 -/S (I - 2/t) ar=(/ + 123j-^= + 45 V3 (1 - 2/i) ?/= - 12a;^= + 6 N'^ (1 - 2/t) 3/2=],

F3=3!j[-25V'3(l-2At)a;»+123a?y + 135V3(I-2/tU/+3/-60'/3(l-2M)a-2=+ I32y2''],

Z, = -^[x'z+ 11f-z - 45^ + 10 \^ (1 - 2fi) xyz\.

The remaining X„, F„, and Z„ are polynomials of degree n in x, y, and ^.

3. The Characteristic Exponents.

For 6 = equations (4) become

.r"-2/-fa--|V3(l-2M)3/ = 0,|

2/" + 2a-'-f^(l-2/i)a--Sy = 0,[
(6)

The first two equations of (6) are independent of the last equation and can be integrated by

putting

x = Ke^f, y = L^',

where K and L are arbitrary constants. The characteristic equation for the determination of \ is

V + \»+ ^/t(l-M) = 0,

and the resulting values of X- are

^,^-l±yr^7MW)
^7)

For small values of ^ the expression under the radical is positive and numerically less than unity,

and therefore the four values of \ are purely imaginary. The limiting value of ix for which \ is

purely imaginary is that solution of

l-27/i(l -/x) =

which does not exceed ^. This value is found to be

^ = ^,= 0.385....

For fj.> fiD the four values of X are complex.

In order to construct asymptotic solutions of (4) it is necessary that at least one characteristic

exponent shall be real or complex. Now in problems of dynamics in which the differential

equations of motion do not involve t explicitly, the characteristic exponents occur in pairs which

differ only in sign*. Hence, if one value of \ is real or complex, there must be another real or

complex characteristic exponent which differs from the former only in sign. Further, if one pair

of exponents is real or complex then /t S/ii,,. •'*'i*^ it follows from (7) that the other pair of char-

acteristic exponents is also real or complex, respectively. In view of the fact that the two-

* Poincard, Micanique C(Uste, vol. i. chap. iv. p. G9.
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dimensional periodic orbits exist only when /m< fXo, it is impossible, according to the methods

developed in this paper, to construct orbits which are asymptotic to the two-dimensional periodic

orbits. We consider in Part I, therefore, the orbits which are asymptotic to the equilibrium

points I and II and not to the two-dimensional periodic orbits.

For
fj-
> fj-d

the characteristic exponents are a, — a, a, and — a-, where

(7 = a + 10, a = a— i/B,
'

a = i [^^27/^(1-70-1]^, I (8)

/3 = 1^27^(1 -M)+l]i,

The quantities cr and a, like most of the constants in the sequel, are conjugate complex. The

notation adopted is such that a symbol having a stroke over it is the conjugate of the same

symbol without the stroke.

4. Construction of Asymptotic Solutions.

We shall construct in (A) the solutions of (4) which approach zero as t approaches -f- oo . In

(B) we shall show that the corresponding solutions which approach zero as t approaches — oo may

be obtained directly from those obtained in (A).

According to Poincar^'s* definition of an asymptotic solution, each term must iiave the form

where X is a constant and P is a periodic function of t. The solutions approach zero as t ap-

proaches — 00 or -h 00 according as the real part of X. is positive or negative, respectively.

(A) Solutions in e""'.

In making the construction of asymptotic solutions it is convenient, although not necessary,

to transform into the normal form the terms of the first two equations of (4) which are independent

of 6. In order to obtain the transfonnation for the introduction of normal variables, it is necessary

to know the solutions of the first two equations of (6). They are

X = Oje"' -I- 0.26-"' + a^e^' + a^e-'',
. (9)

y = h-fii-^e'^ 4- b^a^e-"^ -f 61036°' -1- b.Mie-"', J

where a^, ..., a^ are the constants of integration, and 61, ...,h„ are constants so determined that

(9) shall satisfy the first two equations of (6). It is found that

8<7-3\/3(l-2/t)
I

9 - 4o-°-

8<r-l-3V3(l-2/i)
.(10)

4o-^ - 9 'J

Normal variables x^, x^, x^, and x^ are introduced by the substitutionsf

1

I-
(11;

X — Xi -f- X2 V Xg ~v .T4

,

y = biX-^ + b„x,, -f- 6, a's 4- b^x^,

x =<T («i — X^ + a (Xs - .J-j),

y' = o-(6ia;i — b.^x.^ -1- a (61 .Tj - b^Xi).

* Poincare, Mecanique Celeste, vol. i. p. 340. t Ibid. vol. i. p. 336.
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The differential equations (4) then become

x,'-a-x^ = A,{X,e + X,e'+...) + B,(Y.,€+Y3e'-\- ...),

Xo' + <rx.,=^A^{X.,€ + X,e' +...) + B.(Y.,e + Y^e'- -\- ...),^^

Xt'-ax,^AAX.e + X^e'+...) + B,(Y,e+Y^e'+...),l

x,' + axt = Ai(X^e + X,^ +...) + B,(Y,e + Y.e" +.. .),}

where

Au = ^, 5i = %, (^-=l, 2,3,4), (13)

A being the determinant of the transformation (11), and Ajt the minors of the elements of this

determinant, _^' referring to the row and k to the column. The computation shows that

A, = A„ A, = A,, B, = B„ B, = B„.

The equations (12) will now be integrated as power series in e by the method of undeter-

mined coefficients. Accordingly let

Xt = Xt'<»+xt<''e+...+,r,'J>eJ + ..., (A=l, 2, 3, 4),|

z = z^'>^ +z<^>e+ ...+z'J>e} + .... }

Then from (11) it follows that x and y are likewise power series in e of the form

x= 2 iC'-»6-', ij= S y •''€' (15)
j=o j=o

where

x'Ji = a;, 'J' + ara'-*' + a^'^"" + x^^'

,

\
y'}> = biXi^> + b«xJJ> + biX,'J> +ha;'J\\ '

When equations (14) are substituted in (12) and the coefficients of the same powers of e are

equated in the resulting equations, we obtain sets of differential equations which define the

various coefficients of e in (14). In order that the solutions of these equations shall be asymp-

totic we impose the condition (Cj) that each term shall contain the factor e~'^' or e~**', where k

is a positive integer. This condition disposes of the two constants of integration which are

associated with the exponentials e"' and e°K There still remain the two constants associated with

the other exponentials e""' and e''', and in order that these shall be uniquely determined we

impose the conditions (C.,) that

x= a, y = 0,

at < = 0, that is, we suppose that the infinitesimal body is initially displaced from the point I

at the distance a on the a:-axis. When these conditions are imposed on (15) we obtain

a;"> (0) = «, --c'J' (0) = 0, (j = 1 , . . . oo
),

y'HO) = o, (i=0, ...X).

The terms which are independent of e when equations (14) are substituted in (12) are

iBi'w - a-x,"" = 0, Xj'w
-I- o-x,'"* = 0,]

^"w-l-^i«> = 0. J

The solutions of these equations are

2»' = rf/'sin«-l-d,<»'cos«, J
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.(19)

where di"", ..., c^e'"' are the constants of integration. From condition (Ci) it follows that all these

constants are zero except da"" and di"". When the resulting values of (18) are substituted in

(16) we obtain

From conditions (Co) it follows that

d.,'") + (^,<»t = a, 6,rf,'»' + 6,^4 «" = 0,

then rf,<"» = ac?<'", (1^^"' = d^^"^ = ad'"\

where d'»'

.(20)

With this determination of the arbitrary constants dj"* and cij"", the solutions (19) take the form

The differential equations obtained by equating the coefficients of e in (12), after equations

(14) are substituted, are

^•;"'-CT.iV"=-X'3"', x/f" +ax,"' =X^^"\ (21)

z"a) + zw = 0,

where

X3W = Zi»>, Z^'" = X„<'\

Jlf^<" = 4,iW„ + B,N„ N.^<'> = ^,Jf„ + B,N„

il/„,"> = 4, #0 + 5i xVo, i^c^i'" = AMo + B^N„

il/„'" = A,M, + B,N„ Nn'" = A.M, + B,X,,

M, = + ^a^d^'^Y[7 (1 - 2/z) + 2V36, - 11 (1 - 2^)6^.

iV^ = _ ^a' (d<»')' [VS + 22 (1 - 2/x) b, + 3 V36,^,

i)/, = + |a=d'»>d"» [7 (1 - 2/t) + V3 (6., + b,) - 11 (1 - 2/j.) bAl

N^ = - |a^d<»'d"« [Vi + 11 (1 - 2fj.)ib, + L) + S'^SbAl

The constants ^1, A., A, and 5., have the values defined in equations (13).

The general solutions of (21) are

ei'ii = di<" e"' + a= [woo"' e-^"' + «in<" e'
- (ir+5) ( + »rt,

(l)p-2d(u

ar^W = ^4'" e-*' + a= [ri„2"' e-=" + n.i"' <

zW = dj»» sin t + de"' cos t,

ta + mt + «a ^'].

.(22)
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where di'", rfj" are the constants of integration and

... Ill -""ao — nl '"11

Sc-

at ni
-'•20

m ID = _ -

Nn'

M (D

"'02 — o— 1

JVT (1) I

„ (1) = _ ^^0^
\

.(23)

From condition (d) it follows that rf/" = dj"* = rfs'" = c^s'" = 0. Then, on substituting (22)

in (16), we obtain

2/'" = 6orf„|"
e-"' + 6„d;'» e-°' + a= [5oo'"

6-="' + 5„*" g- •''+°'
' + Sc,,'" e--°'],i (24)

^»' = 0, )

where ^a,"' = wijo'" + «»'" + w«.<" + tiojW,

^„(i) = ^jj(i) + ,1,^(1) + ^j(ii + ji„a)^

.Boo'" = ^iwioo"' + hn.^'» + fe,moo'» + 62«o2"*,

.8,1 1" = 6,m,i'" + 6„«ii"' + t,Wn"' + fc^nn'",

J ID — J (1) R ID — R (1) /I ID — J 111 R (D = B ID

It is observed that the constants J.,,'" and 5ii'" are real. The only undetermined constants

in (24) are rfo"' and dj"'. When conditions (C,) are imposed, it is found that these constants

can be uniquely determined and that they are conjugates. Since they carry the factor a- let

n) h ,1 111 — n^n ID
d,^'' a^^io'", d,»> = aMoi"*, b.dJ'' = a'B,, b,d:'^ = a'B,,'"

then the solutions (24) may be expressed in the form

2 2

a;'",.(1) a=2 S^\Ve-(>+*°'', 0<j + kS:2,

2 2

>=o*=o

2'" = 0.

.(25)

The coefficients have the property that

^<.V = Z'"
jt A;;

Ifj ^ A' these coefficients are conjugate complex, but itj = k they are real.

The remaining steps of the integration can be carried on in an entirely similar way. Li

order to find the general term we proceed by induction.

Let us suppose that a:"", 3/"'*, and z''" have been determined for /( = 0, 1, ... , i^ — 1 ; and that

A+l A + l ,., ,

a.i/D=„A+iv S^;'e- '>+**", 0<j+A£/( + l,

7.+1 ft+i ,,.
y{h) _ (jA + i V; "2 ]j\'> g-'Jc + kSit

j = * = o •'

2"" = 0,

r .(20)

where A .} and B .'.' are constants such that
}k jk

/;•';' = fi
(*)

jk ~ '*
*j '

' .;*• " kj
'

li j ^ h these constants are conjugate complex, but if ./= k they arc real. We proceed to show

that the solutions have the same properties when h = i>.
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The differential equations which define a;,"!, a'a"", x^'", and x^"" are the same as (21) except

the right members, while the equation in ^•'" is the same as in (21). Let the right members

be denoted by Xi"", XJ"', X,"", and X"" respectively. These right members are functions of

x"', ..., x"~", which are assumed to be known. They have the form

-I \

Z/'" = a''+'

X,,'" = a-

^-1 1— 1 , ,

.+1 -+1 , ,

.(27)

2 Sj + k^ I' + l,

where the coefficients of the exponentials are known constants. Since j + k = 2, the right

members will contain no terms in e'"' or e~°', and therefore the particular integrals will have

the same form as the right members. The complementary functions are the same as at the

previous steps, and therefore the complete solutions have the fonn

j=0 k=U
jl<

.(28)

i=oi=o •'*

"+1 "+1,1 !-

ar,!-' = d,-'e~" + «" + ' 2 "s n'/'g- '>+**",

z^'i = ds"" sin t + de'" cos t, j

where cZj'"', ..., rfs'"' are the constants of integration, and the remaining coefficients are known

constants. From condition (Cj) it follows that

d,"> = d,''> = d,^" = d,"" = 0.

On substituting the resulting values of (28) in (16) and imposing conditions (C^) that

a;i-i (0) = y"" (0) = 0,

it is found that d.,"" and rfj'"' are uniquely determined. As they contain the factor a'-^' and are

conjugate complex, we may put

in which case the solutions for x'" and y"" are of the same form as (26) if A = »< + 1 in (26).

This completes the induction.

Thus the integration of the differential equations (12) can be carried on to any degree of

accuracy desired. It remains to be shown that the solutions which have been determined are

real for real values of a. This will now be discussed.

Consider a typical term

^!*]e-<-'>+^>', 0<j, + h^h + l,, (29)

of the solution for x''" in (26). If j, = j. = j, then 4j*' is real, and, since a = a + 1/3, the term (29)

Vol. XXII. No. XV. 41
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becomes J.'A'e"^"', which is real. IfJ, ^j,, then there is associated with (29) the term

^j*je-y''+-*''', 0<j, +j, S/f + l (30)

in which J.!*', and 4**! are conjugate. If we put
Jlji J2J1

A':''] = a'*» + 16*, ^j*] = a'*' - i'6*,

then the sum of the terms (29) and (30) becomes

2e-<-'.+i>i«'[a* cos (j, -j^) ^t + b'" sin (j, -J,) /Si],

which is real. As (29) and (30) are typical of the terms in the solutions for both «'*' and y'*',

these solutions are real. They may be expressed in the form

«(*) = a^+i s' i e->' [a^t^ cos k^t + 6]*' sin iySi],

2/*» = a''+i S i e->' [cj** cos k^t + dj*' sin i-/3«],

where the coefficients are real constants.

On substituting the above solutions in (15), and the results in (3), it is found that the

solutions for x, y, and I cany factors in a and e, but only as products and to the same degrees.

We may therefore put a = 1, and when the resulting values for 1, y, and I are substituted in (2)

we obtain

.(31. 1)

|=i-^ + S S S e->' [«<{:' cos ^-ygi + 6jf sin A-/3«] e*,

/i=ii=iii=o ^

^ = + > ^'3 + 2 2 2 e->' [c*** cos k^ + d,^^' sin A-/3i] e*,

f=0, '

which represents the orbit that approaches the point I as t approaches + x . By changing the

sign of V3 in (31, I) we obtain the orbit which approaches the point II as t approaches + oc

.

This latter orbit will be referred to as (31, II). Obviously, both orbits (31, I) and (31, II) are of

two dimensions and lie in the plane of motion of the finite bodies.

(B) Solutions in e"'.

Let us next consider the orbits which approach the points I and II as the time approaches

— oc . These solutions could be constructed in a manner entirely similar to the preceding con-

struction, but they may be obtained more directly, as we shall show, from the former solutions.

Consider the differential equations (4). Ob\'iously, the orbits under consideration are of

two dimensions as in the former case, and the variable ? may be suppressed. Since U in

equation (1) is even in j), it follows that -5^ is even in t] and ^ is odd in tj. Whon the substitu-

tions (2) and (3) are made in (1) the parity of ti, or its etjuivalent substitutions, is unaltered in

the right members of the differential equations. Hence the right member of the first equation

of (4) is even in ij and V3, considered together, while the right member of the second equation

of (4) is odd in 17 and V:!, considered together. Let the solutions of (4) be denoted by

a:=/,(<, +V3), (/=y:.(i, + V3) (32)
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Further, let < = — t, ;i = — p

be substituted in (4) and the sign of VS changed. We obtain differential equations (4') which

are identically the same in x, p and t as (4) are in x, y and t. For the corresponding changes in

the initial conditions, which, in fact, are unaltered by the change in sign of t, i/ and V3, we

obtain as the solutions of (4)

X =t\ (t, - V3), p =/; (t, - \/3),

where/, and f\ are the same functions as in (32), but of different arguments, as indicated. On
restoring the former variables, we find that

,: = fA-t,-sr3). y = -f,{-t,-s/Z)

are solutions of (4), and that the equations

^=i-/.+./;(-<, -V3),
I

,- , ,- (33,1)
^ = + ^n/3-/,(-<, -\/3)j

represent the orbit which approaches the equilibrium point I as t approaches — ao . But (33, I)

is obtained from (31, II) by changing the signs of < and rj in (31, II). Thus the solution which

approaches the point I as ( approaches — oo can be obtained from the solution which approaches

the point II as t approaches + x by changing the signs of t and i} in the latter. Further, the

equations

, = i_^^,;,_, + ./3),
I .^^^^^

7/ = - i v'3 -/; (- t, + V3)
j

represent the orbit which approaches the point II as t approaches — x , and they may be obtained

by changing the signs of t and t) in the solutions which approach the point I as i approaches

+ X . Thus the orbit which approaches one equilibrium point as t approaches + x or — x
may be obtained from the orbit which approaches the other equilibrium point as t approaches

— X or + X , respectively, by changing the signs of t and t; in the solutions for the other orbit.

5. Geometrical Considerations.

The parameter e remains arbitrary in the asymptotic solutions. From the way in which

the initial conditions (Co) were chosen, it follows that e denotes the initial displacement of the

infinitesimal bodj' from the equilibrium point and parallel to the ^-axis. As the solutions

contain e both to even and odd degrees, the shape of the orbit will vary not only with the

numerical value of e but also with the sign of e.

The direction in which an orbit approaches an equilibrium point is indeterminate and

therefore independent of e. In order to prove this we need to show that

limit -=

is indeterminate. We shall consider only the orbit which approaches the point I as < approaches

+ X , since the discussion for the other orbits is essentially the .same.

41—2
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When t becomes very large, the most important terms of x and y are those in e""' to the

first degree. These are

1=2 e-»' [(,„i''i cos /3< + feiii*! sin /3<] e*,

V = S e-°' [cu"" cos /3« + di/'» sin /3*] e'',

h = l

where the coefficients are real constants. Now

,= ^ .^ i [(/3rf„'*' - ac„*) cos m - (adu"'' + /3c„"") sin fit]
6*

limit$ = limit J-/^ = limit '-^
f^+^ax t=+x,cLtl at t=+x, 5 r2 [(/36u"" - 00,1*0 cos y8< - (a6„«*' + /3a^,'*') sin /3«] e*

h = l

and this limit is indeterminate.

For a given value of e there are two orbits approaching each equilibrium point, according as

t approaches + oo or — w . Since the equations (31, I) and (33, II) differ only in the signs of t

and y, and similarly with (31, II) and (33, I), it follows that the orbit which approaches one

equilibrium point as t approaches — x has the same shape as the orbit which approaches the

other equilibrium point as t approaches + oc . The two orbits which approach one equilibrium

j)oint for a given value of e are the reflection in the f-axis of the two orbits which approach the

other equilibrium point for the same value of e. This would be expected from the s^ymmetrical

nature of the problem.

.5«. Numerical Example.

To illustrate the nature of these asymptotic orbits we have assigned to fi the particular

value O'l and have constructed the solutions which approach the equilibrium point I as t

approaches + x . The results are

w = e-"' (cos fit + 0-724 sin fit) e + [g-"' (0-04.5 cos fit + 1-002 sin fit)

+ 6-="' (0-267 - 0-312 cos 2fit - 0-392 sin 2/30] «' + • •

y = e-"' (- 0-10.5 sin fit) e + [e—' (0-669 cos fit - 0-532 sin fit)

+ e-=°' (- 0-679 + 0-010 cos 2fit + 0120 sin ifit)] e-+ ...,'

where a = 0374 and fi = 0-800.

If the infinitesimal body is projected from the positive a;-axis at the initial distance 01 from

the point I, then e = 0-l, and the solutions (34) together with their derivatives become

X = e-»' (0-1004 cos fit + 0-0824 sin fit)

+ «-=»' (0-0027 - 00031 cos 2fit

-

00039 sin 2fit) + ...

y = e-«< (0-0067 cos fit - 0-1105 sin fit)

+ e-"' (- 00068 + 0-0001 cos 2fit + 0001 2 sin 2fit) + ...

x' = e—' (0-0284 cos /3< - 0-1 1 1 1 sin fit)

+ e-^«' (- 0-0020 - 0-0039 cos 2fit + 00078 sin 2fit) + ...

_y' = e-«« (0-0909 cos fit + 00359 sin fit)

+ e-'*' (0-0051 + 0-0018 cos 2fit

-

0001 1 sin 2^0 + • • •

.(34)

..(35)
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As t increases, the most important terms of these solutions are those which carry e~'' as a

factor. On considering only these terms and examining the value of

dry _y X — X y
daf

(Py
we find that -r^ cannot change sign by passing through zero for any real value of t. Hence the

curve represented by the first two equations of (35) is always concave to the origin, i.e. to the

point I.

Numerical values have been computed for equations (35) and they are to be found in Table I.

Table I.

^ = 0-1 6 = 0-1

t

1
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.(36)

If the infinitesimal body is projected from the negative ar-axis at the initial distance O'l, i.e.

if e = — 0"1. then the equations which define its path are

X = e—
'
(- 00996 cos ^t

-

0-0624 sin ^t)

+ e-=«< (0-0027 - 00031 cos 20t

-

00039 sin 2/30 + • •

.

y = e-"' (0-0067 -r O-IOOO sin ^t)

+ e-"-" (- 0-0068 + 00001 cos 2/9< + 00012 sin 2/30 + •

.

x' = e-"' (- 0-0126 cos /3< + 0-1030 sin 0t)

+ e-=-' (- 0-0020 - 00039 cos 2/3« + 00078 sin 2/3*) + .

.

y' = e-"' (- 0-0775 cos ^t - 0-0428 sin /SO

+ e-''* (000.51 + 0018 cos 2/3< - 0-0011 sin 2^0 + • • • •

By examining the value of -— we find that the curve represented by (36) is concave to the

point I, as in the pre\-ious case. Table II contains a list of the coordinates and their derivatives

for the same values of < as in Table I.

Table II.

yLt = 0-1 e = - 01

(
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Y

1-/i

Fig. 1. The Orbit Asymptotic to the Point I for m = 0-1, e = 0-l.

Y

1-M jU

Fig. 2. The Orbit Asymptotic to the Point I for /i = 01, c= -0-1.
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PART II.

Three-Dimensioxal Asymptotic Orbits.

6. The Differential Equations.

In the discussion of the three-dimensional asymptotic orbits, the same notation and units

are chosen as in § 2, and the differential equations which define the motion of the infinitesimal

body are the same as (1). Besides transferring the origin to the point I by equations (2) and

introducing the parameter e by (3), the independent variable is transformed by the substitution

t-t, = {l + S)T, (37)

where S is a function of e so determined that the solutions of (1) shall be periodic with the

period 27r in t. When the transformations (2), (3), and (37) have been made in (1), the differ-

ential equations of motion become

X - 2(1 + S)ij = {1 + Bf[X, + X,e + X,e'- + ...U

y + 2 (I + B)x = (I +Sf[T, + Y,e + V,€' + ...]\ (38)

z + {i + By z = (i + Br [z,€ + z,e' + ...], J

where the dots denote differentiation with respect to t ; and A'„, F„, and Z„ are the same poly-

nomials as in (5). The periodic solutions of these equations, in terms of the variables x, y, and z

of equations (2), are*

1 = exo = i i [af;^ cos 2kr + V3 fc.lf ' sin 2^•T] e»»,

n = l i=0

y = €y,= I, 2 [V3 4"^ cos 2^•T + rf<^"' sin 2kT] e™,
n = l i- = .(39)

2 = eZo=^ 2 [V3 sr*f+V' cos (2^- + 1) T + h^;^\'^ sin (2A- + 1 ) t] e^-'+i,

»=0 J:=0
"

j

B = B,e-+B,e' + ...,
J

where the various coefficients of the cosines and sines, and also S„, B^,..., are rational functions

of fi. It is not necessary in these periodic solutions to restrict ft to be less than /io
= 'OSSo..., as

in Part I. The radical V3 occurs in the solutions (39) only where indicated. The initial con-

ditions are chosen so that

^„(0) = 0, io(0) = l (40)

The numerical values of the coefficients in (39), in so fiir as they are given in " Oscillating

Satellite ", are

2/.) , ,„ 8
(h'

73-9(l-2nt)-'

19
« ij) _ _ 1 r "I =

"' 73-9{l-2,j,y'

2 [73 - 9 (1 - 2ai)»]
'

8 (1 - 2^^)

73 - 9 (1 - 2/t)«

!,-,"< = 9M1-M)
73 - 9(1 - 2^)»

'

' 73 - 9(1 - 2,iy '

"

" 73 - 9 (1 - 2yit)=
J

"OscillatinR Satellite," § 164.

...(41)
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7. The Equations of Variation.

We propose to construct solutions of the difterential equations (38) which are asymptotic to

the periodic solutions x„, y„, and z^ in (39). Let

,i = a:t,+jo, y=>/o + q, z = Zo + r (42)

be substituted in (38), j}, q, and r denoting new dependent variables. As a result we have

p-2(l+h)q + il+8y [P,p + P,q + P,r-] = (1 + hf P,^

7 + 2 (I + g)/, + (I + ^r [Q,p + Q,q + Q^r] = (l+Bf Q, i (43)

;• + (1 + Sy [R,p + R,q + R,r] = {i+sy-R,)

ifhere

^. = -i-_f[7(l-2/x)A-„ + V3»/„]e+...,

P^ = - ^ V.3 (1 - 2/x) - 1 [V3*.„ - 11 (1 - 2/.) 2/„] 6 + . ..

,

P3 = -f(l-2M)^„e + ....

Q, = - |V3 (1 - 2/.) - f [V3^, - 11 (1 - 2/x) 2/„] 6 + ...

,

<2= = -f-f [ll(l-2M)*'„ + 3V3y„]6+...,

Q. = -
3v/3

^o e + .

.(44)
/J, = -t(l_-2^)^o6+...,

D 3^3
R2 = - ^-^„6+...,

fi3=l-|[(l-2Ai).T;„ + V33/„]6 + ...,

-P = + TlT[7(l-2ya)p= + 2V3p5-ll(l-2^)5= + 4(l-2/.)r^]e+...,

Q =-^[V'%"- + 22(l-2/i,)jo? + 3V'35=-4V3r=]6+...,

R = + ^[{l-'2M.)pr+\'3qr]e+ ....

If the right members of (43) are neglected, we obtain

p-2il+B)q + {l+Sy [P,p + P,q + P.r] =
0,|

i- + (1 + SV-' [R,p + R,q + i^sr] = 0,J

which are the equations of variation.

8. The Solutions of the Equations of Variation.

The equations of variation are linear differential equations having periodic coefficients, the

period being 27r in t. Such equations were first discussed by Hill* in 1877 in his celebrated

niemoir on the lunar theory. Since that time, these equations have been discussed extensively

by Poincare and many other prominent mathematiciansf. The method which we shall adopt in

constructing the solutions of (45) is the one developed by Moulton and Macmillan;]:. This

method of construction is essentially one of undetermined coefficients.

.(45)

* The Collected Works of G. W. Hill, vol. i. p. 243 :

.Ada Mathematica, vol. viii. pp. 1-36.

+ A very complete list of references to the literature of

these differential equations is given by Baker on p. 134 of

his memoir "On Certain Linear Differential Equations of

Vol. XXII. No. XV.

Astronomical Interest," Philosophical Transactions of the

Royal Society of London, Series A, vol. 216, pp. 129-186.

t "On the Solutions of Certain Types of Linear Dif-

ferential Equations with Periodic Coefficients," American

Jounuil of Mathematics, vol. xxxiii. No. 1 (1911).

42



326 Prof. BUCHANAN, ASYMPTOTIC SATELLITES NEAR THE EQUILATERAL-

The differential equations (45) are simultaneous and must be considered together. The

general form of the solutions, first given by Floquet *, is

p = e'^''u, q = e''^v, r = e'"'ui (46)

where an existence proof, following the method of Moulton and Macmillan, would show that

\, u, and V are power series in e= and that w is a power series in odd powers of e. Let

X = X„ + \.,6= + (47)

There are six values of X<, altogether, but two of them are known to be zerof, since the generating

solutions contain two arbitrary constants t^ and e. Considering first the exponents which are

not identically zero, we observe from (7), Part I, that the values of X«- are

,_ -l+Vl-27/z(l-^)

Since at least one value of \ must be real or complex in order to construct asymptotic solutions,

fi must be restricted to be greater than /io = "0385...,~ as in Part I, in which case the four

values of \„ are all complex and differ in pairs only in sign. Let these values of X, be denoted by

""o,
~

<'"o, 5o, and - CT,.

These are the same values as a and a in Part I.

Now let

u = M<»> + «i2' e= + . . . + «'™' e=" + . .
.

,

I

V = v^''> + v'->^+ ... +V^"'e-" + ..., \
<^'*^^)

W = W'" 6 + W® €*+... + W<="+" 6^'+' +...,]

where the various coefficients can be determined by a proper choice of \ so that they shall be

periodic with the period 27r in t. Since these solutions are later multiplied by arbitrarj- con-

stants, we may assume, without loss of generality, that u(0) = 1, from which it follows that

M'»'(0) = 1. mWi(0) = 0, (j=l,...oo) (49)

The initial values of v and w will then be determined from the differential equations.

On substituting (48) and (46) in (45), putting

\ = 0-S CTo + cro6=+ ..., (50)

and equating to zero the coefficients of the various powei-s of e, we obtain sets of differential

equations which define the various «"', t;"^', and w'^-'+". The constants of integration that arise

fi-om the solutions of these sets of differential equations are uniquely determined from the con-

ditions (49). The solutions themselves can be made periodic by a proper choice of the various

a^ in (50). One set of solutions is thus found to be

p = e'"Ui, q — e"i\, r = e'^Wi (51)

where

M, = i w,<«' e'i=% i [F^^'^ cos 2kT + G%^^ sin 2^•T] e^,

j=0 j=0 k=0

v, = 2 r,'*' €''=2 2 [H^^^^ cos 2kT + K^^"^ sin 2kT] ^,

,,= 2 «;,»+'>r»+'= 2 2 [Z^-';;,'>cos(2i-+l)T + M^^^^^hin {2k + 1) t] €«+'.

.(52)

<7 = o + 1/9 = 2 [o^ + iySj,] e^.

Annalei de I'^cole NormaU Supfrieure, 1883-1884. t Poinoari, Mfcaniqut Cfteste , vol. i. chap. iv.
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The coefficients of the cosines and sines in (52) are complex numbers and contain some terms

having ^3 as a factor. The a^ and ^y are real constants. The values of o-o, ?<,'"', i),"", and w,'"' are

<r„ = «„ + i0, = i [{'J -27 ,1 {I -fi) - 1 ji + i {V27m(I-m) + IjH

«<o, = l
<^^°-i _ fV3(l-2/.)-2>ro

'
' 2(7„ + fV3 (I - 2/.) <-f

3\/3
|(1-2m)+ V^'^'r2

sin T cos T
Coo",,- + 4

By putting \„ equal to — o-o, a„, and — cto, the corresponding solutions of (4.5) could be con-

structed in the same way as the solutions (51) were obtained. It is not necessary to repeat this

construction, however, as we propose to show that these solutions can be obtained from (51) by

changing the signs of V3, r, p, rj, and i in (51).

We shall first show that the differential equations (43) are unchanged if the signs of VS, t,

q, and (• are changed, and, obviously, (45) will remain the same under these changes. The dis-

cussion is made for the equations (43), instead of for (45), as this property of (43) is used later in

§9(B).

riTl
The function f^ of the original differential equations (1) is even in j; and f. Hence -t^t, is

rlFF riTT
likewise even in rj and ^, while .— is odd in t] but even in t, and ^^ is even in « but odd in f.

or) of

Further, ^r— carries the factor ->;, and -^t, cairies the factor f. When equations (I) are trans-
01) of

formed by (2), (3), (37), and (42), that is, when the substitutions

^=l-fjL + e(.i;+p), 7? = + iV3-l-6(y„ + 5), !;=€(z„ + rX t-U = (l + B)T ...(.53)

are made, we obtain equations (43). The above transformation of the independent variable,

viz. < — fo= (1 + 8)t, does not affect the parity of the equivalent expressions for ^, tj, and f in

(43). Since the substitutions for the dependent variables are linear in (53), the equivalent

expressions for f,
r;, and f enter (43) with the same parity as ^, 17, and f enter (1).

Now the terms of (43) which carry the factor (1 -1- S)- arise from the right members of (1).

Consider the expression

(1 + Sy [P,p + P,q + l\r - P] (43, 1)

riTJ —
Since -5^ in (1) is even in 7; and f, (43, 1) is even in {"J'i, ?/„. q), considered together, and

even also in {z^, r), taken together. Hence if we change the signs oi y^, 2^, q, and ?• in (43, 1),

and also of V3 in so far as it enters explicitly, the expression (43, 1) will remain unchanged.

The expression

il + Sy[Q,p + Q,q + Q,r-Ql (4.S, 2)

from the second equation of (43), carries a factor which is odd in (V3, y,, q), considered together,

377
since :^— carries the factor rj and is odd in 77. Further, this expression is even in (z^, r), taken

dt)

together. Therefore if the signs of ^o, z„. q, and ;-, and also of V3 in so far as it enters explicitly,

are changed in (43, 2) the expression changes sign.

42—2
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The corresponding expression from the last equation of (43) is

{l + Sy[R,j}-i-R,q + R,r~R] (43,3)

Since —77 carries the factor $" and is odd in f, (43, 3) will carry a factor in {Za, r) to odd

degrees, taken together. As ^ is even in r], (43, 3) is even in (Vs, y^,, q), considered together.

Therefore a change in the signs of y„, z^, q, and r, and also of V3 in so far as it occurs explicitly,

will change the sign of (43, 3).

Considering the solutions (39), we observe that

a,„(+V3, +t) = Xo(-V3, -r), 2/„(+V.3, + t) = -!/o(-n^3, -t), ^„(+V3, +t) = -^„(-\/3, -t).

Hence changing the signs of t/o and Zo is equivalent to changing the sign of t, and also of V3

where it occurs implicitly. Therefore changing the signs of t, q, r, and of VS where it occurs ex-,

plicitly and also implicitly, is equivalent to changing the signs of 3/0, z^, q, r, and of V3 where it

occurs explicitly. Consequently, if we change the signs of t, q, r, and of V3 both implicitly and

explicitly, the expression (43, 1) remains unchanged, while (43, 2) and (43, 3) both change signs.

On making the same changes in the remaining terms of (43), we observe that the differential

equations remain unchanged. Obviously, the same property holds for (43) if we neglect the

right members, that is, for equations (4.5 ).

Let us proceed now to the determination of the remaining solutions of (4.5). Since these

differential equations are unchanged by changing the signs of t, q, r, and VS, we shall obtain

another set of solutions if we make the corresponding changes in the solutions (51). Let this

set be denoted by
p = e~'"u.i, q = — e~"v.,, r = — e~"w., (54)

where u.,, v.., and w. differ respectively from u^, v^, and w, only in tlie signs of VS and t. Thus

2^) o; A(->)
M, = S u^'^i' €^=2 :£ [i^2A cos 2kT - G\T sin 2A;t] ^,

v^ = S «,•>»'• e«' = 2 S [i^al cos 2^•T - A'at sin 2A:t] 6*-'.

w. = i w,<^+'> 6^-'+' = i i [Ltitl^ cos (2A- + 1) T - M.2I+V' sin (2A- + 1 ) t] e"'

V ...(55)

}=0 j = t=0
A

_ ,

where the circumflex (^) denotes that two constants F and F differ only in the sign of v3.

Since the differential equations (45) are independent of i, a change in the sign of t will

leave the differential equations unaltered; and if we change the sign of i in (51) and (54) wo

obtain the additional solutions

p = e*'«i, q = ^'Vi, r = e^'Wi, (56)

and p = e~^'iu, 7 = — e'^Vj, 7-= — e~^'w^ (57)

respectively.

The solutions (51), (54), (5()), and (57) are those with characteristic exponents different

from zero. We shall ikiw derive the solutions of (45) which iiave zero characteristic exponents.

It has been shown by Poincare* that if tht' generating solutions (39) contain an arbitrary

constant which does not occur explicitly in the original differential equations (1), then a solution

* Poincare, Micanique Colette, vol. t. chap. iv.
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of the equations of vai-iation can be obtained bj^ difierentiating the generating solutions with

respect to this constant. The generating solutions (^^39) contain two such arbitrary constants, t,,

and e, and therefore the two remaining solutions of (45) can be obtained by differentiating (39)

wth respect to these constants.

Consider first the constant to- It enters (39) implicitly through t. Thus one set of solu-

tions is

9 (eaTj) _ _ I 9 (ex^) _ __ 1 ^_

P-
9«„ 1 + 8'

*~
dto ~ 1 + S 9t - 1 + 8"

9 (e^o) 1^ 9(efL) = ]_w,
dto ] + S 9t ~ I + 8 '

Since these solutions are later multiplied by arbitrary constants, the constant multiplier — ^

may be absorbed, and we may take

P=Ui, q=V3, )- = W3 (58)

as the solutions. The differentiations give

9 (ea^o) 16
M3:

v,=

dr 73 - 9 (1 - 2fj.y

a (eyo) ^1
9t 73-9(l-2/x)

[V3 cos 2t - (1 - 2^) sin 2t] e-+ .. .,

- [16(1- 2m) cos T + [19 - 3 (1 - 2ij.)-} VS sin 2t] e- + . . .,

d(eZo) r -, 9/i(l — 1a) r .-, T ,
«^3 = -^^-[cosT]. + ,3_^^^^^_^^^^, [-cosT + cos3T]e^ +

On differentiating (39) with respect to e we obtain the solutions

p =
9 (ea^o) (> (eyo) 9 (e^o)

9e ' ^ ?6 ' 96

Since e enters (39) explicitly and also implicitly through t, we have

9 (exo) _ (d {€X^\^ ^ 9 (ea't,) 9t 9S _'

"9^P =
de = f 3 as 5" = "* + -^"^"3,

or Ob oe

^
de \ de J dr 98 re

oe \ de J dr do de

9 (pyo) ^ /9 (eyo)\
_^

9 (ey,) 9t 58
^ ^,^ _^ j^^^^ ,

.(59)

where the parentheses
( ) about the partial derivatives denote that the differentiation is performed

only in so far as e occurs explicitly. The differentiations give

"^

=

(r^) = 73-9a-2W' ^^' - '^> ^^^ -^ ^ ^'^ ^^° '^^ ^ -^ ••'

^^^a(^^^p_y.^y^^^-3(^

9e

1

= sin T — 9m(1-m)
73 - 9 (I - 2^)=

'•"

lT8|-! = -mt28.^ + *^^^+-^

[3 sin T — sin 3t] e- + . .

.

This completes the integi-ation of the equations of variation.
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where p, q, and r are the new dependent variables. Let

p = Po + Piy -i- p^y- + ,"1

q = qo + qiy + (hY-+ , [
(63)

r = n + r,7 + r.,y- + ....)

When (62) and (63) are substituted in (43), the factor y will divide out of the resulting equations

and we obtain differential equations which are to be satisfied identically in 7. By equating the

coefficients of the sarae powers of 7 in these equations, which will be cited as (43'), we obtain

sets of differential equations which determine the various pj, qj, and rj in (63). In order to

obtain asymptotic solutions it is necessary to impose suitable conditions on the solutions of these

equations.

According to Poincare's definition, each term of an asymptotic solution must contain a factor

of the form e^', where X is real or complex. Obviously, the only exponents which enter into the

integrations of (43) are those which arise from the solutions of the equations of variation. These

exponents are + a- and + a. Considering first the solutions of (43) which approach zero as t

approaches + 00 , we must impose the condition (Cj), that each term of the solutions must contain

the factor e^" or e~^^, as these are the only exponentials which have their real parts negative.

It is evident that at each step of the integration of (43') two arbitrary constants will arise

which are not determined by condition (C,). These are the constants associated with e~" and

«~*'. In order that they may be uniquely determined we impose the conditions (C2), that

p (0) = a, q (0) = 0. As a consequence of these conditions we have from (63)

p,(0) = a, pj{0) = 0, (i = l,2,...ao),/

?,(0) = 0, (j = 0, I,...oo). (

Now consider the various coefficients of 7 in the equations (43'). The differential equations

obtained from the terms which are independent of 7 are the same as the equations of variation

except for the subscript 0. The solutions which satisfy (Cj) are therefore

p, = NJ''> e-'^Mo + Ni'"' e-"u„

q„ = - Nojo^e-^v.i -N,^<»e-"v.,, > (65)

where iV^J"' and iVi'"' are constants of integi-ation. On imposing conditions (C,), we have from (64)

^„,oi + ]^m = a, NJ"' v^ (0) + N,'" 5^(0) = 0,

from which it follows that

^.,(0)-t>.(0)'
*

Hence the solutions (65) may be written

g„ = a[e-"j)io"" +e-"r'o.""].
[

(66)

To = a [e-^wj" + e-^zfoi'"'],
-'

where w,o'»', ^,0"". and Wjo"" are similar in form to u^, v^. and w^ respectively; and

~, (0) _ fi (0) ,, (0) _ J, m ,/, (0) = 5/l,„('»
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The differential equations obtained by equating the coefficients of j in (43') have the same

left members as the equations of variation except for the subscript 1 on p, q, and r. The right

members, which we denote by P"', Q"', and J?"' respectively, have the forms

Q« =6a-[e-"-"V.^''^ +e-''+'"Fii'" +^"'"^02"'].

where CTm"*, V^'^\ and l^^ao'" are similar to !«,, y^, and ?t;, respectively; and

TT (i) — TT (1) I''
.i( — F (1) W (II _ W (11

^02 — *-''20 • '02 — ' 20 ) '' rrl — '' 20 •

The functions f/„'", V^n"', and B^'ii"' are also similar to m, , c,, and w, respectively, except that the

coefficients of the cosines and sines are real and not complex.

The complementary functions of the differential equations defined in the preceding para-

graph are the same as (61), but we shall denote the constants of integration by Mi'^', ...,«6"'

instead of Ni, ..., iV^. respectively. The particular integrals of these equations can be obtained

by the method of the variation of parameters. According to this method we have

9i,<«e"i/T + »„*'ie-'"H2 + ?!^<'ie"((, + M^^'g-^M, + n,'»ih + "«"' (^4 + Ktu,) = 0,

?i,me" (o-((, + «,) - il/"e-" ((nu - lu) + n.,<"e" {aii, + u,) - •H4<"e-" (5i7., - iL)

1

^'''e^i'i 'f., + /(-/" e"(),'IV" (' —»..(ii«-'"e-"'?;, + %^^^Vs + /Is'"' («'4 + J^TVs) = 0,

.(67)7i,'"e" (a-v, +Vj) + ii^'^e-"^ (a-Vo - «») + /ia^'e" (o-i'i + ") + ii^'^er'" (Sv^ - Vg)

+ /ia'^l^s + Ae'" [1-4 + Kdu + TV,)] = Q'",

?l,"'e"Wi - «o'"e-"^w.i + 7l3'"e"w, - tli'^>e-^w„ + A^"^w., + As"* (w^ + Ktw^) = 0,

ri/'ie"" (cr?t', + It;,) + 7ij">e~'"(o-?«'2 - 1/%)+ /i-^o'e" (aw, + #,) + «4"'e~*''(5w2 - Wo)

+ /is'''^;. + 'is'" [W4+ -fi'(W4 + TWs)] = P'".^

The determinant of the coefficients of vij"', ...,«,,'" in the above equations is A, the same as in

(60), and is different from zero for e not zero but sufficiently small numerically, and for all ^ such

that yLio S /x S i- Hence equations (67) can be solved for h,'", ... , «,,'", the solutions being

iif^ 0=1, 2,..., 6), .(68)

where Aj"* i.s the determinant formed by replacing the elements of the jth coluum of A by 0,

P"', 0, Q<'», 0, and ii<", respectively. Since P'", Q'", and iJ'" do not contain terms in e^" or e±",

the integrations of (68) for «i'", ..., Aj"' will yield no terms in t explicitly. Terms in t will

occur, however, in the integrations for /(.,'" :ind /(j'", but when the values for Hu'" and //j'" are

substituted in the complementary functions the terms in t which arise from the particular

integrals cancel off. By substituting the values of n,'", ...,7ij'" in the complementary function,

we obtain the complete solutions. They are thus found to be

+ iV„'" ("4 + Ktu,) + e«= [e--"(/.^"' + e-*"*"''**,,'" + e-«'H„,'"]

,

.(69)

+ N^'^{Wi + /fTW:,) + ea= [e--^«'s„'" + c"'"
,j~((r+«7)T,

w,, ' + e- 'w. (ii

]J
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where iV,"', ..., i\V' are the constants of integration: and u'", v'^\ and w'"' with the various sub-

scripts are power series of the same form, respectively, as U''\ F'", and IF'" with the same sub-

scripts. When condition (Cj) is imposed on (69), then

iV,i>' = iV,'" = iV,'" = i\V" = 0.

The remaining constants NJ" and Ni'^' can be uniquely determined by the conditions (Cj).

As at the previous step, this determination of N„'" and iVi"' will yield values which are conjugate

complex. The desired solutions which satisfy both conditions (Cj) and (C,) are therefore

Pj = ea'- [e-<^ i(,oi" + e'" Moi"' + fi--" u^^'> + e" "'+'''
itu"' -I- e"^ Mos"']-

)

5i = 6a-[e-'" i'„i'^' + e"" t'oi"' + e~"^ t)„„'i' +e-«'+''^ Wi,"* -1-e-^ v^"'], i (70)

where Mjo'", 1)10"', and Wjo"' are of the same form as w,, v^, and Wj respectively; and

"01 — "10 > "01 — "10 > "'01 — "'lO •

The remaining steps of the integration can be carried on in precisely the same way. By
an induction to the general term we shall show that the integration can be carried on as far as

is desired.

Let us suppose that.p^, q,, and r^, {v = 1, ...,m — 1), have all been determined, and that

v+l k
, ,

k=lj=0

"+1 k

k=lj=0
} (71)

where u^i^_jj, ^k-jj' '^"'^^ ^^k-jj '^^'^ power series of the same form respectively as u^, Vi, and Wj

if j =1= ik. If k is even and j = ^k, then the functions in (71) are of the same form as it,, v^, and w,,

respectively, except that the coefficients of the sines and cosines are all real instead of complex.

Further,

«U. = <V <*, = <*,- <*,= <*,. ''i + >^-2 = k.

We propose to show that p^, q^, and i\ have the same form as (71) when v = m. Consider

the set of differential equations obtained by equating the coefficients of 7'" in (43'), that is in

(43) after (62) and (63) have been substituted and 7 has been divided out. Except for the

subscript m, these diti'erential equations have the same left members as the equations of varia-

tion. Let the right members be denoted by P""', Q'"", and R'"" respectively. Then

M+l k
pm) _ gOT^jm+i ^ 2 g~Uk-i)(T+fi]T U'-'"'

k= i i=0
*"'-''

m+1 k , ,

Q(m) _ g.njjm+1 £ 5; g-[{*-;) t+JSIt V}"''.

k=2 j=0
"'•'

m+1 k , .

^imi _ gOTfjm+i V T g-[ik-}) (r+p]T JYl'")

k= 2 i"o
*"•'•''

where U^,"l\., V[Z]j, and W^Z^j are similar to ui'^^j, v['l._., and wl'^jj respectively.

Vol. XXII. No. XV. 43
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The complementary functions of the differential equations in p,,, , 5,,, , and r,n are the same

as (61). If we denote the arbitrary constants by Hi""', ...,?!«'"" and employ the method of the

variation of parameters as in the preceding steps, we obtain equations the same as (67) except

for the superscript m. Since the right members P'"", Q""', and ii<"" do not contain terms in

e±"^ or e-", the integrations of the equations analogous to (68) for rh"">, ..., H4'"" will not contain

terms in r explicitly. Proceeding as in the determination of p^, q^, and r,, we find

+ N,''"'{u, + KTU,) + e"'a"'+' S 2 e" t '*-•'"'+•''"•
(^'-.i.

qm = iVi""'*;'"'^! - N.2"'"e-"v., + iVj""' e^v^ - Nt'""e-'^v^ + N.^'^'v,

m+l k .

IH+ l *- .

where i^i'"*', ...,iV^6""' are the constants of integration, and the functions u^l^']. ., v^^\ ., and w^'"*^ .

are similar to the corresponding functions in (71) with the superscripts v. When conditions

<Ci) and (Co) are imposed on the above solutions, it is found that

and that A^o'"" and iVj*'"' are conjugate complex numbers which carry the factor e^a'""*"'. With

this determination of the constants of integration, the solutions for p„„ q^, and 7-„t have the

same form as (71) if j/ = ni. This completes the induction to the general term.

Returning to the variables p, q, and /• by means of (63) and (62), we find that the asymptotic

solutions of (43) which approach zero as t approaches + x are

p =Poy +Pxr+ +P»7"^' + ••••]

r = r„y + /•,7- + . . . + ;-„,7"+' + .... I

where the various /)„, q^, and t\ iv = 0, 1, ... oc ) arc defined in (71). If we change the super-

scripts in (71), so as to correspond with the powers of 7 in (72), these solutions may be written

p= i 2* 2 e-t'*--'"'+'''i '»'_"*".'*.€'
(«7)''+V

=0 k = lj = U
''

q= 2 '2 2 e-t'*-'>"+^'^-
«;'?.'

i«''("'>')'"^''
\

0-^)
r=Ok=lj=0

r= 2 2 2 e-"'--J"'+-'"JMy'.'"^."6''((t7)''+'.
I

Since u and 7 occur only in products, as indicated in (73), and both arc arbitrary, we may put

either equal to 1 without loss of generality. Wv .siuill therefore consider a to be 1 in (73).

The coefficients of the sines and cosines in the various functions «/_j_j, Vk-j,i' ^^^
"^'k-j.j

are

complex except when k is even and j = hk: Since we desire a real asymptotic orbit, it is necessary

to show that the solutions (73) are real.
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With each term »

„-a-,(r+A-,5iT ,,'"+1'
.(74)

of (73), there may be associated the term

'^
'

'

"k.k, ' .(75)

unless k\=k.,. Suppose first k^ =j= L. Then the coefficients of the sines and cosines of the various

powers of e in ^4'^^ ' are the conjugates of the corresponding coefficients in uj^ . When the two

expressions (74) and (75) are added, we obtain terms of the type

g-(i-,<r+A,,5.r |-^ „Qyj.^ _^_ g sin yV] + ^-•'•2''^i'-,s<r ^J gogj.^ ^ g sinjt] (76)

Since o- = « + i/3,

g-(A-,o-+i,,,-,T ^ g-(i,+Ajar [cQs (^^.^ _ ^.__') ^^ _ { sin (1-, - 1,) /3t],
]

g-(i,<r+A-,ff)T ^ g-(A-,+*jar
[-gQs (jt^ _ ^,^) ^.^ ^ { sin (Aji

- k„) /3t]. )
^

Now let A=a^ + ibi, 5 = «2 + i6o. Then by virtue of the relations (77), the expression (76)

becomes

g-(t,+t,)ar
[-((j^ _ J^) cos {(^.^ _ ^.J ^ +jl T + (Oi + 62) cos [(^-, - L) + j] T

+ (a. + 6,) sin {(^i - h) ^ +j] t + (6, - a,) sin \(k, - L) +j\ t],

which is real since all the constants are real.

If A;, = A-o = k, then the coefficients in i^vt^^' are all real. In this case (74) consists of terms

of the type
g-aiar

j-^^ cosJT + 6i sinJt],

which are real. Therefore the solutions (73) are real.

In order to express the solutions (73) in a form in which the imaginaries will not appear,

we may put for p^, q^, and i\ of (71)

I'+i)

1=1
.(78)

where if I is even, I = 2k say, we have, for j', = 1,2, 3,

r^;»= i I [C;:;^'cos2(j + A-,^)T + CJr;^^^cos2(j-A-.y8)T
i=o i-,=o

+ S^!^^' sin 2 (j + Z,y3) r + S^^t^ sin 2(j-k,0)T] eV.

If I is odd, l = 2k + l, the values of
2J^7"> (ii = l' -> ^)' ^^'"'^ obtained from the preceding by

replacing 2k^ with 2A-i + 1. The coefficients of the cosines and sines in the above equations are

all real.

Returning to the original coordinates f, ??, f through the substitutions (42), (3), and (2),

we obtain

e = i
i - M + e.r, (+ V3, t) + €p{+ VS, t),'

,, = + ^V3 + 6y„(+V3,T) + eg(+V3,T), (79,1)

?= 60o(+V3,T) + 6r(+V3,T)

43—2
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as the parametric representation of the orbit which approaches the periodic orbit about the

point I as T approaches + x . The corresponding orbit near the equilibrium point II is obtained

by changing the sign of V3 wherever it occurs in (79. 1). This orbit is

f= i-At + 6a;„(-V3,T) + ej9(-V3,T);|

7; = -iV3 + ey„(-\^3,T) + 65(-v'3,T),- (79.11)

?= 6^„(-V3,T) + 6r(-V3, t).|

(B) Solutions in e".

Let us next consider the orbits which approach the equilibrium points as t approaches — » .

The construction of such orbits would be similar to the preceding construction. The condition

(Ci) would be altered so that each term of the solutions of (43) would contain the factor e" or e",

as these e.xponentials have their real parts positive. The asymptotic solutions corresponding

to (78) would then contain powers of e" instead of e~".

It is not necessary to consider the construction of these orbits in detail, however, as they

may be obtained from the preceding by changing the signs of VS, t, q, and r in (73). As was

shown in §8, the differential equations (43) remain unchanged by changing the signs of \/3, t,

q, and r, and consequently the same changes in the solutions will still leave them solutions.

If we denote (73) by p (+ V3, t), q (+ v'3, t), and r (+ VS, t), then p {- VS. -r),-q (- VS, - t),

and — r(— V3, — t) will also be solutions of (43). The asymptotic orbit which approaches the

point I as t approaches — x is therefore

^^ •^-/:i+ea-„(+V3,T) + e/)(-V3, -t),1

,, = + ^V3 + e2/o(+^3,T)-e9(-V3,-T),J (80,1)

r= 6^„(+\/3,T)-er(-V3,-T).J

The corresponding orbit for the point II is obtained from the above by changing the sign of VS.

This orbit is

^= |-^ + ea:„(-v3, t) + 6/>(+ V3, -T)'\

, = _iV3 + 6y„(-V3,T)-e9(+V3,-TK (80,11)

?= 62„(-\/3,T)-6r(+\/3,-T).J

10. The Undetermined Constants.

The asymptotic solutions (79, 1), (79, II), (80, 1), and (80, II) contain three arbitrary

parameters, viz. <„, e, and 7. The constant U represents the initial time and may be put equal

to zero without loss of generality. The parameter e enters in the construction of the periodic

orbits and is the scale factor for these orbits. From the way in which the initial values for

the periodic solutions were chosen, the parameter e is found to be proportional to the initial

projection of the infinitesimal body from the plane of motion of the finite bodies, the initial

projection being e/(l + S). The ])aramctor 7 is the scale factor for the asymptotic orbits. From

the choice of the initial conditions (C^) it follows that 7 represents the initial displacement of the

infinitesimal body from the periodic orbit on a line parallel to the f-axis and in the ^Tj-plane.

Since this constant enters the asymptotic solutions both to even .nui odd iU<,ae(s, then the orbit

obtained by taking a positive value of 7 is not only differently orientated but is geometrically

distinct from the orbit obtained by taking the same numerical value of 7 but tile opposite sign.
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From an examination of the derivative ~- it is found, as in Part I, that the directions in

which the asymptotic orbits approach the periodic orbits are indeterminate.

10a. Numerical Example.

To ilhistrate the nature of the periodic orbits and the corresponding asymptotic orbits, we

have assigned to yu, the value 01, as in Part I, and to e the vakie 0"5. With the.se values of fi

and e the periodic .solutions (39), up to and including the terms in e', are

x = ex„ = 0-0238 cos 2t + 0-0514 sin 2t,
1

p = ey„ = -0-0723 +0-0.5.50 cos 2t- 00238 sin 2t, I (81)

I = 6^0 = 0-4985 sin t + OOOOo sin 3t. J

Numerical values of these coordinates for various values of t are to be found in Table III.

Table III.

;^ = 0-1 6 = 0-5

T
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The projections on the coordinate planes of the periodic orbit (81) near the equilibrium

point I are given in the heav}' lines of Figs. 3, 4, and 5*. The orbit consists of two loops, one

above and the other below the xy-]Aa,ne, with the double point in the fourth quadrant of the

Fig. 3.

A

Fio. 4. Fui. 5.

Projections on the coordinate planes of the Periodic and Asymptotic Orbits near the Equilibrium Point I.

a-^-plane. The projection on this plane is approximately a circle with centre at (0, —00723) and

radius 0-06 (see Fig. 3).

To obtain an orbit that is a.symptotic to the above periodic orbit, we considei- particular

values of p, q, and r which are added to a„, y„, smd ir„, respectively, in (42). After fi, and t are

* See also Figs. 5, 6 and 7 of "Oscillating Satellite."
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fixed, the only undetermined constant in p, q, and r is the scale factor 7 which was introduced in

equations (62). If 7 is put equal to 0"I, and only the first terms of (72) are taken, then the

solutions for ep, eq, and ej- in (79, 1) are

ep = e-«^ (0-05 cos /3t + 00036 sin /3t),

eq = e-" (- 0-0525 sin /3t),

er = e-"- {sin t (00385 cos fir - 0*0080 sin /3t) + cos t (0-0205 cos /3t - 0-0865 sin /3t)J.

These solutions represent the x-, y- and ^--components, respectively, of the amount which the

asymptotic orbit deviates from the periodic orbit. Numerical values of these displacements are

given in Table IV.

0-1

Tablk IV.

e = 0-5 = 0-1

T
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The dotted lines in Figs. 3, 4, and 5 represent the projections on the coordinate planes of

the asymptotic orbit. In Figs. 3 and 4 the asymptotic orbits are drawn as t varies from to 27r,

approximately, that is for one period of the closed orbits. In Fig. 5 the deviation of the

asymptotic orbit from the closed orbit is very small as t varies from tt to 2Tr, and is not re-

presented in the drawing. At each succeeding period the asymptotic orbit lies between the

corresponding branches of the periodic and asymptotic orbits for the same phase of the preceding

period.

In conclusion the author desires to express his thanks to his colleague K. P. Johnston,

B.A., B.Sc, for making the drawings which appear in this paper.



XVI. Terrestrial Magnetic Variations and their connection with Solar Emissions

which are Absorbed in the Earth's Outer Atmosphere.

By S. Chapman, M.A., D.Sc, F.R.S., Trinity College.

[Read 17 February 1919.]

INTRODUCTION.

§1. The aim of tiiis paper is to abstract and interpret various features of the non-secular

changes of the earth's magnetism which seem to be of special significance in connection with

atmospheric and solar physics.

The non-secular magnetic variations are everywhere small compared with the total intensity

of the earth's field. Magnetographs installed at a number of widely distributed observatories

provide a continuous record of the magnetic changes, resolved in three directions. At any one

station the traces show that there exists a well-marked diurnal variation of the force vector, but

that the course of this variation is ordinarily complicated by superposed irregular perturbations.

At times the latter are unusually intense or frequent, at others they are almost absent. It is

customary to classify each day according to the amount of this disturbaiice (as it is called) either

by the terms quiet, ordinary, and disturbed, or by corresponding ' character ' figures 0, 1, 2. No

precise canons of classification have so far been anived at, and a merely three-fold subdivision

must obviously be very rough. Also, since the ordinary or average amount of disturbance varies

with locality and season, a character figure (say) will correspond to different absolute amounts

of perturbation at different stations. But it is found that on the whole a quiet day* at one

.station is quiet also at most others, i.e. that magnetic conditions all over the earth are generally

similar as regards the degi-ee of disturbance existent, relative to the normal amount characteristic

of each region. By international agreement a mean character figure is derived for every

Greenwich day, from the figures independently assigned at each of a large number of cooperating

observatories. The five days in each month which have the smallest mean character figures are

termed the ' international quiet days,' and it is customary for observatories to publish monthly

mean hourly inequalities of the three elements of magnetic force from all (or all but highly

disturbed) days of each month, and in addition from the five quiet days onlyf

.

These hourly inequalities indicate the amplitude and type of the diurnal magnetic variations.

The influence of disturbance on the latter can be to some extent inferred by a comparison of the

inequalities derived from all and from quiet days. The quiet days themselves, however, cannot

be regarded as wholly free from the effects of some small present disturbance, or fi-om the after-

effects of past disturbance. But when the nature of disturbance effects has become clear,

allowance can be made for the residual amount on the five ' quiet ' days, and a conception formed

* Beckoned from one Greenwich midnight to the next. the Greenwich magnetic records, and the monthly mean

t Before the international arrangement came into being, diurnal variations from these days have been published at

the Astronomer Eoyal chose five quiet days monthly from Greenwich since ltl89.
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of the phenomena which would characterize ideally quiet conditions. These phenomena will be

termed the regular diurnal variations, and the magnetic variations deduced by abstracting these

regular variations from the changes actually observed will be termed the disturbance variations.

The latter are not wholly irregular, and in particular they include certain additional diurnal

variations, superposed during disturbed periods upon those characteristic of the ideally quiet

state, which will be called disturbance diurnal variations. These are true diurnal variations, and

are to be distinguished from such quite difi'erent things as, e.g. the diurnal variation oifrequency

of disturbance.

For a first approximation, the regular diurnal variations can generally be identified with

those derived from the five quietest days per month. As regards disturbance, its eflects are most

clearly marked during the violent outbreaks to which Humboldt gave the name magnetic storm.

The discussion first deals with disturbance in this form, proceeding thence to consider more

ordinary disturbance, and afterwards describing the phenomena of quiet days ; the relation of

these three classes of variation to locality upon the earth and to the geocentric coordinates of the

sun is described in §§2-8, and afterwards, in ||9-13, their relation to the physical condition of

the sun. A partial interpretation of the phenomena is attempted in §§ 14-23.

MAGNETIC DISTURBANCE.

§2. In a recent paper* I have discussed the changes which occur during magnetic storms.

Besides irregular fluctuations, most numerous and intense in high latitudes, there are more or

less regular variations, which appear clearly on averaging the changes observed during a number

of storms. These regular effects depend on terrestrial latitude and on local time, i.e. upon

longitude reckoned fi-om the meridian containing the sun. They can be analyzed into changes

depending on latitude only (i.e. the mean change along any circle of latitude) and the residual

changes which also depend on local time. The latter appear as additions to the regular diurnal

variations ; they are, in the present terminology, the disturbance diurnal variations. The other

regular changes, common to all longitudes, are of a simple definite type, corresponding mainly to a

slight demagnetization of the horizontal magnetic field, during the first few hours of the storm,

with subsequent slow recovery; they therefore depend on 'storm time,' reckoned from the

commencement of the storm, which is nearly simultaneous all over the earth. The disturbance

diurnal variations wax and wane in amplitude in unison with the storm-time variations ; they

merely represent, indeed, an inequality in the intensity of the latter in different regions, the P.M.

hemisphere being more affected than the .i.M. hemisphere f. This inequality is of simple t^-pe,

there being one maximum and one minimum in the regular storm effects along any circle of

latitude; these occur approximately at IS*" and G'' local time, respectively. The disturbance

diurnal variations are consequently almost purely diurnal sine waves, and their phases in the

three magnetic elements are definitely and simply related to one another. The electric current

system responsible for these variations (cf. § IG) is illustrated in Fig. 7 of the pajier cited: the

* I'roc. Roy. Hoc, A, 95, p. 61, 1918. similarly referred to as the a.m. hemisphere, while the

•f
Viewed from the sun, over the right-hand hemisphere sunlit and dark halves of the globe are called the day and

of the earth the local time is afternoon, or p.m., and this night hemispheres.

is therefore termed the r.M. hemisphere; the left-hand is
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general electric current system introduced by the storm, and responsible for the regular storm

variations as a whole, is shown in Fig. 1. The currents are more intense and crowded together

over the P.M. than over the A.M. hemisphere.

The irregular perturbations which are the most striking features of storms usually cease

before the horizontal magnetic field has recovered its normal value, and before the disturbance

North Pole

A.M. ^P.M

Earth's p— Rotating
orbital < CL_§ < solar

motion ^ .,.. o . .• radius •

Earth s Rotation

Fig. 1. The general distribution of additional electric currents in the earth's atmosphere during a magnetic storm,

as viewed from the sun.

diurnal variations have quite died away. Hence some tendency to an increase in the horizontal

magnetic force, and some small residual disturbance diurnal variation, will appear on quiet days

shortly succeeding a istovm, although no disturbing causes may be acting at the time.

§ 3. Great magnetic disturbance, such as was dealt with in my paper on magnetic storms,

does not occur by any means so often as, on the average, once a month. But disturbance

effects of the kind there described characterize also the less disturbed states common on

ordinary days, and in the polar regions are practically always existent. This implies that the

principal storm effects may be traced in the difference between magnetic phenomena on ordinaiy

and on the international quiet days. The mean horizontal force on the former is slightly less

than on the latter, and the differences between the diurnal magnetic variations on ordinary (or

all) days and on (juiet days are similar in type to the disturbance diurnal variations during storms,

though, of course, much less in amplitude*.

It has been mentioned that irregular perturbations during storms are most intense in polar

regions, and that disturbance is scarcely ever absent in these localities. The disturbance diurnal

variations are also specially marked there, as is shown by Fig. 2. This is derived from Dr Chree's

discussion of the Antarctic magnetic results obtained by the British Expedition of 1911-12-|-, and

* I hope to trace this similarity in some detail in a interest.

future paper, at the same time considering the seasonal f C. Chree, "Seventh Kelvin Lecture," Journ. Inst.

changes in the disturbance diurnal variations. In latitudes Elec. Eng., 54, pp. 405-42.5, 1915.

50° to 70° these seasonal changes are of considerable

44—2
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illustrates the difference between the all-day and quiet-day diurnal variations at Kew and in the

Antarctic. The vector diagi-ams represent the changes of force in the horizontal plane, corrected

for the non-periodic change*. The annual mean curves for all and quiet days are given separately.

The Kew quiet-day curve is derived from the five international quiet days per month. The larger

All (or
ordinary) days
Quiet days YEAR

Fig. 2. Vector diagrams for the Kew and Antarctic annual mean diurnal variations of horizontal magnetic force for

all (or ordinary) days and qaiet days (at Kew o, in the Antarctic 10, and 5 per month).

of the Antarctic quiet-day curves is obtained from ten days per month chosen by Dr Chree ; later,

for the winter season, he considered the five international days, and it appeared that the

corresponding diurnal variation was practically a half-scale replica of the all-day variationf ; 1

• The horizontal mnenetic force, being a vector, mny
be represented by a line OP drawn with definite length and

direction from a fixed point O. As the horizontal intensity

and dtclination vary, the changes are indicated by the

motion of P. When the changes which are not periodic in

the course of a day are abstracted, the diurnul variation is

represented by a closed curve, kaonn as the vector diagram.

This is described by P at a varying rate, roughly shown by

marking the points arrived at at different hours. The

variations are small compared with the whole magnetio

force, so that the origin O cannot be shown on the

diagrams.

t C. Chrec, I.e., Figs. .5, G, 7.



AND THEIR CONNECTION WITH SOLAR EMISSIONS, ETC. 345

have therefore drawn such a half-scale curve to represent the annual mean Antarctic curve which

is to be compared with the quiet-day Kew curve.

The effect of disturbance on the diurnal variation is clearly far greater in the Antarctic than

at Kew. Moreover, the similaritj- of type between the all and quiet-day curves in the former

case indicates that what produces the difference between them, i.e. the disturbance diurnal variation,

is probably the cause of the major part of the diurnal variation even on the five quietest days of a

month. We may infer that the regular diurnal variation, free from the effect of disturbance, is very

small in the Antarctic, and, in particular, a good deal less than that in the latitude of Kew or

Greenwich.

§4. The chief general features of magnetic disturbance at any station depend upon the

position of the station with respect to the earth's axes and to the sun. Both geographical and

magnetic axes seem to have a share in determining the course of the phenomena, but in tropical

and temperate latitudes the distinction between them is unimportant. Disturbance effects

depend, both as regards incidence or frequency, and as regards intensity, on latitude, season, and

local time. Widespread disturbance affects regions in high latitudes and over the P.M. hemisphere

most strongly and with most irregular variability. As regards smaller and more local disturbance,

similar preferences are found to exist, though varying somewhat with the special type of the

disturbance. One type is the ' bay,' in which a simple perturbation takes place from and back to

the normal intensity and direction of the field. These occur at all hours of the day and night,

but more particularly between noon and midnight, i.e. over the P.M. hemisphere. Fig. 3 shows

Fig. 3. Diumal variation of frequency of occurrence of magnetic bays at Zikawei, relative to the niLun number
per hour (represented by the broken line).

the mean diumal variation of frequency of such bays at Zikawei (1877-1908). Father de Moidrey

has considered also other special types, such as pulsations and sudden twitches, from the same

standpoint. These likewise occur more often after than before noon, but the epoch of maximum
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frequency occurs nearer midnight than at IS*", the night hemisphere being more favoured than

either the day or the P.M. hemisphere*. Similar results are found at other stations in tropical

and mean latitudes.

Disturbances of all kinds, both small and great, var)' in frequency according to the time of

year. W. Ellis found from the Greenwich records that they occur more often about the time of

equinox than at the solstices, and the records of other observatories confirm this. Father Cortief

has suggested that this is due not to the position of the sun with respect to the earth's equator,

but to the variation in the heliographic latitude of the earth ; the earth is in the semi-equatorial

plane at times near the equinoxes. This hypothesis seems not improbable in the light of the

general conclusions of this discussion.

THE REGULAR DAILY MAGNETIC VARIATIONS.

§ 5. The regular diumal variations corresponding to ideally quiet magnetic conditions show

a dependence on local time, latitude and season which is strikingl>- different from that displayed

by magnetic disturbance. The characteristic relations with these three factors in the case of the

intensity of the quiet-day changes may be summed up in one simple generalization ; theii' intensity

at any station at any time depends mainly on the zenith distance of the sun. It is greatest at stations

then situated immediately ' beneath ' the sun, it diminishes towards the twilight circle, and is

small over the night hemisphere.

The type of the variations depends less simply on latitude and local time. There are, indeed,

two sets of regular diurnal variations, which in many respects are very similar ; one, the solar

diumal variation, is related to the sun's hour angle, and the other, the lunar diurnal variation,

is related to the hour angle of the moon (in each case reckoned in 24 houi-s from one lower

transit to the next). The two variations can easily be separated from one another. The mean

(solar) hourly inequality is first derived, using all days in a lunation. Each lunar hour will have

occurred with practically equal frequency at every solar hour, and the solar diurnal variation is

thus free from lunar effects. When this is subtracted from the hourly values of the magnetic

element, the residuals display the lunar inHnence by itself, or mixed up with disturbance variations

having no connection with the moon. By reai-ranging the hourly values according to lunar time,

the lunar diurnal magnetic variation is obtained.

§ 6. In the mean of a lunation the latter variation is found to be purely semidiurnal in each

element, but this is by no means the case at any particular pha.se of the lunation, as is clearly shown

by the corresponding vector diagram. The semidiurnal character of the inonthly mean lunar diurnal

variations cjiuses the vector diagram to be an ellipse, described twice daily by the moving point P.

But at each phase of the lunation the motion of P is accelerated from about the time of sunrise : it

remains greater than in the monthly mean curve, throughout the houre of sunlight, and diminishes

at about sunset to less than the average motion, its course during the hours of darkness being

quite short. The lunar hour at which sunrise occurs varies throughout the lunation, retrograding

through 24 hours from &" at one new moon, through 0'' at first quaiter, IS'' at full moon, and

• J. de Moidrey, Teirestrial Magnetism, 22, p. 39, t A. L. Cortie, Monthly Notices Ji. A. S., 73, p. .58,

1017; also the Tolame of Zikawei magnetic observations 1912; 76, p. 13, 1916.

for 1911.
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12'' at third quarter, to 6^ at the succeeding new moon. Hence the magnification of the hinar

changes at sunrise commences at all stages of the lunar day, and though the sun thus has an

important influence on the intensity of the changes, their direction is chiefly governed by the

Scale
t ': 1

WINTER

6,18 9 21
Monthly <~S Mean

3.15^12

15^>\^FirstEighthNew Moon
^*^-2 '3,15^12 ^"3~^12

Fig. 4. Vector diagrams for tlie lunar diurnal variation of horizontal magnetic force at Pavlovsk, in summer (above)

and winter (below) : for the mean of a number of whole lunations (in the centre), and also at various

particular epochs in the lunation.

moon. This is evident on comparing the direction of description of the vector diagrams in Fig. 4

at sunrise (say) at any lunar phase with the direction in the monthly mean diagram at the same
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lunar hour. Fig. 4 relates to the lunar diurnal variations of horizontal magnetic force at Pavlovsk

(60° N.) for the two seasons of summer (May to August) and winter (November to February).

The monthly mean diagram is in the centre, in each case ; for summer eight diagrams are given

for the separate phases of the moon*. These evidently comprise only two distinct curves, so that

two only are drawn for the season of winter. The diagrams for the separate phases indicate, by

the thickness of the lines, the parts corresponding to the two lunar half-days centred at solar

midday and midnight. These roughly correspond with the periods of sunlight and darkness,

which are, however, rather longer or shorter according to the season. At Pavlovsk the midday

altitude of the sun is 56° at midsummer, and 7° in midwinter. There is but little difference

between the ' day ' and ' night ' halves of the vector diagi-am at Pavlovsk in winter, either half

being comparable with the night half in summer. The day portion in summer is, on the contrary,

much enlarged. Fig. 4 consequently illustrates the influence of the sun's zenith distance as

depending both on local (solar) time and on season.

§ 7. In the case of the solar diurnal variations the sun's zenith distance displays a similar

relation to the intensity of the variations, though the demonstration is slightly complicated by the

fact that here the sun also plays the part, taken in the former instance by the moon, of governing

the type or direction of variation. In Fig. 5 are shown the vector diagrams for the quiet-day

Fig. 5. Quiet-day vector liiagrams of the daily Toriation of magnetic force in the horizontal plane at

Greenwich, 1889-1914.

I. .)une, 8unspot maximum years. III. December, sunspot maximum years.

II. June, sunspot minimum years. IV. December, sunspot minimum years.

* Tlicy are calculated from the Fourier coefficientK

given in Table VI a of my paper in the I'hilosopliiral

Tramaclimu, A, 214, p. 310, l'J14; the phase angles are

varied with the lunar phase as described on p. 301 of that

paper. The use of the Fourier eoefVicientn in this way is

ei|uivalent to smoothing the curves actually computed from

the observations. The lunar variation is so minute that

this is desirable for illustriitive purposes.

The above variations relate to ' quiet ' solar years,

1897- 1U03, during which tlic horizontal force and declin-

ation at Pa\ lovsk were approximately

ItiuoOv (l7 = 10-''C.g.8.) and 0''-6 E.
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solar diurnal variations at Greenwich (51- N.) during the months of June (I, II) and December
(III, IV), the two sets of curves, I, III and II, IV, being derived from different groups of years.

As before, the day and night portions are drawn with different thicknesses, and the influence of

the sun's zenith distance, as affected by local time and season, is seen to be similar to that

indicated by Fig. 4. The seasons at Greenwich are, of course, rather less extreme than those at

Pavlovsk.

§ 8. The sun's zenith distance also depends on the latitude of a station, and curves might be

given to illustrate the dependence of the regular diurnal variations on this factor. This is well

shown by the horizontal intensity variations, but the variations of declination vanish and change

sign at the equator, so that the vector diagrams do not show an areo^ enlargement in tropical

latitudes. But away from the equator, where this vanishing of the declination variation ceases to

influence the curves, the vector diagrams would serve to illustrate the point. It will suffice, how-

ever, to refer to the remarks on Fig. 2 at the end of § 3, to render it clear that the solar diurnal

variations diminish gieatly from temperate to high latitudes ; the same is doubtless true also of

the lunar variations, though there are no available polar data in their case.

SOLAR FREQUENCIES AND TERRESTRIAL MAGNETIC CHANGES.

§ 9. So far the discussion has dealt with the manner in which magnetic disturbance pheno-

mena or quiet-day variations are distributed ovei' the earth, in relation to the earth's axes and the

sun's geocentric coordinates. Another kind of dependence demands consideration, however, in

which attention is directed to the earth's magnetic condition as a whole in connection with the

succession in time of certain variable characteristics of the sun. These characteristics relate to

the physical condition of the sun, which changes intrinsically, and also in its presentation to the

earth, on account of the solar rotation. The existence of the solar influences already described

would of itself suggest that any periodicities observable in the sun might appear also in the

phenomena of the earth's magnetism, as indeed is found to be the case.

The two principal periods connected with the sun are that of the gi-eat solar cycle of activity

indicated by sunspots, prominences, faculae, and so on, and the period of solar rotation. The former,

which is an intrinsic period, is of somewhat variable duration, the average length being about

II years. The latter period, relative to the earth, is approximately 27'3 days; the true rotation

period is 2.5'2 days, for the sunspot zones, the difference of 21 days being due to the earth's

orbital motion, which is in the same direction as that of radii vectores from the sun.

The solar cycle of activity affects the sun's surface as a whole, spots, faculae and prominences

being indications of local disturbances which are symptomatic of the general condition of the sun.

These local phenomena appear sporadically and irregularly, and last for a limited period of vari-

able duration. But their average frequency and distribution in latitude vary in unison throughout

the solar cycle. While this indicates that the visible agitation on the sun's disc is a consequence

of changes of the surface in general, it is true that particular regions often remain abnormally

subject to local outbreaks, not necessarily continuous, throughout several rotation periods*.

The rotation period is of importance to the earth's magnetic condition only in so far as there

* E. W. Maunder, MonthUj Notices K. A. S., 65, p. 5.55, 1905.
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are inequalities in the physical state of the solar surface. Magnetic phenomena which depend on

the sun's visible surface as a whole should show no relation to this period. Again, magnetic varia-

tions which are irregular in occurrence and intensity would naturally be associated with similar

solar characteristics, so far as the former are found to be influenced by the sun.

The general march of the sun's activity as a whole throughout the solar c}'cle is well repre-

sented by the annual mean values of the spotted area {A ) of the sun's visible hemisphere, as

determined at Greenwich, or by Wolf's annual sunspot numbers {S) which measure the annual mean

frequency of sunspots. The areas or numbers for individual days or months show considerable

variation about the mean values A or S.

§ 10. The relation between the general solar activity and the regular diurnal magnetic varia-

tions (§1) may be examined by comparing the range R of the annual mean inequality for any

magnetic element and station with the sunspot number S. The correspondence between them

is remarkably close, and can be represented with considerable accuracy by a linear relation

R = a + bS (Wolf's formula), where a and b are constants for a particular station and element.

The variation in range is unaccompanied by any marked change of type, as is illustrated by

Fig. 5 ; the curves I, III relate to ten years of considerable, and II, IV to ten years of small,

solar activity*. The two June and the two December curves are mutually similar, though their

sizes are considerably different. These curves, being derived from quiet days (§ 7), represent very

approximately the regular diurnal variations. Except in polar regions, moreover, the difference in

range between the quiet and all daj^ diurnal magnetic variations is not large (Fig. 2), so that the

latter also agree with Wolf's formula, at tropical and temperate stations. The existing data for the

lunar diurnal variations do not suffice to show whether these can likewise be represented by the

formula R = a + bS.

§11. As regards the irregular magnetic changes, i.e. disturbances, Sabine found that the

average frequency of magnetic .storms shows a marked correspondence with Wolf's sunspot

numbers S. But the relationship is less e.xact than in the case of Wolf's formula for the regular

diurnal magnetic variations (§ 10). Years of few sunspots are (on the whole) conspicuously quiet

magnetically, but years of like sunspot development have shown notably different degrees of

magnetic disturbance. Dr Chree has instanced 1893 as a year which signally failed to show an

amount of disturbance corresponding to the spottedness of the sun at the timet.

§12. The question now arises. How fixr do the above sunspot relationships indicate a connec-

tion with the general, and how far with the local, conditions of the sun's surface / The answer

mu.st depend on the extent to which the local sporadic solar disturbances appear to affect the

various terrestrial magnetic phenomena.

The foregoing review suggests that inagnoticaliy '(juiet ' or ' undisturbed' conditions correspond

to the absence, or smalhiess, of some positive factor a.ssociated with ' disturbance.' At times of

magnetic disturbance there are additions to the regular diurnal variations, these additions being

of simple definite type and of amplitude depending on the degree of disturbance or—since they

• The ten .year Kioiips were 1891-5, 190.5 -9 and 1889, Bun'.s visible lu'iiii.iplieie. The curves in Fig. 5 are ilerived

1890, 1899-1902, 1911-14, the fimespondinK mean Green- from the quiet-day ineiiualities published in the Greenwich

wich values of spotted area (correited for foreshdrtening) volumes, allowance beiuK made for the nun-periodio change,

bciug 994 and 71, expressed in millionths of the area of the f *^- Chree, " Kelvin Lecture," p. 415.
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die away only gradually after disturbance has ceased*—on the time elapsed since this cessation.

The regular diurnal variations, which are of quite another type iii relation to local time and ter-

restrial distribution, persist throughout with scarcely any change. In tropical and temperate

latitudes the additional disturbance diurnal variations are small in comparison with the regular

variations, except during magnetic storms. They are much less, indeed, in those latitudes, than

the changes in the regular variations themselves from maximum to minimum epochs of solar

activity (cf. the curves for Kew and Greenwich in Figs. 2, 5). It would seem that the regular

diurnal variations vary gradually throughout the solar cycle, in unison with the general activity

of the sun. The quiet-day variations at sunspot maximum or minimum retain amplitudes appro-

priate to these epochs, independently of the contemporary presence or absence of visible solar

disturbance.

The secular march of magnetic disturbance shows no such regular pace. Magnetic storms—the

most violent form of disturbance—sometimes break out' at the very ' trough ' of the solar cycle,

though at such times, so far as I am aware, only when the sun also shows some sign of special

local activity. This con-esponds with the irregular occurrence of solar outbreaks, which sometimes

appear for a brief period with local intensity at minimum epoch. The properties of extreme vari-

ability and intermittency are common to solar and to terrestrial magnetic 'disturbances,' and

this correspondence, together with the 27o-day periodicity described in § 13, suggests that mag-

netic disturbance is connected with local rather than with the general surface activity on the sun.

Not every local solar disturbance, however, finds its counterpart in the magnetic variations

on the earth, nor is it yet possible to refer given magnetic disturbances to particular solar out-

breaks shown as spots. The features of solar activity which are associated with spots or other

visible phenomena may not be those which are most closely connected with the production of

magnetic disturbance.

§ 13. There are few facts of greater significance, with respect to the relation between mag-

netic changes and the sun, than the tendency shown by the earth's magnetic activity to return

to its condition at any particular time, after the lapse of one or more periods of synodic rotation

of the sun, i.e. after intervals which are integral multiples of about 27'3 days. Great magnetic

storms illustrate this tendency very clearly, for the number of pairs or series among them, in

which the members are separated by such time intervals, is out of all proportion to that which

would be expected on account merely of chancef. The time intervening between two storms

can often not be determined to within a few hours, but the observed iritervals often conform

closely to the sun's synodic rotation period. This period varies for different belts of latitude on

the sun ; the rotation jJeriod of 27*3 days, which roughly agrees with the recurrence period in

magnetic disturbance, is that of the belt in which sunspots are of most frequent occurrence.

Since sunspots have proper motions of their own upon the sun, the rotation period has to be de-

termined as an average from many spots ; the range of variation shown by values from individual

spots is of the same order as the range in the intervals between magnetic storms which are

separated approximately by 27 days, or a multiple of it. The latter qualification is necessary be-

cause, just as there may be more than one disturbed region on the sun throughout a given period

* Like the subsiding 'swell' after a storm on the ocean. 538, 666, 1904 ; 76, p. 6.S; F. W. Dyson, Observatory. 28,

t E. W. Maunder, Monthly Notices H. A. S., 65, pp. 2, p. 176.
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so there may be more than one series of storm recurrences simultaneously proceeding upon the

earth. Also, just as intermittent outbreaks may occur in a particular solar area through several

rotation periods, so magnetic storms sometimes sliow recurrences throughout a similar period,

with gaps at one or more intervening ' recurrence ' epochs. The recurrence phenomenon is con-ectly

described as a tendency, affording some expectation of a recurrence of a storm or lesser disturbance,

about 273 days after a given disturbance ; a storm at one epoch ^vill, however, no more be inevit-

ably followed by another after this interval than will a sunspot be inevitably observable on a

second presentation of its region to the earth after a rotation period.

The recun-ence tendency is shown not only by great disturbances ; Dr Chree, using daily

character figures such as were mentioned in § 1, has demonstrated very clearly that disturbed

and quiet days in general (with character figures 2 and 0) manifest the same tendency. The

mean character figures for days round about the 27th, 54th, and 82nd day after a day of character

(disturbed or quiet) much diverging from the average show a marked but diminishing tendency

towards a repetition of this character*.

§14. The most convincing interpretation of the recurrence tendency shown by magnetic

storms was given by Mr Maunder {I.e.), who independently discovered the phenomenon, which had

been previously noted by Broun and others. He concludLd that magnetic storms must be conse-

quences of the presence in the earth's neighbourhood of some agency arising from a restricted area

of the sun's surface, and travelling outwards in a limited stream in some particular direction.

Such streams as are suitably directed will traverse the space in the earth's neighbourhood, over-

taking the earth in its orbit on the P.M. side, as indicated in Fig. 1. Should the emitting area

remain active over a sufficient period, projecting the stream nearly in the same direction through-

out (relative to the solar surface), it may again traverse the space round the earth, after an

interval of one or more rotations. In this way there may arise a recurrence tendency with the

observed period.

Dr Chree's results may be explained along similar lines, if magnetic disturbance in general

is referred to the agency of more or less well-defined streams emitted from particular disturbed

localities on the solar surface. The manifestation of the recurrence tendency by quiet days is not

to be regarded as due to the calming influence of limited solar areas, but simply to the absence

of disturbing causes. When, as the sun rotates, the streams which it emits are projected so as to

impinge upon and traverse the earth, magnetic disturbance of greater or less intensity results

:

when such streams "happen to be absent from the space round the earth, magnetically quiet con-

ditions prevail.

The recurrence tendency indicates that the solar regions which emit the streams often i-emain

active and approximately stationary on the sun for one or more rotation periods. The constituents

of the streams are projected with a speed sufficientU' great to prevent any serious dissipation or

sideways diffusion within a distance equal to the radius of the earth's orbit. Owing to the con-

tinual renewal of the streams from the emitting areas, the whole set of streams (if there are

several existent at the same time) will appear to rotate with the sun, like the curved spokes of

a wheel. There will be a certain lag of the streams, the curvature at any distance depending on

the longitudinal and transverse speeds of the constituents; this angular lag, being probably

• C. Chree, I'hil. Tram., .\, 212, p. 75, 1912; 213, p. 240, 1913 ; also the "Kelvin Lecture," I.e.
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nearly the same for all streams in the plane of the ecliptic, will not affect the recurrence tendency.

The sun's angular velocity is such that the transverse velocity of a stream, relative to the earth,

is approximately 4 .
10" cm. per sec, or about one-thousandth of the velocity of light. If the con-

stituents of the stream take 24 hours to travel from sun to earth, the mean longitudinal velocity

would be about four times that transverse velocity ; if only one hour, about 100 times

The earth's angular diametei' as viewed from the sun is very small (17"-6), so that any given

stream-line would cross its 'solid' diameter in 35 seconds; it is therefore not difficult to under-

stand why suddenly-commencing magnetic storms seem to start almost simultaneously over the

whole eai-th. Some idea of the breadth of the intense streams concerned may be gained from the

duration of storms. A duration of one day (which is not uncommon) would correspond to a breadth,

in the ecliptic plane, of about 35 million kilometi-es, or an angular breadth, viewed from the sun,

of about 13°. The sudden commencement which characterizes all very intense storms suggests

that intense solar streams are somewhat sharply defined, at least on the forward side.

The general distribution of streams in the space round the sun is radial, though with a slight

lag or curvature ; the diSerences of intensity of the streams in different directions may be

considerable. The radial distribution does not depend upon the streams being projected normally

to the sun's surface : at several diameters' distance, the parallax due to oblique projection will

be small. Owing to the varying situation of disturbed regions on the sun's surface, and to the

varying directions of projection, many streams must miss the earth and so fail to produce any

changes in the earth's magnetic field. The non-recurrence of particular stream -transits and storms

may be due either to change in the direction of projection, to intermission of activity at the source,

or perhaps to changes in the earth's heliographic latitude. Ignorance of the direction of projection

from particular solar areas at any time precludes the possibility, at present, of identifying the

precise solar region which is the source of given magnetic disturbances. It seems not unlikely-

however, that on the whole sunspots or disturbed areas would be most effective when they are

situated in or near the heliographic latitude of the earth. Father Cortie has urged that to this

cause is due the observed seasonal inequality of disturbance frequency (§ 4).

§15. The main points which have so far emerged from this review of magnetic phenomena

may be recapitulated as follows

:

(a) Quiet magnetic conditions correspond to the absence from the earth's neighbourhood of

certain solar emissions which, arising from locally disturbed solar areas, and being projected into

space along confined streams, produce magnetic disturbance when they come into proximity with

the earth. Disturbance phenomena are due to additional magnetic fields intermittently super-

posed upon the earth's permanent field and upon the field responsible for the regular diurnal

variations.

(6) Disturbance effects are experienced with special intensity or frequency over particular

regions of the earth, relative to the earth's axes and the geocentric coordinates of the sun. Polar

regions, and the P.M. hemisphere, are those most affected.

(c) The regular diurnal magnetic variations are of definite type, quite different from that

of the disturbance diurnal variations ; they depend as to type on locality and season. The inten-

sity of the changes proceeding at any station at any hour, so far as concerns these regular diurnal

variations, is conti-olled by a solar agency other than that referred to in («)• This agency varies
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gradually in intensity throughout the solar cycle, and is connected with the general state of the

sun rather than with localized outbreaks of activity. Its terrestrial magnetic effect is almost

wholly confined to the day hemisphere of the earth, being greatest at any time over the regions

immediately 'beneath ' the sun. Its influence diminishes rapidly with increasing zenith distance,

towards the twilight circle.

1 16. Using the method of harmonic analysis by which Gauss proved that the source of the

earth's main magnetic field is internal, Schuster has demonstrated the external origin of the regu-

lar solar diurnal magnetic variations*. The same conclusion has been shown to apply to the lunar

diurnal variations+. It is true also of magnetic disturbance phenomena : the regular storm effects

are proved to be of external origin by the sign of the vertical force variations, which would be

reversed if the contrary hypothesis were true.

Attempts have been made in the past to explain the daily magnetic variations by changes

in the magnetic permeability of the atmosphere, but without success. Electromagnetic action,

arising from external electric currents, seems the only alternative. These currents might be

supposed to flow either in the atmosphere or in the 'empty' space beyond. In the latter case

the currents would presumably be supposed to consist of streams of electric particles from the

sun, influencing the earth's magnetism by their own magnetic field. The lunar diurnal magnetic

variations could hardly be accounted for in this way, and for this and other reasons the

regular (solar and lunar) diurnal changes may best be attributed to currents flowing within

the atmosphere. The same holds good for the magnetic disturbance currents, as is suggested by

their clo.se connection with aurorae, which are undeniably atmospheric electrical phenomena.

The earth's aerial envelope is so i-elatively shallow that the electrical currents concerned in the

production of the magnetic variations may be regarded as forming approximately spherical

current sheets: that is, they flow in nearly horizontal atmospheric layers.

The cun-ent densit}^ over these sheets can be calculated, with little uncertainty and \vithout

any extraneous hypothesis, from the observed magnetic changes. But the thickness of the layer,

and its situation, are not known, so that the current density per unit area of cross-section cannot

be determined.

The currents flow in layers of definite electrical conductivity under the impulsion of

certain electromotive forces. If the latter can be independently determined, with the aid of the

known current density it becomes possible to calculate the electrical conductivity of the layer as

a whole; that of unit thickness of the layer can be deduced only when the total depth has been

ascertained.

§ 17. The electromotive forces responsible for the regular diurnal magnetic variations can

be independently calculated by the use of a hypothesis which seems firmly grounded. The

solar and lunar <liurnai variations of the barometer indicate the existence of two world-wide

atmospheric circulations with periods of a solar and a lunar day. The motion is almost entirely

horizontal, and nearly symmetrical with respect to the equator. Such a horizontal movement of

* A. Schuster, Phil. Tram., A, 180, p. 467, 1889, and t van Bemmelen, Met. ZeiUchrift, p. 218, 1912
; p. 589,

208, p. 163, 1907. The primary external field induces also 1913; also S. Chapman, Phil. Trail.''., A, 218, p. 1, 1919.

a secondary internal field of varying magnetic force.
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air will induce horizontal electromotive forces (which alone will be of importance for the flow of

the electric currents described) in conjunction with the vertical component of the earth's main

magnetic field. As I have remarked elsewhere*, the magnetic variations indicate that the actual

electric current systems have precisely those properties of symmetry or reversed symmetry, with

respect to the equator, which would be possessed by the systems of electromotive forces pro-

duced in the manner supposed. This confirumtion of the hj-pothcsis is strengthened by the

agreement in period between the lunar diurnal atmospheric circulation and the monthly mean

lunar diurnal variations, both of which are purely semidiurnal. The solar diurnal atmospheric

circulation seems likewise to be mainly semidiurnal; the corresponding magnetic variations

also have important components of other periods, but this is readily to be accounted for by the

independent solar agency, which controls the intensity of the magnetic variations (§15 (c)). The

same feature is shown by the lunar magnetic changes at any particular phase of the lunation

(§ 6, Fig. 4), although there the lunar directing influence is clearly semidiurnal. By mathematical

analysis it is possible to infer the functional dependence of this local control factor upon the

sun's zenith distance, using the lunar diurnal magnetic variations only; this relation being

known, it is found that the observed type of solar diurnal magnetic variations can be explained,

in a general way, as a consequence of the atmospheric circulation indicated by the barometric

variations.

The solar and lunar diurnal barometric variations depend mainly on the movements of the

lower atmospheric strata, since these contain most of the total mass of air. But since the lunar

diurnal circulation can hardly be other than the effect of tidal forces, which everywhere act pro-

portionally to the mass attracted, the tidal motion may be expected to extend throughout the whole

atmosphere, or, at any rate, to a great height; ultimately the increasing kinematic viscosity of the

air will reduce its amplitude. The solar semidiurnal atmospheric circulation likewise appears

to be a very fundamental oscillation probably affecting all strata up to a high level, though

perhaps with modifications of phase. If, therefore, the horizontal motion is nearly the same at all

levels, the electromotive forces induced will be likewise similar, and are calculable from the known

magnitudes of the barometric variations and the earth's vertical magnetic force. By identifying

these electromotive forces with those responsible for the electric currents deduced from the diurnal

magnetic variations (the identification being justified on the ground of similarity of type) it is

possible to determine the electrical conductivity of the current sheet (§ 16).

§ 18. The magnitude of the conductivity, as first deduced in this manner by Schusterf,

was remarkably high, and later estimates have increased it rather than otherwise J. By assuming

an outside limit of 300 kilometres for the thickness of the layer, Schuster calculated a lower

limit for the mean specific conductivity. This was much greater than the specific conductivity

in the lower atmosphere ; the electromotive forces induced here cannot contribute ajjpreciably to

the diurnal magnetic variations. The current sheet must consequently be situated higher up,

probably at a high level in the stratosphere, where the air is greatly rarefied.

The distribution of conductivity being found clearly dependent on the sun's zenith distance,

the conclusion at once suggests itself that the sun exercises its control over the intensity of

* Observatory, p. 52, Jan., 1918. + S. Chapman, Phil. Trans., A, 218, p. 1, 1919.

t A. Schuster, Phil. Trans., A, 208, p. 181, § 13, 1907.
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the regular diurnal magnetic variations by determining the conductivity of the air in the higher

layers. In other words, the 'general' controlling agency propagated from the sun, which affects

mainly the day hemisphere of the earth (§ 15 (c)), acts by ionizing the air, probably in some fairly

definite layer.

§ 19. The nature of the solar ionizing agent was discussed by Schuster in the paper pre-

viously referred to. He concluded that the only possible alternatives were ultra-violet light, and

ions projected from the sun with sufficient speed to generate new ions in the atmosphere by

impact. At the time there was no clear evidence as to whether ultra-violet waves were capable

of ionizing dust-free air; it was remarked also that "it seems difficult to believe that, even if

emitted bv the hottest portions of the sun's envelope, they are not absorbed again by the

surrounding cooler layers." Nevertheless the view was retained, as a possibility, "that the

powerful ionization of the air, which we must consider to be an established fact, is a direct effect

of solar radiation."

More recently Swann* has discussed the possibility of accounting for an atmospheric con-

ductivity corresponding to Schuster's estimate, by ultra-violet radiation of the amount which

would fall upon the earth's atmosphere if the sun radiates approximately like a ' black body.'

He concluded that the amount was quite inadequate for the purpose.

§ 20. The review of the two types of magnetic variations considered in §§ 1-15 led to the

conclusion that the solar agent which is concerned in the production of magnetic disturbance is

distinct from that which controls the intensit}' of the regular diurnal variations. The latter acts

by ionizing the atmosphere: the question arises. What is the nature and action of the former

solar agent ?

As regai-ds its nature, it is immediately possible to assert, negatively, that it cannot be

ultra-violet light, since this would affect the day hemisphere almost exclusively, whereas the

disturbance agent favours the P.M. or night hemisphere. Neither can it consist of merely

material particles without electric charge, for there is no reason why these should crowd towards

the polar regions; in other ways, also, these are incompatible with, and unable to account for,

several features of magnetic disturbance. Electric particles of some kind offer the only alter-

native, and such may w-ell be supposed to issue from the locally disturbed regions of the sun

with which the disturbance agent has been associated in the course of the previous discussion.

Strong electric fields, which might supply the necessary energy of projection, would appear to

exist on the sun's surface, for though no Stark effect has been observed, Prof. Strutt has shown

that solar prominence movements can hardly be accounted for except by strong electrostatic

forcesf. Moreover, electric corpuscles projected into the neighbourhood of the earth will suffer

deflection in the earth's magnetic field; a right and left-hand asymmetry of distribution is by

no means unlikely, and the experiments of Birkeland an<i the calculations of Stormer upon the

ptiths of corpuscles projected tow;irds a uniformly magnetized sphere show that the piirticles

would tend to be deflected towiirds the magnetic polesj. The investigation of the paths is a

* W. F. G. Swann, Terrestrial Magnetism, 21, p. 1, * An excellent biblioRraphy of the researches of Birke-

1916. land and Stiirmer is given by Vegard in " Nordlichtunler-

t Cf. Deslandres, Comptes lieiidus, 15.i, p. 1579, 1912; suchungeu," Kristiania, I'iil. Sk. I, Mat. Satiir. Kl., 1916.

also Strutt, Monthly Noticet R. A. S., 77, p. 05, 1916.
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matter of great analytical difficulty, but there seems to be good prospect of accounting for the

favoured regions of magnetic disturbance along these lines. It certainly seems to be demon-

strable that the particles might be so deflected as to bend round the earth and fall upon the

hemisphere which is invisible from the sun. The undoubted connection between aurora and

magnetic disturbance also affords strong support to the view that magnetic disturbance is

originated by electric corpuscles from the sun.

If the particles are projected by strong electrostatic fields in the emitting areas, the

members of any one stream will be of like charge, as regards sign. Possibly the particles of

different streams may be of opposite kinds, but at present I know of no magnetic evidence

which suggests this. In the case of any one stream, however, the injection of numbers of like

charges into the atmosphere may be expected to have two effects. One effect would be an increased

ionization and electrical conductivity of the air, perhaps with considerable local inequalities.

These inequalities would persist for some time, but the injected charge would tend to distribute

itself uniformly over the atmosphere, under the influence of the electric forces arising from the

inequalities of surface density of charge. This tendency would rapidly take effect, owing to the

conductivity produced in the layer. At the same time the electrified air would tend to expand,

owing to the mutual repulsion of the imprisoned charge; escape being possible only by upward

motion, the layer would expand upwai-ds, until the charge was gradually dissipated—part of

the air being carried away with it. This vertical motion would induce horizontal electromotive

forces in the charged, ionized layer, in conjunction with the horizontal component of the earth's

magnetic field. In a recent paper on magnetic storms I have shown that these electrical forces

are such as would account for the magnetic variations associated with storms. The case in

which the injection of corpuscles is local, rather than world-wide, has not been considered in

detail as yet, but probably 'bays' (§ 4) are produced in this way. It seems likely that in all

types of magnetic disturbance the solar electric corpuscles are the cause both of the electro-

motive forces and the ionization involved in the production and maintenance of the atmospheric

electric currents.

§ 21. These conclusions regarding the 'disturbance' solar agent have a direct bearing on

the 'general' solar agent which affects the regular diurnal magnetic variations over the sunlit

hemisphere. If the former consists of electrical corpuscles, the latter cannot do so—no mere

difference of mass or sign of charge would account for the complete difference of distribution of

the two agents on reaching the earth. On the other hand, the apparently sole alternative among

possible ionizing agents, viz. ultra-violet light, seems to accord with all the properties which the

'general' solar agent has been shown to possess: for the latter affects the sunlit hemisphere

almost exclusively, it arises from the sun's surface as a whole, and its intensity varies only

gradually, fi-om time to time, in correspondence with the general activity of the sun. The identi-

fication seems incontrovertible, despite the difficulty of understanding how such radiation escapes

from the solar atmosphere ; this difficulty, and the apparently great intensity which it must have

to account for the high degree of atmospheric ionization produced bj^ it, only add to the interest

of the conclusion, for solar physics. The regular and large variation of intensity throughout the

solar cycle is also of much interest. The range of variation in the conductivity of the current-

sheet, deduced from the magnetic variations, is from 30 to 50 per cent., according to the

particular solar cycle. According to Swann (I.e.), the ionizing radiation should vary in intensity

Vol. XXII. No. XVI. 46
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as the square of the conductivity, so that its range must be of the order of 100 per cent.

This short wave radiation wholly fails to penetrate to the earth's surface; the ordinary solar

spectrum stops short at about X2900, and beyond this wave-length the total intensity of

radiation undergoes no variation comparable with 100 per cent. The observations of Abbot,

Fowle, and Aldrich* suggest that the 'solar constant' varies from time to time by small amounts,

rarely rising to 10 per cent., but these variations occur irregularly, and so far as I am awai-e there

appears to be no definite evidence for a systematic change following the course of the solar cycle.

It is difficult to believe that if the ultra-violet part of the sun's spectrum is merely radiation

of incandescence, it is so unconnected with the remaining portion as to suffer large changes

without some parallel variation in the longer-wave spectrum. There is little likelihood that the

spectrum of the solar radiation before entry into the earth's atmosphere is of black-body type,

but it may be of interest to remark on the relative changes of intensity in the different parts of

the spectrum on the supposition that these correspond merely to changes of a black-body spectrum

of varvdng temperature. The bases of the calculation will be the same as those chosen by Swann

in his discussion of atpiospheric ionization (§ 1 9), viz., a mean solar temperature of 6000° absolute,

and the hypothesis that only the radiation of wave-length less than \1350 is concerned in

ionization. A variation of 100 per cent, in this extreme section of the spectrum would coiTespond

to a variation of 230' in the temperature. This would involve a shifting of the wave-length of

maximum intensity from about X4700 to X4520, and a change in the total intensity of radiation

for the whole spectrifm amounting to 13 per cent. The change in the visible spectrum would be

rather smaller than this.

§ 22. The facts hitherto reviewed may next be considered in their bearing upon atmo-

spheric questions. One such question is, Are the layers affected by the two kinds of solar

emissions the same or different, and, if different, what is their relative situation ?

Even a priori it would be expected that two such different emissions as corpuscles and aether-

waves will have different powers of penetration into the atmosphere, though it would not be

possible, on such grounds alone, to decide whether the 'absorbing' layers were wholly distinct

or not. The magnetic phenomena, however, give a fairly clear indication that they are practi-

cally distinct without overlapping. If both ionizing influences were experienced in the same

layer, the conductivity of the latter should be much increased at times of great disturbance;

the result should resemble that produced by the augmented ultra-violet radiation at sunspot

maximum, i.e. there should be a general magnification of the regular diurnal magnetic variations.

This should apply to all the harmonic components, though not necessarily equally, since the

disturbance ionization is not distributed in the same way as the regular ionization. The observed

results do not agree with this; some changes occur in the first harmonic component, and the pro-

duction of these has been independently accounted forf ; but the other components remain the

same or, possibly, are slightly diminished.

On the alternative hypothesis that there are two distinct layers of ionization, some increase

in the ordinary diurnal magnetic variations at times of disturbance would still be expected,

unless it is supposed that the atmospheric circulation (§ 17) present in the greater part of the

atmosphere, including the layer ionized by ultra-violet light, does not exist in the other ionized

hiyer. From this conclusion, which seems unavoidable, follows the iurther inference that the

• C. O. Abbot, I'roc. Nat. Acad. Sci., 1, p. 331, I'Jlo. t Proc. Itoy. Soc, A, 98, ji. 61, 1918.
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magnetic-disturbance layer is situated at a higher level than the diurnal-variations layer. It

seems justifiable to identify the former with the stratum in which aurorae are observed (though

the disturbance currents are not to be supposed confined to the latitudes in which these

luminous phenomena are \asible). The lower limit of the auroral layer is fairly definite, being

at a height of about 90 kilometres*. Aurorae sometimes extend to a height of 300 kilometres,

but the g^eat majority seem to occur between 90 and 120 kilometres.

The diurnal-variations layer is presumably situated somewhere between the top of the

troposphere (10 km.) and the base of the auroral layer (90 km.). Its extreme thickness can

therefore not exceed 80 kilometres, and on this account the lower limit of the specific electrical

conductivity of this layer, deduced by Schuster on the basis of a limit of thickness of 300 kilo-

metres, must be increased fourfold. On this and other grounds described elsewheref the original

estimate of 10"" c.g.s. should be increased to about 3 .
10~'^ for points immediately beneath the

sun, at sunspot maximum. This, moreover, is still onfy a lower limiting value.

§ 23. Profs. Fowler and StruttJ have recently confirmed the truth of a suggestion made

many years ago by Hartley, to the effect that the limitation of the solar spectrum at the violet

end is due to absorption by ozone in the earth's atmosphere. Prof Strutt§ has also demonstrated

that this ozone does not exist in sufficient amount in the lower atmosphere; it must be in the

stratosphere, where alone permanent ditferences of composition in different layers are possible.

It may be assumed that the ozone is produced in the layer which is ionized by ultra-violet light,

and possibly the presence of ozone in that layer may afford escape fi-om the difficulties which

appeared in Swann's calculations.

It is a matter for observational enquiry to determine whether ozone is produced also in the

auroral layer, ionized by electric corpuscles. If so, at times of magnetic disturbance such ozone

would probably intercept part of the ultra-violet radiation before it reached the layers where,

by its own ionizing action, and by the presence of atmospheric diurnal circulations, the diurnal

magnetic variations are produced. Perhaps to this cause may be a.scribed the slight diminution

which seems to occur in the regular magnetic variations at such times.

Note (added July, 1919). In a paper read (on May 22, 1919) before the Institution of

Electrical Engineers, and shortly to be published, I have suggested that the ultra-violet radiation

discussion in § 21 may be some type of 7-radiatiou, and that the corpuscles are (as Vegard has

urged) a-particles. If both these originate from radio-active processes on the sun, the 7-rays

would be expected to penetrate more deeply into our atmosphere than the a-particles—which

agrees with the relative situation of the two absorbing layers, according to the inference di-awn

in § 20.

Since this paper was written, I have discovered that the lunar-diurnal magnetic variation,

unlike the corresponding solar-diurnal changes, varies considerabl}' in amplitude according to the

degree of magnetic disturbance existing at the time. This suggests that the lunar-diurnal

component of the atmospheric circulation extends upwards beyond the range of the solar-diurnal

component into the auroral layer. These new data will be described and discussed in a later paper.

* The amoral researches of Birkeland, Stijrmer, Vegard, t Cf. the third footnote on p. 355.

Krogness and others are summarized and the references { A. Fowler and P.. J. Strutt, Proc. Roy. Soc, A, 93,

catalogued by Vegard in the memoir referred to on p. 356, p. 577, 1917.

footnote. § B. J. Strutt, ibid.. A, 94, p. 260, 1917.





XVII. On the Representations of a Number as a Sum of an

Odd Number of Squares.

By L. J. MoRDELL, B.A. (Cantab.), Birkbeck CoUege, London.

[Commiudcaled hi/ Mr (J. H. Hardy. Head .3 February 1919.]

The first results concerning the number of representations of a given number as a sum of

an odd number of squares were given by Gauss* for the case of three squares, and were found

from the arithmetical theory of the ternary quadratic. Eisensteinf followed with some results

in the cases of five and seven squares, publishing them without proof. H. J. S. Smithy completed

these results and published them also without proof. About ten years after the publication

of Smith's paper, the proof of Eisenstein's results was set as a prize problem by the French

Academy of Sciences. Papers were submitted by Smith | and Minkowski l|, who were awarded

equal prizes. Their proofs 1l depended upon the arithmetical theory of the general quadratic

form, and are examples of some of the most delicate and intricate demonstrations to be found in

the whole range of mathematical analysis.

The results for the representations of a number as a sum of an even number of squares may

also be proved by means of non-arithmetical principles depending on the e.xpansions of Elliptic

functions. The results for three squares had also been proved by means of class relation

formulae, a method** involving the e.xpansion of products and quotients of theta functions, and

also some delicate points concerning the e.xpression of the non-equivalent binary quadratics of

a given determinant. In the case of the other odd numbers of squares, the problem, until just

recently, proved intractable to analytic methods.

A general method, however, for dealing with such questions was recently developed by the

authorff. The whole question of finding the number of representations of any number n as a

sum of r squares is equivalent to finding the expansion of 6„„'\ where as usual, if q = e'^'",

^„„ = 1 +'2q + -2<f + -2cf+....

From the theory of the modular functions, it follows that ^oo'' can be expressed as the sum of a

finite number of functions called modular invariants. These can be expressed in a variety of

ways, e.g. as products of various theta functions, or as power series in q wherein the coefficients

depend on the representations of n as a number of squares less than r. When / is even, there is

* Disquisitioiu-f Arithmeticne, article 291. coefficients entidres," Gesammelte Abhandlungen, vol. i. p. S.

t "Note sur la representation d'un nombre par la IT See also Bachmann, Zahlentheorie, vol. rv.

somme de cinq carres,'" Crellc's Journal, vol. xxxv. p. 368. ** This method was discovered independently L'y Kro-

X "On the orders and genera of quadratic forms con- necker and Hermite. See also my papers " On class relation

taining more than three indeterminates," Collected Math. formulae," Messenger of Mathematics, vol. xlvi. p. 113;

Papers, vol. i. p. 521. "Note on class relation formulae,"' Messenger of Mathe-

§ " Mfimoire sur la representation des nombres par des matics, vol. XLV. p. 76.

sommes de cinq carres," Collected Math. Papers, vol. n. ft "On the representations of numbers as a sum of

p. (523. '2r squares," Quarterly Journal of Pure and Applieil Mathe-

II
"Mtooire sur la theorie des formes quadratiques a matics, vol. xlviii. p. 93.

Vol. XXII. No. XVII. 47
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no difBcultv in finding for one of the invariants a function which possesses a simple expansion in

powers of q, and which gives the well-known results when r = 2, 4, 6 or 8, as only one invariant

is required in these cases. For this invariant, say X' '^ doubly infinite series of the type

S S (o + bu)Y' at once suggests itself, and from its form is seen to be an invariant of the type
o 4

required for the expansion of 6^^. The series is then converted into a singly infinite series in

powers of (/ = e'^'".

While the same method applies whether r is odd or even, in the first case I was unable to

find a doubly infinite series for t^, and so could not complete the solution. Mr Hardy, however,

in the course of his investigations on asymptotic formulae for the number of representations, was

led to a series which, by means of the principles given in my paper, he showed was the required in-

variant ;^. As soon as I saw Mr Hardy's work* for the case of five squares, which he communicated

to me in various letters, the true origin of the expression for the
-x^
invariant occurred to me. From

the work which follows it will be seen that we can now solve the question of finding the number

of representations of a number by any definite quadratic form.

A few preliminary considerations may make this paper more intelligible to the reader.

In aildition, the general method given in my previous paper will be presented in a more

simple form.

It is well known that, putting

, C 4- rfcri

ft) = T— ,

a -(- bco

where «, h, c and d are integers satisfying the equation

ad — be — I,

and also the congruence

a, b\_ 1, 0,-1

c, d "
0, 1

j

"''

!
1.

(mod 2),

then 6„, (,0, ft)') = ^ v'( <' + bco) 8„, (0, w),

where f depends on a, b, c, d only and not on ai, and a convention is made whereby a definite

one of the values of the radical is taken. The substitutions by which cu is changed to w' form

a gi-oup denoted by Fj, which is geneiated by the substitutions co' = w -t- 2 (denoted by S") and

ft)' = — 1/w (denoted by T). Writing <u=;r-f-iy, the fundamental polygon vt' this group is the

part of the upper w plane bounded by the lines a.= + 1 and the circle x" + y- = 1, but only the

right-hand half of the boundary is reckoned as belonging to the fundamental polygon.

Suppose now that we have linearly independent functions of tu, say yjri, yjr.,, ^. which are

such that, first, ^kI^^ is an automorphic function for the substitutions of the gi-oup F, ; this

will be the case if it is unchanged by the substitutions S- and T. Secondly, suppo.-^e that

yfr^/O,/ has no singularities within the fundamental {)olygon except when the denominator is

zero-f". This occurs at a)=l, and putting a) = 1 — 1,11, Q = e^'^^, so that w = 1 corresponds to

* See also his paper " Ou the representation of a f To study the behaviour of tf„i(u) at tlio latioiial point

number as the sum of any number of squares, and in par- w = f/<(, write

ticular of five or seven," ProceeiUniin of tlif Sotiomil cU + d

Aciidcmy of Sciences (Washington, U.S.A.), vol. iv. p. IH'.i. aii + b
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fl = ix , the expansion of 0^'' starts with Qn-^, if we neglect unimportant factors. Finally,

suppose that no additional singularity at a) = 1 arises from the numerator yjr^, which we assume

can be expressed as an ordinary power series in q, sa}'

ir,^ = \„ + \q + X„ry- + . . .

.

We now introduce the modular function A (w) defined by

X

A(Q>) = r/-n {l-q-")-\
1

and consider a function /\co) detinetl by

A-- (co)f(a,) = (0^'- - A,ylr, -A,^,-...- A,yjr>,y\

wherein J,, .^o, ... A^ are constants. Since

6„„io}+ 2) = d„(Q)), (?,ja(— !,&))= v'(— 'to) 6^,

A(a) + 2)= A(&)). A(-l/a))=oj'=A(a)).

/(m) is an automorphic function for the group F.. Now A (w) has three zeros within the funda-

mental polygon, namely two at infinity (i.e. at a) = ix ) and one at w = 1, so that the order of the

poles of /(&)) is 3r. The constants Aj, A.,, ... -4^ can be taken so that the expansion of the

numerator of/(ta) starts with g^*^, that is, the order of the zeros of/(o)) is at least 24\. Hence

if 24X > 3?-, or sav

\=l+/ar),

where I Hr) denotes the integral part of ^r, /(co) has moi-e zeros than poles inside the funda-

mental polygon and hence vanishes identiailly. Therefore

e^'- = A,y;r, + A,yfr.,+ ... + A^yjr^.

But \ — 1 of these invariants y}r are given by the functions

,ff -iff 2..!'

where « = 1, 2, ... / (ir).

For it is clear that, first, Xt:^oo'' is unaltered by the substitutions S" and T; secondly, the

functions xt ^re linearly independent ; and finally, no extra singularities are introduced in the

function Xtl^M, since ;•— 8O0. Hence we require only one additional invariant, say x> to

complete the solution.

Mr Hardy's work suggested to me the following form* for x>

x = s

so that fi= ! 00 corresponds to a= cja. We then have

»00 («) = *%'(«« + '') ^5, ).(«).

where J is a constant and g, li depend on u, 6, c and d.

The expansion of ^5,4 (fi) in powers of Q = e'' then gives

the required result. The factor ^(nfi + 6) has no influence

on the result, as it will be cancelled by a corresponding

factor in the numerator.

* The corresponding invariant for the representations of

a nnmber bj' any definite quadratic form, say/(x, ;/, z, ...)

with )• variables, would be 0(ij)/0(u'), where

<p (w) = ZZZe"'"'-^'-^- *• '• \

The substitntioiis

, c + da
w = r-

a + bu

are such that

0(u)/^(w')=|(a + 6u)*'

with J independent of u, and are well known.

47-
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where the summation refers to all the substitutions of the group Fa, except that, for a given

pair of values for a and b, we take only one set of values of c and d, as the general term of the

series is independent of the values of c and d. Further, we need not consider negative values

of h : and if 6 = 0, we take only a = d= l,so that each term of the series occurs once only. From

the congruence satisfied by a, b, c and d, it is clear that the function x/^oo' is unaltered by the

substitutions S^ and T, which merely alter the order of the terms in X' an absolutely convergent

series when ?• > 4, as is evident from the next few lines.

From the well-known formula for the linear transformation of the theta functions, it

follows* that

^ '^„~bW[-(b{a + ba,)]j '

where the square root is taken with a positive real part. The summation refers to all coprime

values of a and b of opposite parity, except that b is always positive and b = is excluded from

he summation.

Also ila.b= ^ ^

= r^"Jb(^-] (if a is odd)

^.-4(a-l)(^-l)-4'.y^g',
(ifii,odd).

where (-) and L 1 are the Legendre-Jacobi symbols of quadratic reciprocity.

By considering separately the cases when a is odd or even, we find that

H
n, h y[- (6 {a + bco)]

where H = 1. e

ir /b
= i-^"Jb(j) (ifuisoddj

= r^'''-''s/6(Q (if 6 is odd).

We must now convert x ii^^o a singly infinite series. If r is even, x reduces to the doubly

infinite series used in my previous paperf- Suppose* then that r is odd and that

r = K (mod 8).

Then, since Hji^b is an eighth root of unity, we have when a is odd

^\'- t-4"(*"^)jy J- 4" (« 1)6-1

Wb)
-

s/b) s'b -Jb

' See for example H. J. S. Smith, "Meiiioii' on the
I

Qunrterly Joiirmil, vol. xi.mii. p. 9i.

tluitaand omegu functions, " C'(>(itT(((i Jl/a/A. P«/)«», vol. 11. | This is ba.'ied on Hardv's work for the case r = 5,

p. 474. The result is of course due to Hermite. communicated to inc by letter.
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but when « is even

'TT\' vMi-lJl-'-iJw ^4(t-i)(«- 1)4-1

O'-' V6 V6

Hence*

where

a,b

i-1 . ..„
^* - TTUtS-lh

r 2. e

li"-

'^hl-i{a + bu>)']

r = z-i«('<-l) or iiC'^lX-
D,

according as « is odd or even. In this expression for
x^,

a and h are prime to each other. We
can remove this restriction as follows. Writing

and multiplying throughout by the series for X' we find

'S'i(,-i)X = 'Si ('•-!)+ -,
a.b

i-1

2 e"^'"^''!''

\/6[- i((( +6&))]
ir

where now a and 6 need no longer to be prime to each other, but are still of opposite parity.

This is easily proved, for take r s 3 (mod 4') say. If « and b have now a common factor ^

(odd of course), put

a=kA, b = /cB,

then T *2 e
- "'«-/* = i

'

i^-"" ("
" ^)

'^i '

e

" ^'-^'"'^ = (_ l)i <*• - 1) ki -h-H'^-^)^i\-
^''^^'1^^.

Also V6[- t(« + 6ft, )]*'• = /t4('+i)v/5[- J (il +5<»)]*'',

so that the term in ^a,b becomes the product of (— l)i(''
"^*

k~^^' ~^' by the corresponding term

in SjB. A similar argument holds when a is even because

^h{kB - 1) {k~1) = (_ l)i C"-
- l)jUB- !)(<• - 1)^

where « = 3 (mod 4).

Writing now — a for a in the last formula for x> w*^ have

'Si{,-i)X = '^'i(j-i)+ -
a./j

V6[i-(fl-6ft,)]i'-

where .^:hn(K-l) 4{i-l)(^-l)

according as a is odd or even, and the summation refers to all integer values of opposite parity

for a and b, except that b>0.

' It should be noted that [-t(« + 6u)]- stands for {^[- i{a + ba)]\'', where the radical as usual is taken with

a positive real part.
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The summation with respect to a can be carried out as follows. Take first the part of the

series arising from odd values of a. Consider the contour integral

^-h
d^ = hj Fdl

'V6[i(f-6a>)]4'-(e"'« + l)

say, where the contour consists of an infinite circle, centre at the origin, with a cross cut from

the point x tu of the circle encircling the point ^= bw, in a clockwise direction and so that all

the points ^ = + 1 , ± 3, . . . are within the contour. The radical is defined by

- ^TT < arg [( (t - hw)^ < ^7r.

The integral taken around the infinite circle is zero if

0$(96 + («:-l) 4< 1,

or say - ih{K -1)^0 < - \b(K - b\

Hence the integral taken around the cross cut is equal to liri times the sum of the residues of

the integrand at the points f= «. This gives

nba-) gTrWalb + TrilK-l)ali

*.L„ ^'^^ = "7 76[i(a-MF'

the notation for the contour integral being that employed, for example, in Whittaker and Watson's

Modern Analysis. If now in the last series for x we put s' = + bm, where d satisfies the above

inequality (and we can always find an integer m so that this is the case for a given value of s), then

Tri6a/h wis-alb - rinui , »< nis-alb
e = e =i^ — \)e

Hence when we sum for odd values of a, the general term of the series for Sy^^,._-^^^x can ^^

replaced by the integral

.L„ V6[{(|-6tB)]i^(e""f +1)'

and as a is odd, b must be even.

Similarly by summing for even values of a, we obtain the integral

.j(6-i)U-i)r(6<-) e»-'»f/^rff

since now e
'"*"/* = e

""''""^^ " "'"^ = e'^'"'"/''

,

where* as before s- = + bm, but now ^6 <b.

Hence we have

• No coDfusion will arise from the fact that the »'b snti.ify different inequalities.
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Putting f= 6o) + $ and g = e"", this becomes

r (0 - ) „ « + fc (-c - l)/4 ^,- W'' + (-< - 1)/4)S- ^>-
_ V 1 ( _ 1

)"«
I i = - Z?

Expanding tlie integrands as power series in q, the right-hand side of this equation becomes

-I S 2 ' ^^-2 1— d?
6 odd ,7=0 V6 ./ *«) (in-

- 1 5* S
, _ j-))« + o-„e + ('(T + i(K-l)/4 ,-(0-)gTJ(«/i + <r + (x-l)/4)f

«.,. (in*''

These are Hankel's well-known integrals* which occur in tho theory of the V function, and

so this expression becomes

r (^r)
,, even \r=0 V6 V6 4' V

which reduces to

r (^O
, ol io ^4(^^^^^

These two series can be expressed in a more simple form as follows.

Putting in the first series 6 + ba = M, so that

M = s- — bin + ba = s" (mod b),

it becomes

6 odd (7 = 11 J/=l

say, where

^ = s /i^'iiiL-i:-^ = ^f^!^
'^^ 4^d 6*^'"^' ^ ''Odd i,^('-l)

and/(6) denotes the number of solutions of the congruence

s^sM (mod 6).

Similarly the second series, when we put 6 -^-ba + b{K — \ ) 4 = M, so that

M = s-- bm + b(T + b(K - l)/4 = s- + b{K - l)/4 (mod b)

* See for example Whittaker aud Watson, Modern form

Analysis, p. 239. Putting ia=in {n real) for example. _1 L/*''^'/_a-! -ij/

and |= i(, the integrals reduce practically to the standard •^(z) " ./ r.
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When / = 7, we have

^00^ = 1 +W S (A.y + Bm) M^q^,

369

.u=i

where
ft odd

l)H*-i)yX6)

6»

~
6»6eveu

and (j)(b) is the number of sohitions of the congruence

s^ = M + hb (mod b).

The series of the types Ay and Bj[ can be reduced to the form 2 (-— J -, as given by

Eisenstein in the case of five and seven squares. The work however is rather detailed* because

of the number of cases that arise according to the form of if. By starting from the known

results, we can also deduce the doublj^ infinite series for ;)^. Similar methods may be applied to the

series S F(n)q"', where F(n) is the number of uneven classes ofbinary quadratics of determinant — n,

the classes derived from the form (1,0, 1) being reckoned as |. The starting-point of the investi-

gation is the well-known formula for the number of properly primitive classes of determinant — n.

This formula is one of the type by which we express the number of representations of a

number as a sum of three squares. The generating function of the series 2F(?i)5" is an

expression similar to that denoted by )(, but I shall return to the subject in another paper.

When ;• = 9, 11, 13. or 1.5, we have an equation of the form

0oo' = X + (^rS^'~'^oi'e^o'-

Equating the coetBcients of q on both sides, we have

7ri'(A^ + B,)
IOC, = 2;

N^ 4 — ^
ill — —

«odd

r(HSi(,-i)'

^ ti(''-i)('-i)/(6)

where f(b) is the number of solutions of the congruence

s^ s 1 (mod b).

But it'p and q are prime to each other

and the same functional relation holds if f{p) is replaced by i*
** -^>(''' ^\/pi <''

~ ^). Hence Ai can

be expressed as the infinite prcxluct

n 1+ s
M=l P

in(r-l)

where p refers to the odd primes 3, 5, 7 But f(p^} = 2 and

i(2)"-l)(r-l) = |»(;^-l)(r-l) (mod 2),

so that the infinite product becomes

n 1 +
2(-l)l(i'-i)('--i)j3-4('--i)

= n i + (_i)i(i>-i)('--i)j(,-i('--i)-

l_(_l)i(i'-i)('--l)^-4('--l)

* See for example De Seguier, Formes quadratiquns et multiplication complfze, p. 60.

Vol. XXII. No. XVTI. 4S
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Multiplying numerator and denominator by the denominator, this product becomes

• odd n odd

where now m takes all odd positive integer values. Hence

^i'- V ^_i)i('«-l)('-i)„;-^('--l)

odd

and can be expressed in finite terms by Euler's or Bernoulli's numbers.

The working for £, is slightly different. For

^
(_!)(*=- i + iM'-i))/* 0(6)R - V

b even f) - ' '

where
<f)

(b) is the number of solutions of the congruence

s-=l-ib{r-l) (modi).

We first discuss the case when r = 1 (mod 4), so that

'
~^

,
7>4('-i)

h even * ^ '

where /(6) is, as before, the number of solutions of the congruence

s^ H 1 (mod b).

In the series for £,, we can ignore values of b divisible by 8. For, if ft = 8/3, the solutions of

sr=l (mod S/3)

can be grouped in pairs such as s and 4/3 — s, for which

s'-l (s-4y3)--l , , ,^,

^r" -^ +l(mod2).

If b is twice or four times an odd number, we note that s is odd, so that

*- = 1 (mod 8)

and (-l)(''-i'/''=l.

Hence we have

From the formulae for A^, it easily follows that the part of tlic coefficient of;/ in ;^ arising from

B, can be written as

Tri^Z;, _(_l)iO--^)^4''_l _2^ \ «odd

m odd

TH-C-l)

Discussing now the case when )• = 3 (mod 4), we have

'"ieTcn" ii<'-''
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where
<f>

(b) is the number of solutions of the congruence

s' = l- kb (mod b).

In the summation we ignore values of b divisible by 16, for if b = 16/3 the solutions of the

congruence

.s'-'= 1-8/3 (mod 16)

can be arranged in pairs such as s and (SjS — .s, for which

s^-l+S0_ {s- m' - 1 + 8/g
, , ^ . ^^

T6/8 = TW ^ ^ ^'"""^ ^^-

We also ignore values of b which are four or eight times an odd number, as then the congruence

has no solutions, for, s being odd,

s" = 1 (mod 8).

Finally, when b is twice an odd number, say 2/3, s must be even and then

S--1 + |6 _ /8 -

1

b
(mod 2).

we have

Since a unique correspondence exists between the solutions of the congruences

s-=l -fS (mod 2/3), s- = 1 (mod /3).

2i('-l)6rdd ftiC-l)

Hence, from the formulae for Ai, it follows that the part of the coefficient of q in x arising from

S, can be written as

^-'B,
TT*'- S (-l)*!'"-!)^^-*^-!)

in Olid

r(ir)Sj(,_i, 2i<^-l)r(ir) 2 m-C-D
7 odd

Hence when r = 1 (mod 4) the coefficient of q in ^ is

r(ir)
( -l)^('--

i) 2(-l)^('-
-4('--i)

iodd

2
HI odd

(r-l) •

but when i- = 3 (mod 4) it is given by

rihr)
1 +

1 ^ S (-l)4("'-i)„i-i('-i)
1 mniii)

2* (<•-!)

modd

S 7/i

m odd

(r-l)

Inserting the values of these series in the various cases*, we have

Ooo' = X + C,'Oo/-'0oi'0io\

where C\ = ^, Cu = e. C'>. = fH. (^.. = 1^-

Let us examine this solution of the problem of finding the number of representations of a

number as a sum of ? squares. In the case of eleven squares, say, we have

I" ~ X ^ aT ^00 Poi ''10 >

but the expansion of functions such as ^^^ G,,* du is in general a problem in itself. They however

can be replaced by other functions, the coefficients of whose expansions as a pwwer series in q

possess an arithmetical significance. The general method is given in a paper published

* See for example Chrystal, Algebra, vol. ii. pp. 231, 342, 366.
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several years ago*. For our present needs, we can start from the identity

\ ft) 0) \ ft) ft)/ V ft) ft)y

If a, /3 and 7 are constants satisfying the equation

a-+/3='+7= = 0,

there is no difficulty in showing that an invariant for completing the solution in the case of

eleven squares is given by the coefficient of a^ on the right-hand side, omitting the factor {"J —imf.

This invariant, omitting an unimportant numerical factor, can be written as

2 :£ ^ {ax + 0y+^zyq'"'* '!'' + ''.

±00, iac, ±x

By taking different values of a, /3 and 7, and combining these invariants linearly, we can deduce

the more general invariant

±00, ±3C, ±00

where /(a;, y, z) is a polynomial solution, of degree four in x, y and z, of

da? dy^ dz^

Take then /(a:, y, z) = x* - 6x-y' + y\

It is easy to see that

±0C, ±00, ±00

where C is a constant, obviously \ . We have now

<^oo" = X + Sf ^ S ^{x- + y^-6x^y^)q''^y"- + '\
±00, ±00, ±»

It is worthy of note that, as no numbers of the forms 8m + 7 or 4(8wi + 7) can be represented as

a sum of three squares, the number of representations of such numbers as a sum of eleven squares

Cixn be expressed in a very simple form. In the fii-st case for example, when M = 8»t + 7 and

has no squared factors, the number of representations is equal to »

31 „;^d ^ ' \n)n<--

Similarly, in the cases of thirteen and fifteen squares, we have

±00

while ^00' ^0/ ^10* i*^ equal to the corresponding series with seven squares in the exponent of q.

In the case of nine squares, we can express ^oo ^01^ ^10* by means of the representations of a

number as a sum of seven squares, if we note that

A simpler result might perhaps have been expected in this case.

* "Theta functions in the theory of the iiiodular fiinetious. " (Quarterly Journal of Pure and Applied Mathematict,

vol. XLVi. p. 97.



XVIII. The Hydrodynamical Theory of the Luhricatioti of a Cylindrical Bearing

under Variable Load, and of a Pivot Bearing.

By W. J. Harrison, M.A., Fellow of Clare College, Cambridge.

[Received 24 April 1919. Read 27 October 1919.]

Some of the results given in this paper were obtained in 1913, as stated in the author's

previous paper on this subject*, but absence from Cambridge h;is delayed the completion of the

work. It is thought that the results now presented add considerable interest to the theory of

lubrication, as by their aid it is possible to picture what happens when either the speed or load

is changed, or the bearing is subjected to small vibrations or impulses.

The good agreement shown in the previous paper to exist between theory and experiment

in the case of an air-lubricated bearing may be accepted as establishing the trustworthiness of

the general theory, so that the results now obtained may be regarded as reliable within limits,

even if the}' can never be practically verified.

The second part of this paper has arisen from a paper on " Experiments on the Friction of

a Pivot Bearing f."

Cylindrical Bearing under Variable Load.

Under variable load the relative position of the shaft and bearing must change. Let the

shaft rotate with angular velocity Uja, where a is its radius, and let it have a linear velocity V
relative to the bearing in a direction making an angle a with the line of centres 00' of the two

surfaces as shown in Fig. 1.

Fig. 1.

* Transactions Cambridge Philosophical Society, Vol. xxii., 1913, pp. 39—54.

t Proc. Inst. Mech. Eiifi., March, 1891, The Fourth Report of the Research Committee on Friction.

Vol. XXII. No. XVIII. 49
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If reference be made to the previous paper it will be found that equations (1), (2), (3), (5)

(6) remain unchanged. The boundary conditions (4) become

II = U, ?' = F cos {6 - a), when y =0,

u = 0, r = 0, when y — h.

We iiave

- l.'^P
h-y

2,.f.y^y-''^^^^

and
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The equations determining the relative motion of the shaft and bearing may now be written

down on the justifiable assumption that, if the shaft be in any position relative to the bearing

and load, the velocity V is instantaneously adjusted so as to enable the shaft to carry the load.

Let TF be a constant vertical load, and w a variable load making an angle
(f>

with the

horizontal at time t. Also at time t let 00' make an angle yjr with the horizontal, as in Fig. 2.

.(A).

Fig. 2.

Then R = W cos i|f + w sin ( 6 - t/t) 1

iS = W sin v/r + w cos {(j) - ^fr) j

Now V cos a = -
7] , ,

and V siwa = -ric-j2

.

Let Ci be the value of c giving the j)osition of the sliaft in the case of steady motion with

velocity U and load W. so that

77M2 + cr)(l-c>=)*

and y]r = Q.

Also write t = ( WrflVl-Kfia^) t.

The equations (A) become, after substituting for R and S the expressions found above.

^ = {cos t + (w/F) sin (4> - ./r)} (1 + ^c=) (1 - crfic - (1 + \c{-) (I - c^)=/c,

dc
\ (B).

= {\ - c^)'i [sin y^+{wI W) cos {<i>-^^)] I

Problem 1. The load is assumed to be constant, but owing to some cause, for example, a

previous change of load, the position of the shaft is not the one proper for the load. It is required

to trace the motion of the shaft relative to the bearing, if its angular velocity is maintained constant.

The equations (B) determining the motion become

-'^f = {(l+ic=)(l-c=)^ cost!7c-(l +icr)(l-cr)-M
I

—
J- = (1 — c-)2 Sin Ifr
CLT

(C).

49—2
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Write - -^ =/(c) cos ^|f + k,

- -j^ = F{c)smy}r.

Then F (c) sin -\^ d-<^ —f(c) cos \jf dc = k dc.

Let \ be an integrating factor of the left-hand side of this equation. We have

d [-\Fic^ cos ^lr] = k•\dc,

d\F(c)
where

dc
V'(c),

or
d\_ f{c)-F'{c)

X F(c)

- 2 + 7c-

"2c(l-c0

dc

dc.

Hence a vahie of \ is c (1 — c°) *.

Therefore - \F{c) cos -f = fcJc (1 - c-)
~ * rfc + fi,

or -c(l-c=)~^cosi^ = §A-(l-c-)~* + 5,

2i jB(1-c°-)^
or cos l/r = .(D),

M (1 - C=)2 C

where 5 is a constant of integi-ation, and

A: = -(l+i(V)(l-c,-)Vci.

Equation (D) determines the path of the centre of the shaft relative to the centre 0' of the

bearing. In Figs. 3-6 graphs are given showing the relation between c and t/t for \arious values

-Vf -

'fcO -

-120 -

-150
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of k and B. The value of Cj assumed is shown by X in the graph, and gives the position of the

shaft proper for steady motion. The oval curves correspond to those cases in which describes

a small closed curve not enclosing 0', and the other curves correspond to those cases in which the

path of encloses 0'.

Fi". 4.

I 80

^

-180

Fig. 5.
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According to this analysis, if the shaft is displaced from its proper position it does not return

to that position in the absence of further disturbances. This is no doubt incorrect, and is the

result of a first approximation in which various factors have been neglected which would probably

have the effect of restoring the steady motion after a time.

The graphs in Figs. 3-6 have been obtained by treating c and sfr as rectangular coordinates.

If c and yjr be treated as polar coordinates the actual path of is obtained, as in Fig. 7, which

corresponds to Fig. 5.

The data given in the following table may be used in connection with Figs. 3-6. •

Load per unit length canied by a shaft rotating steadily.

c 1
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given, as such a change is equivalent to a variation in load as regards the relative position of the

shaft and bearing. The effect of a giadual change of load or speed can be constructed roughly

from the results given.

Problem 2. Given the shaft in any position, it is required to find the couple exerted on it

by the traction due to the lubricant, the load being cmistant.

The expression for the frictional couple M has already been given,

ilf =47r^a= 1(1 +2c=)Cr7/ + 3acFsina)/{T(2 + c-)(I -c^)i}

= 47r/ia= 1(1 + 2c^) U - Mc" ^l / (r, ( 2 + c-){\ - c-)^-}

= 47r/i,a-{(l +^c-)f/+c(2 + c-)(I -c^)^-Trcos-«|r/8-7r/xa-j/{77(2 + c-)(I - c-)"}

= 277(11 a' C7 [(I - c-)
"
* + 3cc, cos i|r/{(I - c,n4(2 + cr)}] t;"'.

Fig. 7.

If Mo is the value of the frictional couple when the shaft is rotating in its proper position

for the given load and speed, then

Hence

if„ = A-n-fia' ( 1 + -Ic^'Wllr) (2 + cr)(l - CrFj.

M _ (1 - Ci-)-(2 + c,-) + 3cci (1 - c-)^ cos ifr

M„ 2(I + 2cr)(l-c'^)h
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The variation of M/M„ with the position of the shaft can be seen from the following table

:

<•!
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The motion of is periodic, and the period can be found by transforming back from t to t.

Periodic time = {2irl{K,K„)^] l2Tr/j,a'j{Wr)-)

= {27r/(/c,«,)^} a (2 + cr)(l - cr')^/(c, H)

60 (2 + cr)

M (1 - ic,= + c,*)

'

where n is number of revolutions per minute of the shaft.

<
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If /( is the distance between the two surfaces, the boundary conditions are of the form

u = U, V = V, w = 0, when z = 0,

(( = 0, y = 0, ('• = 0, when z = h.

Fi". 8.

With the usual appmximations
dp _ d-u

dp _ d-v

dy
" "

dp

dy dz-

'

dz
= 0.

Hence

Now

and therefore

Hence

^ dp , , . j-rll — Z

2ft, dy h

du dv dw
5" +^ + - = 0.
ox oy oz

Jo {dx^ dyS

dx \ dx) dy \ dy) '^Kdx dy )'

and in the present problem U = — coy, V= cox, hence

3^ dy-

Taking the origin at the centre of the plane end of the shaft, and using cylindrical

co<»nlinates (r, 6, z), wo have

dr" r dr r- dd- '

1 dp
, ,

h — z

whi;re to is the angular velocity of the shaft.
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In the case at present under consideration u, v, p are functions of r only, so that

p = A +B\og r,

u = B2(z-h)/{2^r),

V — wr{h — z)jh.

The pressure satisfies the conditions

p--=pi at r = ri,

p =p-2 at r = r.,.

Hence A = (p, log r. - p., log i\)/{]og (rojr,)],

B = (lh-lh)/{\og{r,/n)].

Thus the pressure p, and consequently the weight supported, are independent of the distance

between the two surfaces. The flow of oil, if it takes place at all, is dependent on the mainte-

nance of a ditference of pressure between the boundaries r=ri and ?• = r.,. Under these cir-

cumstances effective lubrication is not possible. This difficulty can be surmounted by the

introduction of radial gi-ooves cut in the bearing surface to serve as oil channels. Such a

modification introduces considerable complexity, and it will be an advantage to consider the

case of two parallel plane surfaces of which one has a motion of translation, but no rotation,

relative to the other.

In order to ensure effective lubrication it is necessary to have oil channels cut in the

bearing at right angles to the direction of motion, these channels having one or both edges

chamfered off. In the case of reciprocating motion it is desirable to have both edges chamfered,,

but for the present purpose it is sufficient to consider the case in which only one edge is so

treated, as in Fig. 9. The object of considering thi.s problem first is to obtain suitable pressure

Conditions at the edges of a groove. There is a further interest in a consideration of this case in

that, hitherto, the theory of the lubrication of plane surfaces has only been presented on the

supposition that they are inclined to each other.

1 1 1

B P o

B'

Fig. 9.

Let OA = a, AB — b, and h the distance between the surfaces.

For 0<a;<a, h = hi,— {h„ — h^ xja,

a < x < a + b, h = h,.

•b

50—2
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Let /) be the pressure and u the velocitj- at any point in the liquid film, 11 the pressure in an

oil channel. The motion is given by

h'^^ = 6fjLUh+C (1),,

«-2-.l^to-'')-^-? <^

where C is a constant.

From (1)

P =

2fi dx

6fj.U ^
h

*" m\
+ B, < X < a

h„ - hi

(.r — a) + A, a<x<u+b

•(3),

(4),

where A and B are constants of integration.

The conditions are:

(a) p is continuous, x = a, giving

(b) jj = n, x = a +b, giving

(c) ;; = n, X = 0, giving

n =

n =
K +2A,r

+ £

h.-h
+ B

•(5),

•(6),

.(7).

Now, although ho — hi is small, /ij will in general be small compared with /i„ or //„ — /(,, and «

small compared with b. The following approximate values of the constants A, B,C have been

calculated on this supposition, and will be satisfactory in general, although in exceptional

circumstances, such as a case of a very light load, it might be necessary to include other terms.

We have

A=U+Sfi Ua {ho - kOKK^hi),

B = U-(ifiUa (/i„ + i Aj)/A„',

C = - QfiUhi {bho- + i « /(,/(„ - ^a\^)/{bh^).

Hence, with sufficient approximation

„ 6iLUa f/^ //A /I 1 hA 1 ,• 1 /(,\'

< X < a.

op

-"'^(p-f:)

a <x <a + b.

^^l^fy^y.U) + u''-y.

p = n + ^fiUa (/(„ - A,) [1 - (.r - «>/6J V/„-7,,),

dp

dx
= - ^fiVa (//„ - h,)(bh„'h,),

Tile weight supported per unit breadth by the portidii nf the surface between twn grodvcs is

6m Uab

4/»,/'o
;'+«j..(,+2;:^)iog.,;'"-«/';(3+2^^V.
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The traction on the moving surface between two gi-ooves per unit breadth is

//, I
^ bh \ hj ^'h, '2bh, \ hj

If ,- is very sniall, as will usually be the case, we have^ a first approximation
"0

Weight supported =SfiUab'(2h^lt„),

Traction = fill hjh j

,

Coefficient of friction = 2k„/3a.

Hence the coefficient of friction depends only on the ratio h^/a or (h^ — h^ja, pro\aded h^ja is

small, and that h^jh^ is sniall.

Returning to the case of a pivot bearing with radial grooves having chamfered edges, it may

be assumed that U = <or, and that a and {h„ — hi) vary as ?•. In the problem just considered the

pressure at BB' due to the chamfered edge is SfiUaih^ — h^) (h^"hj), so that p=YI +
/J,kQ)7'

IS a

reasonable assumj^tion for the pressure at the edge of a groove, where /( is the distance between

the two surfaces and k is a constant, but, by suitably choosing a and (/to — hi) as functions of r,

p may be made to take any required form.

Let there be four radial gi-ooves along two diameters at right angles. In each sector

measure 6 from a bounding groove in the direction of rotation of the shaft.

,^ d-p Idp 1 d-p „

dr- r dr r- da-

hence we may assume

p = A + B\og r + Ce + 2 {An r» + 5„ ?-") cos ?; ^ + S ( CnV" + -D„ t-") sin n 0,

with the boundary conditions

;j = n + fikcor h. 6 = 0, < r<a.

p=n, ^ = 7r/-2, <;<«,
p=U, r = a, O<0<7r/2.

The appropriate solution is

4?! r-~„ u,kQ} -, 2u.kwa „
^J = n + ^?-cos^- -^^^^— S „ ,„^

/( -rrh 4h- — 1 «-"
; 2n^,

where n is integral.

The distribution of pressure over the sector is shown in the following table, and curves of

equal pressure are shown in Fig. 10, drawn for the cases {p — IT) h l{p.ko3a) = '6, '4, "2, -05.

{p-mh
fjJccoa
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The weight supported

~
J J a h

r cos d i -r—

—

- —- sin 2no
TT 4?i- - 1 a="

4A;&)ua'/l 4- 1 \ , jj= f^— jr z —. ; —
, where n is oda

h \3 TT (4?i=-l) (« + !)/'

= -440 (k(ofjLa'/h).

rdrde

1-0 a.

The frictional couple on the shaft per unit length

= ^7rfia)a*/h — 4 I ^fikcor'd?-
J

= ^TTfitoa'/h — § fj,kwa\

The term J/iAwa' is of a smaller order than the other, and in fact terms of this order would

occur if account were taken of that part of the frictional couple due to the chamfered edge.

Frictional couple , ,-,,^,^
... .

,

i-—
, = A 7ra/(-440i)

Weight supported

= 3-57 (a/A;).

Hence to a first order of approximation the ratio of the fi-ictional couple to the weight carried is

constant for all loads. The value of k may be taken as 3/e, where e is the small angle measured

in radians which the plane of chamfering of the edge of the groove makes with the plane of the

bearing.
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If the boundary r = a is closed so that no flow of liquid takes place over it, the boundary

conditions are

p = n ^ IjJccor it. = 0. ()<r<a,

/j = n, d = h.r; </<«,

9=0, r=a, 0<0<h'i

The appropriate s^^lution is

p = Il +- r cos & r— 2
irh (4ft»-l)a'

sm2n0,

where w is a positive integer.

90°

roa.

Fig. 11.

The distribution or pressure over the sector is shown in the following table, and curves of

equal pressure are shown in Fig. 11, drawn for the cases

(p - Tl)h/(fif:toa)= f), -4, % 05.

(p-n)h
fikiaa

r
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The weight supported

1 2- - S (where ii is odd)
h [_3 TT w(w+ l)(4r«- — 1

)

= -902 (fikwa'lh).

The frictional couple is the same as in the previous case. Hence

Fricti.nalcouELe^,^ ^^^
Weight supported - '

v /

= 1-74 (a/k).

A number of other cases can be solved. With regard to the experimental data given in the

paper quoted from the Proc. Inst. Mech. Eng., it would not appear possible to explain the fact

that the flow of oil was stationary or even increased when the load was increased, the speed

remaining unchanged.

Lord Rayleigh* has suggested a form for a footstep or pivot bearing, but without any

theoretical investigation.

* Phil. Mag. (6), xxxv. p. 1, 1918. '
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XIX. On integers ivhich satisfy the equation f±(t±i/±:^ = 0.

By H. W. RiCHMOXD, M.A., King's College.

[Received and read 9 February 1920.]

Historical Sketch. §§ 1—4.

1. The classical solution of this Diophantiue problem*, i.e. of the equation

^ + x'+if + !? = 0, (1)

in integers positive or negative, is that given by Euler in 17-54, viz.

nt = (3;jr + 2,qr -ps+ 3^s) (s- + 3r^) - (p- + 35=)=,

nx = ('3pr — Sqr +ps + Sqs) (s- + 3r^) + (p= + Sq-)-,

ny = - (3^)- + '3qr - ps + Sqs) {p- + Sq-) + (s- + 3r-f,

nz = — {Spr — 3qr + ps + Sqs) (p- + Sq-) - (sr + or-)-.
,

Here the multiplier n is merely equivalent to a symbol of proportionality. The unknowns t, x,y, z

are shewn to be proportional to homogeneous polynomials of the fourth degree in four para-

meters p, q, r, s. We need only consider solutions of the given equation consisting of sets of

integers t, x, y, z which have no factor common to all. Any such set can be obtained by giving

to p, q, r, s integer values jjositive or negative (having no common factor), calculating the

numerical values of the functions on the right of the above equations and putting n equal to

their greatest common measure. An account of this and other methods of solution, due to Euler

and earlier writers, is given in Sir T. L. Heath's Biophantus of Alexandria, 2nd edition (1910),

pp. 101—102 and 329—334. Of other references it is here sufficient to mention (i) Fermat,

Oeuvres, Vol. iii, pp. 420 and 535, where 18 particular solutions, discovered by Frenicle, in which

two of the numbers are positive and two negative, are quoted, (ii) Euler, Commentationes

Arithmeticae (Petrograd, 1849), Vol. I, pp. 193—209, where further particular solutions will be

found. Euler's statement of the problem is "To find sets of three cubes whose sum is a cube";

but he includes cases in which one of the three is negative when his formulae lead to such a

result. This I have regarded as an admission that the two jjroblems need not be separated, a

view which seems in accordance with modern notions. I have therefore written the equation in

the symmetrical form

^ + a:^ + f + s^ = 0, (1)

so that all the solutions contain some positive and some negative numbers. In consequence, some

changes of sign have been made in Euler's results.

* There is little or no doubt, in spite of a hiatus in the method of proof is lost. The numbers wotild as a rule be

text, that Diophantus stated the theoiem:—The difierence rational, not integral.

of any two cubes is also the sum of two cubes; but his

Vol. XXII. No. XIX. « 51
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2. Euler's solution was modified in 1841 bj- Binet, Coniptes Rendiis (1841), Vol. XII, p. 248,

who recognized that it was unnecessary to make use of as many as four parameters. By putting

r= and s = 1 in Euler's equations, he obtained a simpler but quite general solution,

nt = (3fy -p)- (35- + p-f,

nx = (35 + p) + (Sq- + p-f,

ny = - {3q - p) {Sq"- + p') + 1,

nz = -m+2)){Sq' + if-)-l,,

the parameters^ and q being now allowed to assume any rational values positive or negative.

This solution, known as the Euler-Binet solution, has come to be regarded as the standard solu-

tion of the Diophantine equation. It is obtained by another method in R. D. Carmichael's book

on Diophantine Analysis (1915), pp. 62—66. Two other non-homogeneous solutions in terms of

two parameters have recently been suggested bj- Schwering and Kiihne respectively in the

Arch. Math. Phys., Series 3, Vols. 11 (1902) and iii (1904); but they are shewn by Fujiwara in

Vol. XIX of the same periodical (1912), and again in Vol. i of the Tokohu Mathematical Journal,

to be at bottom equivalent to the Euler-Binet solution, and in some respects inferior to it.

3. Euler's solution can be obtained directly from the equations

at + cd-x _tu{p + q) + co^(p — q)

(02 + <o-y w{s — r) + w- (s -I- /•)
'

fo-t + (OX _(o- {p + q) ¥ m {p — q)

m-z+ay &)"(«—?•) -I- ro (s -|- ?•)'
(

t -f- X s- + iir-

.(C)

z+ y p-+-6q^'

where o> is one of the complex cube roots of unity. These equations imply that t, x, y, z satisfy

the given equation (1), as is seen at once by multiplication so as to eliminate p, q, r, s. On
clearing them of fractions we have three linear equations in t, x, y, z, which can be solved, and

will be found to lead to Euler's values of the ratios of t, x, y, z to one another. To any chosen

set of values of p, q, r, s therefore corresponds a solution of the Diophantine equation. Also,

when a set of values t, x, y, z has been found which satisfy equation (1), the first two of equations

(C) shew that an infinite number of corresponding sets of values of p, q, r, s can be found which

lead to that solution. If however we reduce the equations to the Euler-Binet form by putting

»=0 and s= 1, we have, after a little simplification,

p + q = (.ry + tz - ;rz)/iy"- - yz + z'),\
^^^

p - q = {xy + tz - ty)l{y- - yz + z%]

a result which proves that in the Euler-Binet formulae a unique pair of values can be found for

J)
and q which will lead to any chosen values of t, x, y, z that satisfy the given equation (I).

Further, it will be seen that rational values of y> ami q correspond to the integer values of t, x, y, z

that we are seeking; and conversely.

4. Hennite in 187.5 contributed a short note to the Nouvelles Annales de Mathematiques,

Series 2, Vol. xi, p. 5, in which he pointed out the meaning of the Euler-Binet solution in con-

nection with the surface of the third order represented in homogeneous coordinates by ecjuation

(1). I shall consider the geometric intei-pretation of equations (B) in section 5. In this note
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Hermite takes a fii-st step upon the path along which Poincar^ twenty-five years later made so

great an advance, when he published his memoir, "Sur les propri^tes arithmetiques des courbes

algebriques" (Liouville, Journal de Math., Series 5, Vol. vii (1901), p. 161). Poincare considers

Diophantine properties in connection \\ath algebraic curves, while the geometrical meaning of

equation (1) is a surface; thus Poincare's work is not directly applicable here. But since the

publication of his memoir it is impossible to overlook the importance of the geometrical meaning

of results, and almost all that I have to say later depends upon geometrical ideas such as Poincar^

here seized upon and grouped together systematically.

I cannot attempt to collect all the references to this problem since Euler's time, but I hope

I have mentioned the most important. A paper upon Diophantine equations of degrees three

and four in any number of variables which ought not to be passed over was published by

Mr Robert Norrie in the Memorial Volume commemorating the five hundredth annivereary of

St Andrew's University. The paper is of much interest, its scope is wide, and a large number of

special problems are incidentally discussed. The solution of our problem which Mr Non-ie gives

is unfortunately not general; for it will be seen that his parameters X and /j. cannot be rational

unless one of the fractions such as —{t + v)/{y + z) is the square of a rational quantity.

Some further results have been published even more recently by Prof. J. E. A. Steggall in

the Proc. Edinburgh Math. Soc, Vol. XXSIV (1916), p. 11. The paper contains interesting

formulae, notably a symmetrical solution of the equation

.1^— it^ = if — ir = z^ — iif.

I wish also to express my thanks to Prof. Steggall for his kindness in allowing me to

supplement my List of solutions from a table which he had calculated.

Geometrical meaning of the Euler-Binet solution. §§ 5—6.

5. The surface f + a^ + if + 2? = is a special tjrpe of cubic surface, but it is not necessaiy

to discuss its peculiarities at length. Of the 27 lines which lie on it three are real, viz.

t + a;=ij + c = 0: t+>/ = 2 + x = 0: t + z = x + y = 0; (2)

and lie in the plane

^ + .' + ^ + ^ = (3)

The other 24 lines are imaginary and have equations such as

t + ax^O, z + ^y = 0,

where cc'= 1 and /3^ = 1

.

Consider two of these lines for which (i) a = /3 = to, (ii) a = ^ = &>-, where w is one of the

imaginary cube roots of unity. The equations

t + cox = h(z + coy), t + (i)-x=k{z + (o-y), (4)

represent separately two planes passing each through one of the two Hnes ; in combination they

represent for different values of h and k any straight line which meets the two imaginary lines

of the cubic surface. Such a line intersects the surface in a third point, whose coordinates must

be expressible rationally in terms of h and k. Conversely, through every point of the surface one

such line can be drawn : thus the coordinates of every point of the surface can be thus expressed

51—2
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for proper values of h and k. [An exception must be made for points which lie on either of the

two chosen imaginary lines of the surface, or on any of the five imaginary lines of the surface

which meet them both.] In fact by combining (4) with the equation of the surface we find

t + a)X= h {z + to?/),

t + <o-x = k{z + oj-y),

Id- (t + x) + («/ + «) = 0,

three linear equations which express t, a; y, z as proportional to algebraic functions of h and k.

The functions contain the complex quantity to, so that real values of t, x, y, z do not correspond

to real values of the parameters h and k. If we replace /( and k by new parameters / and g,

h and k being equal to f± ig, real values of the parameters and of the variables will correspond.

For application to the Diophantine equation a further condition is necessary, or at least extremely

desirable, viz., that rational values of the variables and the parameters should correspond. This

is efi'ected by the introduction of parameters p and q in place of h and k, such that

h = p ± iq V8, k = p + iq \/3

;

and thus we are led to the Euler-Binet solution.

6. It is now clear that the problem of solving equation (I) in integers is almost identical

with that of expressing the coordinates of points of the cubic surface (1) in terms of parameters,

or in geometrical phraseology of establishing a one to one correspondence between the points of

the surface and those of a plane. The Diophantine problem further demands that points of the

surface and the plane who.se coordinates are rational numbers should if possible correspond.

This geometrical problem had been successfully attacked by Clebsch and by Cremona so far back

as the year 1870; and iji Geometry it has long been a familiar fact that the coordinates of the

points of the general cubic surface are proportional to homogeneous polynomials of the third

degree in three parameters. This result can be adapted to give a solution of the Diophantine

equation of lower order in the parameters than that of Euler.

There are certain objections to the Euler-Binet formulae which are obvious, and others which

are recognized as soon as the attempt is made to use the formulae for systematic calculation. It

is not claimed that the new formulae are entirely free from the same faults, but they are affected

to a much smaller extent. Thus it is undoubtedly more troublesome to work with two para-

meters which may assume any rational values than with three parameters which may be restricted

to integer values (provided that the three parametere occur in af natural unforced manner). Again

it is a fault in the Euler-Binet method that although the given equation is symmetriciil in the

four quantities t, x, y, z, the solution is completely uns3'mmetrical. This is really serious in

practical Ciilculation, for it means that any set of four numbers which satisfy the equation will

reappear over and over again, each time in a different order, for other values of the parameters.

The waste of time and labour so caused is ver}' great; by the new formulae it Cjin be avoided

almost entirely. The Euler and the Euler-Binot formulae will furnish any number of illustra-

tions of four numbers whose cubes have zero sum; but so far as I can discover they have never

been used to calculate such sots of numbers systematically. In fact I cannot find that any table

of .solutions has been published.
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Parameter equafioiis of the type due to Clebsch and Cremona. §§ 7—1 1

.

7. The coordinates of points of a cubic surface can be readily expressed in terms of three

parameters if we can write the equation of the surface as a determinant of three rows, in which

each element is a linear function of the coordinates. To do this with the given equation it is con-

venient to replace t, x, y, z by new variables T, X, Y, Z. Let

2T=t+x + y + z, 2Y= t-x + y-z,

2X = t + x-y-z, 2Z^t-x-y + z,

so that 2/; = T+X + Y+ Z, 2y=T-X+ Y- Z,

2x=T+X-Y-Z, -Iz^T-X-Y+Z,

and t— T=X — x= Y— y = Z— z — s,

where 2s=^t-a:-y-z = - T+X +Y+ Z.

The last result gives the values of t, x, y, z rapidly when T, X, Y, Z, are known and vice versa.

In terms of T, X, Y, Z, equation (1) becomes

T' + -3T(X-+Y- + Z') + 6XYZ= 0, (2)

and this may be written in the form

T, SZ, -3Fi = (3)

-Z, T, 3X
I

Y, -X, T \

Now, if T, X, Y, Z satisfy (3) it is both necessarj- and sufficient that quantities a, b, c should

exist such that

Ta + 3Zb - SYc = 0,

-Za+ Tb + 3Xc = 0,

Ya- Xb+ Tc = 0.

Solving these linear equations we can express both T, X, Y, Z in terms of a, b, c, and fc, b, c

in terms of T, X, Y, Z. Thus

nT— —6abc, \

nX = a(a- + 3b- + Stf),
I .g

.

nY= b(a-+3b-+9c%

nZ=c{Sa- + Sb-+dc'),

and a:b:c::r- + SX"- : 3ZF+ TZ : ZX - TY,

..3{XY-TZ): T-' + HY : 3YZ + TZ, !

(F)

:: 3 (3ZX + TY) : 3 ( YZ- TX) : T' + SZ\ J

[We could pass from these rational but unsymmetrical formulae to others which are per-

fectly symmetrical in X, Y, Z, but contain surds, by replacing a, b, c, by g-a, gb, c, where g- = 3.]

Thus to every set of values of T, X, Y, Z satisfying (2) corresponds a set of values of a : 6 : c,

and vice versa*. To rational values coiTespond rational values. We confine our attention as

has been stated above, to sets of integer values of t, x, y, z, which have no factor common to all.

* There are certain exceptions to this statement, as is known in geometry; but they do not concern us, the values

being imaginary. Cf. § 5.
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It follows that we may obtain every such solution of the Diophantine equation by giving integer

values (having no common factor) to a, b, c in equations (E), calculating t, x, y, z, and removing

common factors.

8. We will now suppose that a set of values of t, x, y, z, which satisfy (1) has been found.

Other sets may be derived by permuting these values in any way, and by changing the signs of

all. As was remarked in § 6, it is wasted labour if we obtain these independently from another

set of values of the parameters a, h, c. We must consider how to avoid this as far as possible.

Since it is permissible to change the signs of t, o-, y, z let it be agreed that the numerically

greatest member of any set of values shall have a positive sign ; the other members will then be

either all negative or two negative and one (the smallest in absolute value) positive. Further

let this numerically greatest member of any set be denoted by t. It is easy to see that X, Y, Z
are all positive, and therefore by (2) T is negative. The values of a, h, c must clearly all be

positive. Hence

I. It is unnecessary to consider any but positive values of the parameters a, b, c. Negative

values of a or 6 or c only lead to the same values of t, x, y, z in a different order.

In the known set of values, the .symbol t has been assigned to a special member, but the

symbols x, y, z may be allotted to the remaining members in six ways. Any interchange of

X, y, z causes the same interchange of X, F, Z. Now if the given values t, x, y, z are obtained

by equations (E) from the positive values «, b, c of the parameters, and if t, y, z, x are derived

from values a b', c', and t, z, x, y from a" , b", c", equations (F) shew that

a' -.V : c' :: T-^^Y- : 3YZ-\- TX : XY - TZ

:: 6 : c : J« :: 36 : 3c : a

and a" : b" : c" :: T"- + 3Z- : SZX + TY : YZ - TX
:: c : ^a : ^b :: 3c : a : b.

It is unnecessary to consider more than one of the three sets of pai-ameters a, b, c; a', b', c;

a" , b" , c": and if we stipulate that

II. The first parameter a must not be a multiple of 3, we rule out two of the three, retaining the

simplest. For clearly if a be divisible by three we may reject the system of parameters a, b, c in

favour of the simpler system b, c, ^a, which will lead to the same values oft, .c, y, z in a different order.

9. Finally (still supposing that the values t, x, y, z are obtained from the parameters a, b, c),

we have to consider the values of the parameters which give the solutions (t, .'•, z, y) (t, z, y, x)

{t, y, X, z). In these three the last three letters are interchanged cyclically as in those discussed

in .section 8. Hence one of the throe is derived from ^lositive values (a,, 6,, c,) of the parameters,

in which «, is not a multiple of .*}.

But the relations between the parameters (a, b, c) and (ttj, b^, c,) .-u'e by no means simple.

When either .set is given the other is determinate and is given by equations which can be

wi-itten down e.\p]icit]y. For by interchange of A' and Y in the first of equations (F) we find

n, : ^ : c, :: T' + SY- : 3ZF+ TZ : YZ - TX
: : b [(a' + 36= + Qc-f + 1 2a-c^] : a [(o= + 36= + 3c-')- + 1 26-c=] : c [3 («= + 6- + 3c«)= + -ia-b-]

after a little simplification. These relations are too complicated to be helpful. The simplest

procedure seems to be to ignore; them and state the theorem we have established in the form
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Every set offmr integers {having nofactor common to all) which satisfy the Diopliantine equation

1^ + ofi + f + z' = 0, (1)

may be obtained from equations (E) in two ways from sets <f positive values of the parameters

a, b, c, the parameter a not being a multiple of 3.

10. The values of the parameters which correspond to a given solution are obtained from

equations (F), or from those equations with two of the letters X, Y, Z interchanged. Should the

value of a turn out to be a multiple of 3, we replace the parameters a, b, c by 6, c, |a as

explained above : this, however, will never be necessary if a little care is taken. For equations

(E) shew that T and Z are always and that A' is never divisible by 3, while Y is or is not divisible

by 3 according as b is or is not divisible by 3. Thus when T, X, Y, Z are known, if only one of

X, F, ^ is a multiple of 3, we call that one Z\, if only one is not a multiple of 3, we call that one

X. In each case the other symbols may be assigned in two ways which lead directly to two sets

of values of the parameters, in which a is not a multiple of 3.

[It will be observed that, if 6 is a multiple of 3, none of the numbers t, x, i/, ^ is a multiple

of 3 ; but when b is not a multiple of 3, two of them (either t and z or x and y) are multiples of 3.

Similarly, if none or two of the parameters are even, all the numbers t, x, y, z are odd.]

To take an example, let us assume that

a = 2, 6 = 3, c = 1.

Then T= - 36, X = 68, F= 120, Z= 48; 6- = 136;

and, solving for t, x, y, z, we ha\e, after rejecting the common factor 4,

^=25, a; = -17, 2/= -4, 2 = - 22,

shewing that 25^ = 22-- + 17-' + 4-.

Again, let us find the two sets of values of the parameters which lead to the solution

41= = 40= + 17= + 2=.

Here t= 41, ,/, y, 5, = -40,-17,- 2,

r = -9, X, Y,Z,= 10, 33, 48.

We must take either

(i) 2'= -9, X = 10, r=33, .^ = 48,

or (ii) r=-9, Z=10, r=48, .2'= 33.

Taking the first of equations (F), but making an obvious simplification bj- dividing by 3, we have

a:b:c::X"- + lT-:XY->r ^TZ : IZX - iTY,

(i) :: 127 : 186 : 2.59,

(ii) :: 127 : 381 : 2.54 :: 1 : 3 : 2.

Thus we have two sets of values of a,b,c; either

(1,3,2); or (127, 186, 259).

11. If the formulae (E) are to be used to calculate systematically the solutions of our equation,

it is not a little disconcerting to find that a simple solution should be derived from such large

values of the parameters. Yet the form of the equations of §9 connecting aj, 6,, Ci, and a, b, c shews

that it must constantly happen that the first set of parameters may be small and the second set
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quite large numbers. Large parameters can never lead to simple values of T, X, Y, Z and t, x. y, z

except when the expressions in equations (E) contain large common factors which can be cancelled

out. It will be seen that such common factors must be factors either of a and 6" + 3c-, or of h

and a= + 3c= or of c and a- + 36-. When for example a = 127, h = 186, c = 259, it will be found

that 127 is a factor of h- + 3c-, 259 is a factor nf a- + 3i-, and 62 is a common factor of h and

a- + 3c- : hence there is a vast reduction in the values of T, X, Y, Z and t, x, y, z given by

equations (E). [It is an essential feature of the parametric equations of Clebsch and Cremona

that the cubic functions of a, 6, c should all vanish for six sets of values of a, h, c. In our equations

these values are given by fl = 0, 6- + 3c'- = ; 6 = 0, a- + 3c^ = ; c = 0, a= + 36= = ; hence the

above rule regarding common factors. A table of all numbers less than 1000 which are of the

form a- + 36= is included in the paper of Euler referred to in § 1.]

Although every solution of the equation can be obtained from equations (E), and although

the repetitions and other difficulties of the older method are to a great extent avoided, yet it is

never possible without a careful scrutiny to feel confident that all solutions of a certain type

(e.g. all .solutions in which no number exceeds a certain limit, 50 or 100, or all solutions in which

the two largest numbers differ by unity) have been found. For this reason it is convenient to

have in addition certain simple methods (again suggested by the geometry of the cubic surface)

by which new solutions ma\' be deduced from those that have been obtained.

Methods of deriving new solutionsfrom a known solution. §§ 12— 13.

12. Every solution corresponds to a point on the cubic surface whose coordinates are integers,

and by permuting the coordinates we have a family of 24 points. Now, if two points are taken

on a surface of order three, the line joining them cuts the surface in a third point, whose co-

ordinates are determinate, and are rational when those of the two known points are rational. For

example the points (6, — 5, — 4, — 3) and (6, — 4, — 3, — 5) lie on the surface, and the coordinates

of any point of the line joining them may be written

6X + 6fi, — o\ — 4/i, — 4\ — 3/A, — 3\ — 5fi.

If this point lie on the surface, the sum of the cubes of these four expressions will vanish, and

therefore

\fj. (23\ + 25(a) = 0.

Giving X and fi thi' values 2.'5 and —23 respectively, we find a new solution (12. —33, —31, 40).

Similarly from the two solutions (9, — 8, — 6, — 1) (12, — 9, — 10, 1) we derive a new solution

(-21,-43,88,-84). From the two (9, -8, -G. - 1) (12, - 10, -9, 1) we derive only the trivial

solution (3, -2,-3, 2).

Other methods of deducing solutions will be found in the books or papers to which reference

was made in §§ 1—4. Thus Vieta (see Heath's Diophantus, p. 102 footnote), starting from a known

solution a^ + y^ + a^ + b^ = 0, regards a and 6 as constants, ,/ and y as variables : from this point, of

view the equation represents a plane cubic curve on which one point (a:, y) is known. Vieta draws

the tangent line at that point and so finds another point (where the tangent cuts the curve) whose

coordinates give a new solution, rational but usually not integral, of the equation, i.e. a solution

in which two of the unknown.s a, 6 have the same values as in the known solution. Again Norrie

has a general method, applicable to cubic equations in any number of variables, which for our
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equation amounts to this. Knowing a solution of equation (1) he knows a point on the cubic

surface. He constructs the tangent plane at that point, and joins the known point to an arbitrary

point in the tangent plane. The joining line cuts the surface in another determinate point. Thus

from one known solution (<„, a-„, y„, 2„) he deduces an infinity of solutions (t, x, y z) all satisfying

both the given equation (1) and

t^-t + x^x + y^y + ziz = 0.

The application of this method turns out to be somewhat troublesome.

13. From any known solution it ispossible to derive all solutionis in which any one of the fractions

(t + x)l{y+z), (t + y)/{z + x), (t + z)i(x + y),

has the same value as in the known solution. This appears to be the simplest method both in

theory and practice of deriving new solutions. If we know a point (t, x, y, z) on the surface and

join it to an arbitrary point (— h, h, — k, k) on the line

t + x = 0, y -i- 2 = 0,

the point at which the joining line cuts the surface has coordinates

t-eh, x + eh. y-ei: z + eiA

(t'-x')h+{y"--z')k \ (G)
s-here 6 =

){t + x)h- + {y + 2)L'''j

By taking any rational value of hjk, i.e. by giving to /* and k any integer values (positive or

negative) prime to one another, we derive a new solution. Should 6 be an integer, the values of

t+x and y + z in the new solution are either equal to or less than their values in the known

solution. By interchange of x, y and z a triple infinity of solutions is derived from any known

solution.

Formulae such as this which give an infinity of solutions of the equation define curves on

the cubic surface, and when the coordinates are expressed as rational algebraic functions of a

parameter (hjk in equations G) the curves must be unicui-sal. The points of a plane section of

the surface, a cubic cui've without a node, cannot in general be so expressed ; but if the plane

touch the surface they can be so represented, as Norrie shews. The simplest curves on the surface

are conies cut out b}' planes which pass through one of the lines of the surface, and these are what

equations (G) define. Since they are conies, the coordinates are proportional to quadratic functions

of A, k; all other curves require functions of a higher order than the second.

[Another family of curves giving systems of solutions may be briefly noticed. If in equations

(E) we put b = c, or a = b + c, or if we impose anj- linear relation a = Bb + Cc upon the parameters,

we obtain a curve on the surface and a system of solutions. The curves will be found to be

twisted curves of order three.]

Equations (E) and (G) considered as standard solutionis. § 14.

14. The view which the waiter of this paper wishes to put forward is that equations (E),

combined with the supplementary system (G), should be regarded as the standard solution of the

Diophantine equation. The former are based upon the accepted parametric equations of a cubic

surface; they include all solutions: and (under the two simple rules of § 8) avoid useless repetitions

almost entirely. They are however open to .the objection (though in a less degree than the old

Vol. XXII. No. XIX. 52
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solutions) that if they are used in calculating solutions there is always a possibility that some

simple solution may be overlooked, because both the sets of parameters that lead to that solu-

tion may be large. [It is not suggested that to tabulate solutions is the final object of the

investigation.] For this reason it is advisable to retain equations (G) as a supplementary set of

formulae. They represent the simplest curves (conies) which lie on the cubic surface and wholly

cover it, and are the only such curves expressible by homogeneous quadratic functions of two

parameters. The formulae are verj- easily applied as soon as a solution of the Diophantine

equation has been obtained from equations (E) or by any other method. Moreover it will be

found that when the fractions {t + j-)j{y + z), etc., are reduced to their lowest terms, both

numerator and denominator are numbers of the particular form m- + 3«- (which Euler has tabu-

lated, up to 1000, in the paper referred to in § 1). The effect of this is that the number of

cases of equations (G) that arise is far less than would at first sight be expected. Table I of § 19

shews this very plainly, by the frequent reappearances of the fractions in Column III.

Further consideration of eqtiations (G). §§ 15—16.

15. If we again adopt the convention of § 8 that t .shall be the numerically greatest of the

four numbers t, x, y, z and shall be positive, the three fractions

{t^x)l{y^z\ (f + 2/)/(2+a:), {t + z)l{.e^y)

have positive numerators and negative denominators; also each is numeiically less than unity.

For, expressed in terms of a, 6, c (which are positive),

t->rx _ 2M^Z _ or -K 3 (i - c)-

y-irz~T-X~ a=-f-3(6 + c)^'

tjVy _ ?' + i' _ _ (a -i3c)M- 36=

z + x~T-Y~ (a + 3c)=-h36='

t-^z _ T+^ _ _ (g - bf + 3c=

a; + y
" T -^ ~

(« +Ty + 3c=

"

Further, the numeratore and denominatore of the fractions on the right are all of them
numbers of the special form m- -f- 3/)^, and, by the well known theorem concerning the factors of

such numbers, the numeratoi-s and denominators are still of this form when the fractions are

reduced to their lowest terms. This result is used by Euler, and may be proved also from the

fact that, if

(^^ + ar' -f y' + 3^ = 0, (1)

t + x^ f-yZ + Z''_ {y + zf + ^(^y-zf
y + z ~i- -tx+af {t + xf + S(t- x)-

'

In Euler's solution (A), quoted in § 1, we see that

t + a^ _ sr' + Sr-

y + z~ p' + Sq-'

In order to obtain simple solutions, Euler selects from his tabli' twn values for s^ + 3r= and /)»
-|- S^"

which have a fairly large common factor, and which are obtained from several sets of values of

s, r,p,q\ he then follows out the various cases and so obtains several solutions for all of which

{t + x)/(y + z) has the same value. In his first example ho selects values 19 and 7() and so gets



THE EQUATION <>+ .r'±2/'± r< = 0. 399

seven solutions for which (t + a;)/{i/ + z) is —1/4; in his second example he selects values 28 and

84, and so gets eight solutions in which {t + a;)/(y + z) is — 1/3. The solutions he obtains are not

the simplest for which (t + x)l{y + z) has these values.

16. To illustrate the use of equations (G) we will take the simplest solution of the Diophan-

tine equation and derive the three systems of solutions.

t = &, x=-5, y = -4, s = -a
Applying the method of §13, we have the following results. The general solution for which

(i) (< + .)/((/ +r)=- 1/7 is

t = 6- eh, X = -o + eh, i/^--i-0k, ; = - 3 + ek,

where = {Uh + 7k)/(h^ - 7/^)
;

(ii) (t + !/)/(z + a:) = -1/'iis

t = Q-6h, y = -4 + eh, z^--?, + ek, .r = -b-dk,

where ^ = (lOA, + Sk)l{h' - 4/1:-)

;

(iii) (« + s)/(.r + //) = - 1/3 is

t = 6-eh, z = --^ + eh, .v = -5-ek, !/ = --i + 0k,

where e = {9h + 3k)/{h- - Sk-).

It will be observed that until h and k receive definite values, it is not possible to say which

of the four numbers is numerically greatest. The rule of § 8 with regard to t must be aban-

doned for the moment.

From (i) we learn that there is an infinite sequence of solutions in which i+a = l,

y + z = —7, derived from integer values of ^. For an infinity of values of h and k (positive and

negative) make h- — 7k-=l, and each of these gives such a solution. [Other values of h and k

make h^ — 7k- = 2, or —3, and these also give infinite sequences of solutions in which t + x=\,

y + z= — 7.'\ So from (iii) we can derive an infinite sequence of solutions in which i + a;=3,

7/ + 2 = - 9.

But in (ii) the case is different, since the coefficient of k- is a perfect square. Here

6 = 7j{h - 2k) + S/{h + 2k),

and there are only a finite number of integer values of h and k that make 6 integi-al. The

number of solutions for which {t + y)/{z + x)= — 1/4 is of course infinite, and all can be derived

from (ii), by giving h and k integer values (positive or negative) prime to one another.

In the application of equations (G) the same difficulty arises which was discussed in § 8, that

when a solution (t'x'y'z') has been derived from the solution (*, x, y, z) from certain values of h, k,

certain other values must lead to the solutions (t'xz'y') {x't'y'z) (x't'z'y'), which clearly have the

same value of {t + x)j(^y + z). As in § 8 there is a simple rule by which the number of repetitions

can be reduced from 3 to 1, so that the waste of labour that might be due to this cause is to a

large extent avoided, viz., that if

{t + x) hh' +(y + z) kk' =

the parameters (li, k') lead to the same set of values as (A, k) in a different order.
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Examples of the formulae and methods. §§17—19.

17. In conclusion I will give a few applications of these formulae and methods. It is always

to be understood that in any known numerical solution {t, a; y, z), t is positive and is numerically

greater than x or y or z. In an algebraic formula it may not be possible to say which number is

greatest. No assumption is made as to the relative magnitudes of x, y, z. When the parameters

a, h, c are employed, it is to be understood that they are positive and that a is not a multiple of 3.

Example I. To find the general solution of the equation for which (t + x)'{y + j) = - 1/4.

In order to use the formulae (G) we must know a special solution of the kind. This has

already been found, viz. (6, - 4, - 5, - 3), and the formulae were given in § 16 (ii). It was stated

there that since — (( + x)l{y + z) has a rational square root the characteristics of the system of

solutions differ in some respects from what is usual. The formulae of § 16 for the four numbers

t, X, y, z, viz.

6-61//, -i + eh, -5 -01c, -S + ek;

d = (lOh +Sk)!{h--i/c-),

can be simplified by the substitution

h+-lk:h--2k::f:g.
They become

4/i/ ± 2 (7/^ + Zg% - \%fg ± (7/^ - 3/).

We note that when /and g are both odd a factor 4 cancels out, apd that when / is a multiple of

3, a factor 3 cancels out. Also since parameters (/', g') lead to the same numbers as (/, g') when

(^)f'l9' = -fl9^ (ii) 7//-'±3^5r'=0,

it follows that we can avoid repetitions entirely if we take only positive values of / and g, the

latter not being divisible by 7. It is now not difficult to obtain the following twelve solutions,

which I believe to be the complete system when no number exceeds 100.

Table of solutions when (< + ,/)/ (y +2)= — 1/4.

/
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IS. Calculation uf solutions by equutions (E). It is easy to discover any number of solutions

of the Diophantine equation by means of equations (E), but it becomes clear at the outset that the

lowest values of the parameters do not lead to the simplest solutions. Thus the values a = b = c = l

give the solution (29, —27, —15, —11), while the simplest solutions of all (6, -5, —4, -3) and

(9, —8,-6,-1) are derived fi-om the values (2, 1, 1) and (1, 2, 1) of (a, b, c). The explanation

is easily seen, and when the parametei-s are known it is possible to foretell, without actually going

through the calculations, whether the solution will be a simple one or not. The values of

(T, X, Y, Z) of the formulae in (E) are simplified when they contain a common factor, which

can be cancelled. The factor cannot be 3, since a and therefore A' is not a multiple of 3. For

all odd factors, the rule given in § 1 1 is valid, \iz. factoi-s 'which can be cancelled out must be

common to one of the three following pairs of numbers

(i) a and b" + 3(f, (ii) b and a" + 3(f, (iii) c and a- + Sb\

Such factors must be of the form m- + 3n-.

It remains to consider when it is possible to reject a factor 2 or a power of 2. This case

cannot be included in the general statement on account of the irregular role which 2 plays in

connection with the factore of numbers ;/«'- + 3«- ; and it is confused bj- the multiplier 2 which

occurs in the equations connecting (T, X, Y, Z) and (t, x, y, z). When two parameters are odd

and one is even, a factor 4 can be rejected from (T, X, F, Z) leaving quotients of which two are

even and two odd. The values of t, x, y, z are then found by the equations ; two of them are even

and two odd. When two parameters are even and one odd, or when all three are odd, T is even,

X, Y, Z are odd. The values of t, x, y, 2 as given by the equations are not integers, and it is

necessary to introduce a factor 2. When this has been done, integer values, all of them odd, are

found for t, x, y, z.

Thus a set of parameters a, b, c, whose sum is even, gives values of t, x, y, z which are, roughly

speaking, only one-eighth of those derived from parameters of nearly the same values whose sum

is odd. It will be found that quite low sets of parametei-s, e.g. (2, 1, 2), (2, 2, 1), (1, 3, 1), (1, 1, 3),

(1, 3, 3) lead to solutions containing numbers which exceed 100. On the other hand the set

(7, 2, 1), where a and c are odd, b is even, and in addition (f = 6--|-3c-, leads to the very simple

solution (12, — 10, — 9, 1); a factor 28 is common to T, X, Y, Z. The same factor 28 could be

rejected for the sets (2, 7, 1), (2, 1, 7), (7, 1, 4), (7, 3, 2).

It is thus possible to foretell what factoi-s will cancel out, as soon as a set of parameters has

been chosen. The odd factors are all those contained in the three greatest common measures of

« and b- + 'i&, pf b and a- + 3c^, and of c and a" + 36- ; the power of 2 is given by the rule above,

and depends only on whether the sum of the parameters is odd or even.

19. Tables of integers which satisfy the equation

t^ + a? + f + 2^ = 0.

Below are given 19 sets of integers t, x, y, z, none greater than 50, which satisfy the equation,

which I believe to be the total number of such solutions. In a second column are shewn the

values of the three fractions such as —{t + x)/(y + z) corresponding to each solution, and in a third

column the values of the parameters a, b, c which lead to the solution. In Table II some further

solutions in numbers less than 100 are shewn ; the list is possibly complete ; there may be omissions,

but not many. In III a statement made in § 15 is illustrated, and a note on a method of numerical

calculation is added in IV.
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I. Table of sets of numbers less than 50 which satisfy

t' + a''+>f + z' = 0.

I. t
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III. The infinite sequences of solutions referred to in § 16, in which

t + x=l, y + 2 = -7,

t and a- = G — \It, —o+Xh,]

y and z = — ^ — \k, — 3 + \k, I

X = (ll/i + 7A-)/(7r-7A-0,

are as follows.





/
J

T)''

XX. Oh Cyclical Octosection.

By W. BuRNSiDE, M.A., F.E.8., Hon. Fellow of Pembroke College.

[Received 10 April, Read 3 May, 1920.]

The complete solution of the problem of cyclical quartisection was first given by V. A.

Le Besgue in the Comptes Rendus [Vol. li, p. 10 (1860)]. The result is given in the form that,

if X is the sum of I (p — 1) distinct primitive jjth roots of unity which sum takes just four distinct

values, then 1 + 4X is a root of the equation

[f + {1 - 2 (- d't-'; pJ - ip [y - Lf = 0,

where p = L- + 4i/-, L=l (mod. 4).

No proof is given. The only proof that I know of is one by P. Bachmann in the sixteenth

chapter of his work on Kreistheilung. This proof appears to me to be quite unnecessarily com-

plicated ; and I have therefore established the formulae, so far as they are necessary for the

problem of octosection, independently.

1. It maybe convenient to recall those properties of an algebraic number-field of which use

will be made. By a rational number is meant a fraction - , of which the numerator p and deno-

minator q are ordinary integers (in the sense of elementary arithmetic) affected either with the

positive or the negative sign. In the particular case in which q is unity, the rational number is

said to be a rational integer.

If X satisfies an equation of the 7ith degree, the coefficients of which are rational numbers,

and if it is impossible to express the left-hand side of the equation as the product of two factors

in which the coefficients are rational numbers, the equation is said to be iiTeducible. The totality

of the rational functions of x, which satisfies such an irreducible equation with rational coefficients,

is called an algebraic number-field of order n.

If y satisfies an equation of finite degree with rational integral coefficients and if the

leading coefficient is ±1, y is called an algebraic integer.

The principal property of an algebraic number-field that will here be made use of is the

following

:

In an algebraic number-field of order n, a set of n algebraic integers Xi{i= 1, 2 n) can

be chosen (in an infinite number of waj's), such that every algebraic integer belonging to the

field can be expressed in the form

ffli^i-l- a.2.r.,-f ... ^-a„./„,

where a, , (u, ..., «„ are rational integers. The set of algebraic integers ,/; (/ = 1 , 2, . .
.

, n.) is called

an integral basis of the field.

Vol. XXII. No. XX. 53
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Notation. The prime p is congruent to unity (mod. 8) ; 7 is a pi-imitive root of the con-

gruence g^^^ = 1 (mod. p)

;

o) is a primitive pth root of unit}'

;

/.,= S «3'"+'-'(i = l,2,...,8);
n =

fj-i + M.+4 = ^i

;

Va, where a is a real positive quantity, is the positive square-root of a.

2. The algebraic number-field defined by //; is of order 8. An integral basis for the field*

is given by fi,, fj..,, •••, Ms- The field defined by \ is of order 4. An integral basis for it is

^1. ^2, \, X4. Both these fields are cyclical ; that is to sa}-, the cyclical permutations

(fiifi«/jL3... fis) or (XiXAsXj),

applied to any number of the field expressed in terms of the basis, gives the conjugate numbers.

Now (X, — X,)^ is unaltered by the permutation (X^Xj) (XoX^). Moreover it is evidently an

algebraic integer. Hence

(\, - X,^)' = ^1 (X, -f- X.,) + A. (X, + X,\

where .4,, .42 are rational integers, so that

(X, - x,y^ = .4, (X, + X3) -I- ^1 (X, -I- X,),

(X, - X3)-^ + (X3 - X,)= = - (4, + ^.3).

Now Xi contains, with tu, its inverse (o^\ Hence X]- — ^(p— 1) is the sum of -^{p—l){p — 5)

primitive pih roots ; while X1X3 is the sum of j\{p — 1)° primitive pth roots. Hence

-A,-A, = p.

If 6) is suitably chosen it is known that

\ +\>— X.: - Xj = Vp,

and therefore (Xj — X^Y = ^p + i{Ai — Ao) Vp.

The algebraic integer (X, — XjXX, — X^) takes just two distinct values which are equal and

opposite ; i.e.

(X, - X,) (X„ -X,) = B (X, + X, - X, - X,).

Comparing the values of (X, — X,)-(X2 — X4)'' derived from the last two equations

jf-{A,-A,yp = 'lB'-p,

or p = {A,-A.y+i2ny.

Now since p is congruent to unity (mod. 4), it is uniquely expressible in the form a' + b^

where a is an odd and b is an even integer. Also A, — Ao and B are rational integers, .so that

At — A„= a,

where the sign «i' a has still to be determined.

* HiXbeit, JahrfBbericht der Deiilfclien ildthitiintikes-yereiniginig (Vol. iv, p. 352), (18!t7).
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Now from the equations

there results -2\,Xj = i (jo-l) + { (« + T) \'p.

Since 2\,X3 is an algebraic integer and ^ (/) — 1) is an integer, ^ (a + 1) v'yj must be an algebraic

integer, and therefore

o = — 1 (mod. 4).

This immediately gives the formulae

X, = - i + i \ /^+ 1 v'2 (jj + « v';^),

X., = - i - i \'p + \J2{p-a sfp).

X. = - i + i \'p- \'J2ip + a sJp),

X, = - i - i V /7- i v/27^3"^V^

which indicate how the signs of the square roots change for the cyclical permutation (X1X2X3X4).

3. The remaining step is to determine the value of (/aj — psf. This is an algebraic integer

which is unaltered by the permutation {fj^fi^) {fi-iH-e) (MsM-) (MjMs). so that

= A^\ + A^X, + ^3X3 + A,\i,

where A^, A^, A^, At are rational integers. Using the above values of the X's

(/Ai - fi,)- = a + /3 Vp + 7 v''2 (p + « \p) + S v'2 {p - a -Jp),

where a=- \(A, + A,+ A, + A,), /3 = l(A,- Ao+ A,- A,),

y=i(A,-A,), S=^{(A,-A,),

so that 4b, 4/8, 47, 48 are rational integers.

The number {/jr^ — p^) (/i„ - /Me) is also unaltered by (/ii/uOC/^sMe) (/t3/i*7)(A'4M8). while the sum
of its four conjugate values is zero.

Hence (/z, - fi,) (/Ua - fie) = h'^p + h J'2.{p + a V^) + ^-3 v'2 (p - a \^p)

where 4i-,, 4^2, 4A-3 are rational integers. This gives

(jtts - n:) (p, - ps) = ki \'p- k, J2 (p + a \'p) - h v^2 (p - a •Jp),

so that

(/ii - ^5) (^, - /ti„) (M3 - Mr) 1/^4 - Ms) = p W - 2 (A-j- + A-3=)] - 2 [a {k? - ki) + -Ihk^k^] s/p.

Now the two conjugate values of the number on the left are equal and opposite, so that

ki-=2iL-+k,'') (i)

Further (p, - p,)- (p, - p,)- = [a + ,S V]J+ 7 ^2 {p ¥ a^p) + hJ2{p-a ^p)]

X [a- /3 v/p- Sn/2(p+ aV^) + 7 ^2 {p-a-Jp)],

while [(/^- fi,) (p„ - p,)Y = [k, \/p + k\ J2(j) + a Vp) + k^ J2{p-a Vp)]\

53—2
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On comparincT these two equal expressions, it is found they involve the following relations

between the rational numbers a, /3, 7, Sfl'i, ^'a, A-^:

d^-p&^=p[k,^+2{kv + k:m, (ii)

^(^=_g2)_ 2ayS = a {k.;? - ky) + 2bLk, (iii)

{a + b^){y-S)-u3(y+B) = -2k,iak, + bh\ (iv)

-a^(y-S) + {a-bl3){y + S) = 2L\(ht,-ak^ (v)

where b is the positive square root of the b- that occurs in p = a- + b-. The equations (iv)

and (v) give

2pkjc., = «o (7 - S) + (ab - l3p) (7 + B),

2pk^ks=(c(b + l3p){y- B)-m(y + B).

Entering these values of L and k^ in (iii), it becomes an identity in virtue of (i) and (ii).

Entering them in (i) and (ii), it is found that a, /3, 7, B, /r, must satisfy

a'-p^ = 22)k,^ = ^,[(a'+p^"-)(y-+B')-2oL0{a(y'-B"-) + 2byB}] (vi)

When 4a, or S (/i,- — fii+^Y, is calculated in the same way that (X^ - Xs)^ + (X, — \^)- was cal-
1

dilated above, it is found to be p or — p, according as p=l or 9 (mod. 16). In either case

a- = ^p°-;

so that the first of equations (vi) gives

p = (4/3)= + 2 (4A-,)=.

Now 4/3 and 4A-, are rational integers; and since p is congruent to unity (mod. 8), it can be

uniquely expressed in the form

p = a'- + 26'^

where «' and b' are rational integers.

Hence y3 = \a', A, = \b',

where the signs of «' and b' have yet to be determined.

When these values are entered in the second of equations (vi) it becomes

b'* = [iyb-'iB{a±a')]- + [iBb + iy{a + a')]-, (vii)

where the upper or lower signs are taken according as jd = 1 or 9 (mod. lU).

Now if c is a given rational number and x, y unknown rational numbers, the equation

of + y'^ = &

,
. c —ccy

may be written = —^— = t,
' y c + x -

where t is any rational number ; so that^ts general rational solution is

1-r- 2t
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The general rational solution of (vii) is therefore

iyh--i8(a±a) = b'^^~*'

iSb + iyia + a') = b''
2t

r 1 _ «
which give ^7 = 1

48=1
1 + r 1 + i=

Xow 47 and 48 are rational integers. Hence if the fractions :j and ,-^^ are other

than and + 1 (i.e. if they have an effective denominator d), then d must be a factor of 6'^ from the

first form of the equations and of a' from the second form. Hence, since a' and h' are relatively prime,

the only values of and
"

are and +1. It follows that there are only four possible pairs ot

values for 7 and h, viz.

7 = Ha±«'). 7 = -iC«±«'). 7 = 5^. y=-\h,

B = ib, S = -^b. S = _|(« + a'), S = ^(a + a')-

These possible values of 7 and 8, and the sign of a' may be dealt with as follows. The

equations

(/^
-

f^sf +(fJh- ^hY = ± i/> +W ""'p'

(Ml + Ms)- + (/X3 4- MrY = k ( V iT -lf + Up + a>Jp)

give -2(jji,fx, + fi,fj^) = ^(p-l) + i[a-^(a-l}]\fp, _p
= 1 (mod. 16),

= - Tff ('j« + 1 ) + i [«' - i C^t - 1)] v'i^. i^ = 9 (mod. 16),

so that in either case a' = 2 l" ~ 1). (mod. 4).

The equations

ifi,
- fM,y - (fi, - f^f = 27 n/2 (p + aVp) + 28 Jiip-as/p),

{fi,+fi-J-{fi, + lj^)-
= \{-^p-l)-j2ip + a Vp)'

= i(a- 1) ^2 (p + a Vp) +J6V2(p-a Vp)

give ^^-iMfi,= ^i8y-a + l)'J2(p-i-a\/p) + ^{HS-b)-J2{p-a'^p)

= i(87-rt + l)(X. + \,) + i(8S-i)(X, + X,) (viii)

Since fi^^fj^
-

fi^/j,-^ is an algebraic integer, ^(87 — a + 1) and ^(88 — 6) must be rational

integers. For the last two possible pairs of values of 7 and 6, ^ (87 — a + 1) is J (1 — a + 6). Since

a = — l,b = (mod. 4), this number cannot be an integer. Hence onl}' the first two pairs of values

of 7 and 8 can occur.

If p s 1 (mod. 16), a^ is of the form (8?« ± 1)-; and since a = - 1 (mod. 4), in this case

a = - 1 (mod. 8). Hence a =^ (a - 1) (mod. 4), =-l (mod. 4), = - 1 or 3 (mod. 8).

If a' = - 1 (mod. 8), 87 = re + a', 88 = 6, 1 ,
, ^. . , ..., . , ,

, „ , , „ , „c> I r make the coefficients m (via) mtegral.
re =3 (mod. 8), 87 = -a-u, 88 = -6 J

^
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When p = 9 (mod. 16), a- is of the form {8m ± Sf ; and since a s — 1 (mod. 4), in this case

a = 3 (mod. 8). Hence a' s ^ (a — 1) (mod. 4), = 1 (mod. 4), = 1 or — 3 (mod. 8).

If a' = 1 (mod. 8), 8y=a-a', 8B = b, ]

o / J o\ o , ' Of 1. r
make the coefficients in (viii) intesrral.

a = — 3 (mod. 8), 87 = — a + a, 88 = — £)
J

^ ^ *

To sum up, the results may be expressed as follows.

If p=a- + ¥=a'- + -2b"-,

where ^ is a prime congruent to unity (mod. 8), while a, b and a are completely defined by

a= -I (mod. 4), b>0, a' = ^(a — l) (mod. 4),

then when i'= 1 (mod. 16), a's — 1 (mod. 8),

4 (mi - fj.^y
= p+a' \'p + i (a + a') '^2 (jj + a Vp) +' \b Ji{p-a Vp),

when P = 1 (mod. 16), a' = 3 (mod. 8),

4 {fi, - fji,)-=p + a \'p - i (a + a) J2 (p + a ^p) -^bJ2{p-a Vp),

when p s 9 (mod. 16), a' = 1 (mod. 8),

4 (Ml - /is)^ = - jo + a' V/) + .V (a - o') s 2 (jo + a V/)) + J6 V 2 (p - a Vp),

when p H 9 (mod. 16), «' = — 3 (mod. 8),

4 (mi - fi^)- = -p-\- a' s/p-\ {a - a') J2(p + a Vp) -^b-j2{p-a Vp),

these possibilities covering all eases, while in each case

4 (fi, + /X5) = - 1 + Vp + J2 {p + a Vp).

4. When the values of a, /8, 7, S that have now been determined are entered in the equations

2p^•,A:o = aa (7 - 8) + {ab - /3p) (7 + S),

2pkX = {ab + /3p) (7 - 8) - an (7 + 8),

they give p=l (mod. 16), a' = - 1 (mod. 8), S2k\L^ = 6'S 32kX = - 6'-,

j3 = 1 (mod. 16), a'= 3 (mod. 8), 32k,L = - 6^ 32k,k, = 6'^

p= 9 (mod. 16), a'= 1 (mod. 8), 32k,L=-b'', 32k,h=b'\

p=9 (mod. 16), a = - 3 (mod. 8), 32i, A-„ = 6'S 32A,-,A-3 = - 6'-.

When /) s 1 (mod. 16), (/ij — ^j)- is a real positive number so that, with the specification that

has been given of the symbol V(^ — /i,)^, it follows that (^/a, — /i5)(^j — /X6)+ (M3~Mt)(M4~/'^)>

or 2ki Vp, is a real positive number. Hence, if b' > 0,

p=l(mod. 16), a' = - 1 (mod. 8), k = ^b', k, = -k,= P',

p = l (mod. 16), a'= 3 (mod. 8), k, = ^b', k. = - A", = - lb'.

When p = 9 (mod. 16), (/tt, — fi^Y is a real negative number, and it is necessary to give a

specification of the symbol V(/i, — fi^y. If it is specified as that square root in which the

coefficient of i is po.sitive, it follows that (/*, — /li) {fJh~ M«) + (Ms ~ f^^ (l^i ~ MsX '^^ 2A'i Vp, is a real

negative number.
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Hence, if b' > 0,

^ = 9 (mod. 16), a' = 1 (mod. 8), k, = - lb', k, = - k = W,
p = 9(mod. 16), a' s - 3 (mod. 8), A-, = - |6', k, = -k, = -ib'.

Denoting the four cases, as regards the values of p and a, in the above order, by (i), (ii), (iii), (iv),

these results are equivalent to the formulae

(i) (fi, - fj.-J (n. - /x„) = ^b' (\, - X,),

(ii) (^1 - ^5) (/i., - /ie) = \b' (X3 - X4),

(iii) (/i, - ^L,)
(fj..,

- /i,) = _ ^b' (\, - \),

(iv) {fi, - IX,) (fj.,
- fx,) = - lb' (X, - X,).

5. To complete the formuL-B for the multiplication of the differences /Xj — /Xi^^, it is

necessary to calculate directly that for (/^i - /i5)(^., — ^.), as it cannot be obtained by cyclical

interchange ii'om those just given.

In cases (i) and (ii)

•
(Ml - fi,) (m3 - Mr) = >/(« + /3 ^Pf - [7 n/2 (p + a Vp) + S J^ip-a ^^Y

= \s/p (a'2 + 6'" - aa) + (pa - aa'^ - ab'') \/p

= i ^/[f' ^^2 ('p + a v/p) - (a - a)J2{p-a^p)\\

Now in these cases (/ij — fx^ (fi^ — fij) is positive. Hence

(fi, - ya,) (/Lis - fi,) = lbJ2{p + a 'Jp) -i(a- a')-J2 (p-a Vp) •

= 1?) (X, - X3) - 1 (a - a) (^^ - ^4).

Similarly in cases (iii) and (iv), when (fx^ — /x,) (fx^ — /u-) is negative,

(fxi - yu.5) i/x. - fx,) = i Jp (a'2 + 6'2 + aa') - (pa + aa'^ 4 66'^ Vp

=l\/[^^2(p + o\/p)-(a + a')V2(p-aVp)P

= -P n/2(p+oVp) +1 (rt + «.') -J2(p-a Vp)

= - i& (X, - X3) + i (a + a') (X, - X,).





XXI. Congruences ivith respect to Composite Moduli.

By Major P. A. MacMahon, R.A., F.R S.

[Received 16 April, Read 3 May, 1920.]

The object of the present communication is to put together certain results in the Theory of

the Residues of Powers with respect to composite moduli which seem to be worthy of preservation.

The generalised Fermat Theorem states that if AT be any integer, the congruence

xiUD = 1 mod M

has
(f)
(M) incongruent roots which are the ^ (J/) numbers less than and prime to ili. If M have

either of the forms (i) a power of an uneven prime, (ii) twice the power of an uneven prime,

(iii) the number 4, the congruence has roots which appertain to the exponent
<f)
(M) and then are

known as primitive roots of the congruence of the number M. In no other case does the con-

gruence possess roots which appertain to the exponent <i>{M). Further if 8 be a division of

<j){M) the congruence

of =1 mod M
has h roots, <p (8) of which appertain to the exponent 8 whenever M has one of the three forms

specified.

1. In order to regard the matter from a general point of view it is convenient to separate

the assemblage of all integers into an infinite number of categories.

Denoting uneven primes by

Pi.Pa.i^s. ••>

I define the sth category as including numbers of the four forms

2%""^ pj-^ . . . p'^'-\

2''j3/>^/2 ... jo^ijs, where a > 2,

where observe that putting s=l, the first category involves (exceptionally) numbers of the

three forms

p/i, 2p,''\ 2^

the fourth form not existing and that it comprises precisely and exclusively those numbers which

possess primitive roots.

For the first category Tables exist which shew up to a certain value of M the roots which

appertain to every divisor of <p{M)*.

* Die unbestimmte Analytik by Hermann Scheffler gives mich a Table for aU prime moduli which are <100 and
other more extensive results have been given in Crelle and el.sewhere.
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In respect of moduli which are included in categories other than the first it is well known*

that the highest exponent to which roots appertain is if

M=2''p,'''i}J'-...p/^

the least common multiple of

,f>{2-),<j>(p/^),(l>{p.n>- <!>(?/').

if a ^ 2, and the least common multiple of

<^=(n</>(K')>'^(/^/-^)>---<^ (/>.''),

ifa>2.

I denote this number by

where observe that

e{M) = 4>{M) ov ^\4>{M)

according as ilf is or is not in the first category.

For numbers in all categories we may state

:

"The congruence

a;«(J/) = 1 mod M
possesses ^{M) incongruent roots which are the <j){M) numbers less than and prime to Al."

It is clear that 0(M) is a divisor oi <f>{M).

2. It has been established by previous writers that, if Mg be a number included in the sth

category, the congruence

00- = 1 mod Ms

possesses 2* roots exactly and that of these, 2* — 1 appertain to the exponent 2.

We may in fact so define the sth categorj', simply saying that it includes all numbers Ms

which have the property that the congnience

x- = l iiiiid Ms

possesses exactly 2* roots.

The congruence

has roots which appertain to the exponent 6 (M). They are primitive roots of the congruence.

Further if 8 be a divisor of 6{M) the roots which appertain to the exponent 8 may be

termed primitive roots of the congruence

0^=1 mod M.

When M belongs to the first category this congruence possesses <p (B) primitive roots but in the

cases of other categories this is not so. It is in fact easy to verity for the special case S = 2, that

if a, be one primitive root, the remaining 2" - 2 primitive roots are not all congruent to powers of ofa.

* Serret, Cours d'Algibre Suf^rieiire, 5th Ed. '2nd Vol. pp. 50 et seq.
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So also in the case of the exponent S, any one primitive root g will certainly give rise,

through the series of powers

9> fi'^
9'' fl^> where ^ = 1,

to
<f>

(B) primitive roots, because the residue of ^* is a primitive root if k be less than and prime

to S; but in general there are other primitive roots. All that we can assert at present is that if

N'l, denote the number of primitive roots of the congruence

a^ = 1 mod M,
B being a divisor of 6 (M ),

iVs = mod 4> (8).

We write therefore

Ns = Si(f>{B),

so that the iVj roots occur in S^ periods or sets of power-residues.

Si is an arithmetic quantity—an integer—whose value has not yet been determined.

Of course for the first category Ss is invariably unit}^

If 8,. 82 be relatively prime divisors of ff(M) it is known that

and since
(f)

(Sj)
(f>

(B^) = </> (B1B2)

we find that /Sj, Sj^= Ss, s^.

Denote by Ps

the number of roots of the congruence
«* = 1 mod 31,

so that, in particular.

Also if 8' be a divisor of B

S.Va = A.

In the first place we evaluate P5.

3. Let ^= 2« jji'^i p/= . . . p/^
and denote the highest common divisor of the integers a, b by

{a, ^.

It follows from well-known principles* that the congruence

0^ = 1 mod 2"

possesses b {B, <^^ (2")J roots,

where 6 is 1 or 2 according as B is uneven or even.

Also the congruence
0^ = 1 mod Pi"'

possesses {B, (pipi"^)] roots.

Hence, if B be a divisor of 6 (J/), the number of roots of the congruence

a^ = 1 mod M
is given by

P, = b{B, <I>H2')}, {B, </.(p,-)}. lB,cf>ip/%...{B,<j>(<p,-'')},

wherein, if M be uneven, the factor

must be deleted.
* Serret, Vol. 11, p. 8J.

54—2
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Observe that since

<}> (p'') is even

P, = 2*

for moduli of each of the forms of the sth category, in agreement with the known result.

If 8 be a power of an uneven prime p, each factor in
{ } is either unity or a power of p.

This shews that

P , is equal to a power of ^j.

It is well known that, if Si , L be relatively prime,

Pj, Ps, = Pi,s,-

4. We can now evaluate

n '^2 '3

where r,''"r„''i?'3'''... is a divisor of 0(M) and of <j>{M).

For P^. = K, + N^ + N^+... + N^„,

so that iV,, = P^.-P^._„

leading to the formula

i\r^^P.,^P.,,P,... =(P,^P.-P,,P,-i) (P,^P.-P,/.-i) (P,^P,-P,3P,-i) ...,

where

P^ = b (r^ 4,^ (2')}, [V, <!> ip,"'}},
[ro, 4> (^/.)j, . . . (r^ ^ {p,-^)\.

Thence

(P,^P. - ^„P.-l) {P,p - P,,P.-1) (P,3P, - P,3P.-1). .

.

the general expression for the number of periods in which the

"
ri*"' r.f' rj''. . . numbers

occur.

Observe that we may \vrite

Pr,P:-Pr,p.-i
»Sfr.P.,.,Plr Pa =n z— .

n ' 2 ~3 • • ;• Pi _ J- Pi -

1

The annexed Table embraces all moduli of the second and third categories up to the points

where moduli of the fourth category begin to appear. The smallest number belonging to the

fourth categor}' is 120 = 2\ 3 . 5.

The two categories are given separately and in a form to facilitate the verification of the

theorems given in the paper.



TABLES OF PRIMITIVE ROOTS OF CONGRUENCES

THE SECOND CATEGORY

g = J 2 J
Modulus o. g a S 3Kg Z Z

Z Oh

U e{M) 5 Pg 4>{S) Sj .Vj Primitive Boots of Congruence ^= 1

2^ 2 111111
2 4 1 3 3 3, 5, 7

213 2 111111
2 4 13 3 5, 7, 11

3.5 4 11111
2 4 1 3 3 4, 11, 14
4 8 2 2 4 2, 7, 8, 13

2' 4 111111
2 4 1 3 3 7, 9, 15

4 8 2 2 4 3, 5, 11, 13

2^.5 4 111111
2 4 13 3 9, 11, 19

4 8 2 2 4 3, 7, 13, 17

3.7 6 111111
2 4 1 3 3 8, 13, 20
3 3 2 1 2 4, 16

6 12 2 3 6 2, 5, 10, 11, 17, 19

2^7 6 111111
2 4 1 3 3 13, 15, 27

3 3 2 1 2 9, 25

6 12 2 3 6 3, 5, 11, 17, 19, 23

2.3.5 4 111111
2 4 13 3 11, 19, 29

4 8 2 2 4 7, 13, 17, 23

2' 8 1 1 1 1 1 'l

2 4 1 3 3 15, 17, 31

4 8 2 2 4 7, 9, 23, 25

8 16 4 2 8 3, 5, 11, 13, 19, 21, 27, 29

3.11 10 1 1 1 1 1 1

2 4 1 3 3 10, 23, 32
5 5 4 ] 4 4, 16, 2.3, 31

10 20 4 3 12 2, 5, 7, 8, 13, 14, 17, 19, 20, 26, 28, 29

5.7 12 1 1 1 1 1 1

2 4 13 3 6, 29, 34
3 3 2 1 2 11, 16

4 8 2 2 4 8, 13, 22, 27

6 12 2 3 6 4, 9, 19, 24, 26, 31

12 24 4 2 8 2, 3, 12, 17, 18, 23, 32, 33

2-.3- 6 111111
9 4 13 3 17. 19, 35

3 3 2 1 2 13, 25

6 12 2 3 6 .5, 7, 11, 23, 29, 31
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.*-. O

Modulus
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«

Modulus

M
3^7

5.13

2.3.11

2-^.17

3.23

2.5.7

3.5=

e{M)

6

16

12

10

16

12

20

p.

5

1

2

3

6

1

2

4

8

16

1

2

3

4

6

12

1

2

5

10

1

2

4

8

16

1

2

11

22

1

4

9

36

1

4

8

16

32

1

4

3

16

12

48

1

4

5

20

1

4

8

16

32

1

4

11

44

p{s)

1

1

2
o

O CO

(0 o

a <»

1

3

4

12

1 1

1 3

2 2

4 2

8 2

1 1

1 3

10 1

10 3

u
Hi

A'j Primitive Roots of Congruence a;5 = l

1 1

3 8, 55, 62
8 4, 16, 22, 25, 37, 43, 46, 58

24 2, 5, 10, 11, 13, 17, 19, 20, 23, 26, 29, 31, 32, 34,

38, 40, 41, 44, 47, 50, 52, 53, 59, 61

1 1

3 31, 33, 63
4 15, 17, 47, 49
8 7, 9, 23, 25, 39, 41, 55, 57

16 3, 5, 11, 13, 19, 21, 27, 29, 35, 37, 43, 45, 51, 53,

59, 61

16

1

3

10
30

1
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Modulas

2».19

e(2i)

18

7.11 30

2.3.13 12

5.17 16

3.29 28

2.3^.5 12

7.13 12

5

1

2

3

6

9

18

1

2

3

5

6

10
15

30

1

2

3

4

6

12

1

2

4

8

16

1

2

i
7

14

28

12

S
3

1

4

3

12

9

36

1

4

3

5

12

20
15

60

1

4

3

8

12

24

1

4

16

32

64

1

4

8

7

28

56

72

1

1

2

2

6

6

1

1

2

4

2

4

8

1

1

2

6

6

12

0) -)

as

1

3

1

3

1

3

1

3

1

1

3

3

1

3

1

3

1

2

3

2

1 1

1 3

2 6

4 4

8 4

o ^
CD 0}
•O >

1

3

2

6

6

18

1

3

2

4

6

8

1

3

1
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Modulus
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Uodalas

0{1U)

18

2.5.11 20

3.37 36

2.3.19 18

5.23 44

2».29 28

1

2

3

6

9

18

1

2

4

5

10

20

1

2

3

4

6

9

12

18

36

44

«

J3

a
a
Z
P6

1

4

3
1-2

9

36

1

4

8

5

20
40

1

4

3

8

12

9

24

36

88

0(«)

1

1

2

2

6

6

1

1

2

4

4

12

20

.2.2

1

3

1

3

1

3

1

3

2

1

3

2

1

3

1

2

3

1

2

3

II

1

3

2

6

6

18

1

3

4

4

12

16

1

3

2

4

6

6

8

18

24

1
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K

Primitive Roots of Cougruence a:S = l

1

53, 64, 116

16, 22, 40, 55, 61, 79, 94, 100

8, 44, 73, 109

4, 10, 14, 17, 23, 25, 29, 35, 38, 43, 49, 56, 62, 68,

74, 77, 82, 88, 92, 95, 101, 103, 107, 113

12 72 4 8 32 2, 5, 7, 11, 19, 20, 28, 31, 32, 34, 37, 41, 46, 47,

50, 58, 59, 67, 70, 71, 76, 80, 83, 85, 86, 89, 97,

98, 106, 110, 112, 115
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° 'a

C P3 ° =^ °§iIB tt^ fe '^ ^Co ^.2 ^ '^

Modnlus §, g S o 3'^

— &
z '^^

J/ C(J/) 5 Pj 0(5) Sj A'j Primitive Boots of CongrneneearSsl

213= 6 111111
2 8 1 7 7 17, 19. 35, 37, 53, 55, 71

3 3 2 1 2 25, 49

6 24 2 7 14 5,7,11,13,23,29,31,41,43,47,59,61,65,67

2^5 4 1 1 1 1 1 1

2 8 1 7 7 9, 31, 39, 41, 49, 71, 79
4 32 2 12 24 3, 7, 11, 13, 17, 19, 21, 23, 27. 29, 33, 37, 43, 47,

51, 53, 57, 59, 61, 63, 67, 69, 73, 77

2^.3.7 6 111111
2 8 17 7 13, 29, 41, 43, 55, 71, 83
3 3 2 1 2 25, 37

6 24 2 7 14 5,11,17,19,23,31,47,53,59,61,65,67,73,79

2111 10 1 1 1 1 1 1

2 8 1 7 7 21, 23, 43, 45, 65, 67, 87
5 5 4 14 9, 25, 49, 81

10 40 4 7 28 3, 5, 7, 13, 15, 17, 19, 27, 29, 31, 3.5, 37. 39, 41,

47, 51, 53, 57, 59, 61, 63, 69, 71, 73, 75, 79, 83, 85

2».3 8 1 1 1 1 1 1

2 8 17 7 17,31,47,49,65,79,95
4 16 2 4 8 7, 23, 2.5, 41, 55, 71, 73, 89
8 32 4 4 16 5,11,13,19,29,35,37,43,53,59,01,67,77,83,

85, 91

2113 12 1 1 1 1 1 1

2 8 1 7 7 25, 27, 51, 53, 77, 79, 103
3 3 2 1 2 9, 81

4 16 2 4 8 5, 21, 31, 47. 57, 73, 83, 99
6 24 2 7 14 3,17,23,29,35,43,49,55,61,69,75,87,95,101
12 48 4 4 16 7.11,15,19,33,37,41,45,59,63,67,71,85,89,

93, 97

3.5.7 12 1 1 1 1 1 1

2 8 17 7 29, 34, 41, 64, 71, 76, 104
3 3 2 1 2 16, 46

4 16 2 4 8 8, 13, 22, 43, 62, 83. 92, 97

6 24 2 7 14 4,11,19,26,31,44,59,61,74,79,86,89,94,101
12 48 4 4 16 2,17,23,32,37,38,47,52,53,58,67,68,73,82,

88, 103

2*.7 12 1 1 1 1 1 1

9 8 17 7 15, 4], 55, 57, 71, 97, 111

3 3 2 1 2 65, 81

4 16 2 4 8 1.3, 27, 29, 43, 69, 83, 85, 99
6 24 2 7 14 9,17,23,25,31,33,39,47,73,79,87,89,95,103

12 48 4 4 16 3,5,11,19.37,45,51,53,59,61,67,75,93,101,
107, 109
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XXII. On the Stahility of the Steady Motion of Viscous Liquid contained

between two Rotating Coaxal Circular Cylinders.

By K. Tamaki, Assistant Professor of Mathematics, Kyoto Impenal University

and W. J. Harrison, M.A., Fellow of Clare College, Cambridge.

[Received 27 July, 1920.]

Introductory Statement.

(a) The first part of this paper is occupied with a discussion of the stability of the motion

cited in the title. Mallock's experiments* in this connection are well known, and Lord Rayleigh-f

has given an interesting account of Lord Kelvin's observations on them. In Mallock's viscometer

the outer cj'linder was made to rotate, as it was found that the motion of the liquid was always

turbulent when the inner cylinder was rotated.

A theoretical investigation of the stability on the lines of the investigations carried out by

Reynolds and Orr shows that there is no difference in the relative stabilities of the two cases,

provided that in one case the inner cylinder has an angular velocity equal to that of the outer

m the other ease. The observed difference in stability must therefore be accounted for by making

the hypothesis that the same type of disturbance is not likely to be .set up in both cases, but that

the disturbances which arise in the one case are more* likely to cause instability than the dis-

turbances which arise in the other. Some investigations on this point are given in Part II. It

is clear that this discriminative action is a matter for hj^pothesis, or for experimental verification;

it cannot be inferred from the hydrodynamical equations.

Criteria are obtained analogous to those given by Reynolds and Orr for other types of motion.

(b) In the second part of this paper, in addition to the investigations mentioned above,

a note is given on a criterion suggested by Lamb.

An investigation is also made into the effect of proceeding to a higher approximation on the

usual criterion for stability. It is thought that an explanation may thus be found of the dis-

crepancy between the conclusion arrived at by RejTiolds that a certain degree of viscosity is

necessary for stability, and the conclusion of Lord Rayleigh that certain steady motions of a non-

viscous liquid are stable.

* Pruc. Roy. Soc, vol. xlv. p. 126, 1888. t Phil. Mag. (6), vol. xxvm. p. 610, 1914.

YoL. XXII. No. XXII. 56
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PART I.

By K. Tamaki.

Since Osborne Reynolds found that the steady motion of viscous fluid passing through a

circular pipe becomes unstable at a certain critical mean velocity of flow, the question of stability

of the steady motion of fluid has been attacked theoretically by several eminent authors. Pro-

fessor Orr discussed this problem thoroughly in his paper, " The Stability or Instability of the

Steady Motion of a Perfect Liquid and of a Viscous Liquid*." He obtained the minimum critical

velocities in the cases of flow between two parallel planes and flow through a circular pipe by

substituting some differential equations for Reynolds' discriminating equation in integral form

determining the critical velocity. So far as the writer is aware the case in which one of two con-

centric cylinders is rotating steadily while the other is fixed has not yet been investigated. The

aim of this paper is to investigate this case, applying Professor Orr's method.

If we confine ourselves to a consideration of the two-dimensional motions of a viscous fluid

we have the following equations of motion, namely

dt dx c^y p\ c'-'' ^y

dv dv dv 1

dt ox oy p dx dy

•(1),

where p is the density of the fluid, u, v the components of velocity and ;j„, /jj-j,, p,,

ponents of stress.

tht

Let U, V be the components of velocity and Px

fluid when its motion is steady, then by (1) we have

P^y, Py,, the components of stress of the

dx dy p\ dx dy J

p\

dV 1 /ap,

dy

yx

dx

.(2).

dy

9-P;/.i

dx ' dy p\ dx ' dy

Now let u, V be the components of velocity of the turbulent motion and /)j.

components of stress due to it so that U + n, V + v, and P^x + Pxx< Pxy+Pxy, Pyn + Pyy are the

components of velocity and of stress respectively when the motion of the licpiid is disturbed from

its steady state. Then substituting these quantities in (1), we get

the

^ {Pxx + Pxx) + ^ (Pxy + Pxy)

dx
(i'xy + Pxy) + ^APy + P!..)]

Subtracting equations (2) from the corresponding equations above written and neglecting

the squares andjproducts of u, v we get

du dU dU ,,du „au
dt^
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Multiplying (3) and (4) hy pu, pv respectively, adding and integrating throughout the volume

if any portion of the fluid we get

l)
f ^"" + "-^ '^^ = -

j
P"'

I" a7
+

" ay j
^^ -

'
P' (" a^

+
" sv)

^"
Si 2 J

-\pu[
ox oy)

3a; 3j/ / \ 3a; 3y

3,y.

da- 3^/

(^7

where dr denotes an elementary volume.

Integrating by parts the integrals on the right-hand side of the above equation we get

I \\p *^"' + «°) ^^ = -
1 jp

(«' + ^') ( ^^ + ^"0 ^^

+ [W (p.rx ^ + Pa:;, »0 + V (p„ ^ + p^,, m)] C^iS

^K"9^- + "3l/)^ + K- Z' ^ + ^^"^ + ''37
F

1 /•
, „ „, /30^ 3F\ ,

rf 9« 3ii /3w" 3«
^^^

3a; -^P'^v^l+Pvi,
dv

dx dy
Adr,

where I, m are the direction cosines of the normal drawn outwards to the surface element dS.

The first integral on the right-hand side of this equation represents the rate at which the kinetic

energy of the turbulent motion is convected into the volume considered and the second integral

expresses the time rate at which the stress due to the turbulent motion does work on the fluid

in this volume. In some cases we can choose the boundary surfaces so as to make the joint effect

of these terms cancel. For example, let us supjxise that the fluid is flowing between two parallel

planes y = ±h and the turbulent motion has a wave-length a with respect to x. Then by taking

y = + 6, a- = a;, a; = a; 4- a as the boundary surfaces we can satisfy the condition of the cancelling of

these terms. Therefore let us suppose that we have chosen a closed surface so as to cancel this

joint effect. Then we have

31

dt

3 d\„ [ d d
U \U^^ +V;^ ] U +v{Uir- +V ^

dx dyj \ ox oy.
^jp{u-^v-)dr = -jp di

Since we have

-/
3it dv fdu dv\~\ ,

3^ + ^/''l3a; + 3-^JJ^^
.(5).

2,. „3«\

/dii dv

P^'y^f'ldx + ^y

•(6),

56—2
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where jx is the coefficient of viscosity and q the velocity vector of the turbulent motion, (5) may

be written

81 r, i \ ( dU dU\ ( dV dV\\,

+ -^jpq'divQdT

+
I

p' div qdr (7),

.(8).

where Q denotes the velocity of the steady motion and

P =p + 7j.diyq

The expression (7) gives the time rate of change of energ}- of the turbulent motion and we

see that whether the disturbance from the steady motion increases or decreases depends wholly

on the sign of the whole expression. Hence if for a given steady motion we coiild find the lowest

limit of /i for which it is possible to choose q so as to make the expression (7) zero we could find

the critical velocity for a given value of /j..

Now putting the right-hand side of equation (7) equal to zero and integrating by parts the

integi'als except the second, we get

dV dV\ I dU dV\]

dx dyj \ dx dy

+ \^p{iC- + i^)d\\-QdT

+ |[«(v»u + ^^div^) + .(V'

-kfx^-iy-^'

\( dV dV\ ( dU dV\
dr

1) + ^ div q
By

where

Hence we must have

1

I

-9.P

I dU dU\ { du dV\ ,. ,r\ /_, ,
a ,. \ dp'

f dV dV. ( dU dV\ -. ,, /_.
, ^ y \ ¥

dy J ' V dx ' " dy

If the fiuid is incompressible these equations simplify into

2/tV=)(-p

2fiy-v

(u— V—] (u^— v'^^^
\ dx dij J V 9*' dy

("

dy

dV\dV dV\ f dU dv
dx dy J

-=)¥
~^da-

dy

.(9).

These arc Prof Orr's equations extended for the case in which the steady motion of the

fluid has )/-coiii|)ont'nt as well as a;-conq>iiiu'iit of velncity.



THE STEADY MOTION OF VISCOUS J.1(,)UID, etc. 429

It is well known that when one of the concentric cylinders is rotating with a constant

velocity the stream-lines are concentric circles and the velocity is given by

r
.(10),

where A and B are constants determined by boundary conditions. Hence transforming from the

rectangular coordinates x, y to the polar coordinates /•, 6 and expressing the radial and tangential

components of the turbulent motion by u and v respectively, equations (9) may be written

2m

2uV^
du.

Eliminating p between these equations we get

dV
dr

' 1] = .->^^P

r -^ rdd

•2uV'
dv V I 3m

dr
+

d9 -P
dF ,Ja du \dv\ =

where we put

F--
dV

"

dr

Making use of the equation of continuitj?

du II 1 dv

dr r r da

and substituting the value of V given by (10), this equation becomes

_,/9i' V Idu

''^'[d-r + i-rde.
2pA ( dv\

,,

From (14) we see that we may use the stream function '{r defined by

1 9\|r d-^r

.(II).

(12),

.(13).

.(14),

,.(15).

.(16).
r de

' " dr

From the nature of the problem it is natural to assume that x//- varies as e'''^, where X. denotes an

unknown integer. Then (1.5) may be written

k fl d'
V^t + ;!i(^-^)t = (17

k =
.2XpA

where

Expanding V^yfr, (17) becomes

d'yir 2d'f I + 2A,-(^=i/r lj-k+2Vdjr k - 4\- + X.^

.(18).

dr^ r dr''
+ + -

•f = .(19).
r- dr" r-^ dr r-

This is an homogeneous linear differential equation of the fourth order. Therefore assuming

.^ = ,.™+i
(20),

we get the biquadratic equation

m^-2(l+X-)«r-A.7/i + (I-\=)- = (21),

to determine the values of in.

Since the coefficient of m? is zero we can assume as the roots of this equation

Hj,,=^-|-s, nu =p — s, ni3 = —p + (T, ini=—p — <T (22).
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Then the equation (21) gives the following relations

2;)(s=-o--) = A- • (23).

{p'--^){p"- -<!')= a -x^r]

Since the disturbed motion must have the same velocity on the surfaces of the cylinders

r = a and r = h as that of the steady motion, assuming that the angular velocities of the cylinders

are maintained constant, the velocity of the turbulent motion must vanish on these surfaces.

Hence the boundary conditions are i/r = 0, ^ = when r = a and ;• = b. Putting

,|r = fl,r'"i + l + a,,r"'-^ + ^ + a,r"'5+i + a,/"^^i (24),

where o,, a,, a,, at are constants as yet undetermined, the boundary conditions become

«! a"' + a. a'"-' + a, a"'' + a, a'"* = 0,

a. b'"' + a, b'"- + a, b"'' + a, b'"^ = 0,

a, ?;ij a"! + a., ni., a'"-' + a^ //;-, a'"^ + cu »U a"'* = 0,

o, in, b'"' + a, nu 6"'-' + o-, m, 6'"^ + a, m, b'"' = 0.

Eliminating a,, a«, a^, a^ and substituting the values of ?«,, in^, m,, m^ we get

[ip- -{a- sf] [«''+»6-"'+»' + a-<'^+«' ft'+'J

- [ip- - (o- + s)-] [o'-"?)-"^*' + a- '"-"ft"-*]

-\<Ts{a?Pb-'f + a-^b'i') = (2.5).

This equation is satisfied by putting*

2^ = 0- + *- (26).

In order that this relation (26) maybe consistent with the first two equations of (23) mthout

destroying the relation

nt, + »H., + m^ + nii = 0,

we must assume

0- = i'a + y8, s = - m + 7 (27).

Substituting these values of o- and s into the first equation of (23) we have

2 (p- - a-) + ^' + r + 2/a (/3 - 7) = 2 (1 + \=).

Since the right-hand side of this equation is real we must have

/3 = 7

as far as we consider p, o, /9, 7 as real quantities. Then (26) and (27) together with this relation

give us

^ = 7 = /),

and consequently we have

a=p + ia, s = p—ia (28).

• Equation (25) can be satisfied by assuming 2p= <t + s, 2p = <r -s, '2p= - (ir + s), 2p= -(a - >). But we can easily see

that we arrive at the same result by making any one of these alternative assumptions.
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Substituting these values of cr and s into (23) we get

-Siaf-=k (29),

2f-oe=\ +X- (30),

a^a? + ^f) = {l--S?y (31).

Solving for a- and p- we obtain

a= = |[-(l+\=)±2Vl-\= + V] (32),

p= = |[l+V + Vl-\2 + V] (33).

If we put \ = I in (32) we have

tf = ^(-2±2),

therefore we see that we must take the upper sign in (32) and (33).

Substituting the valifes of ^•, a and p in (29) we obtain

/.= ±-"^^ ^^-'
. (34),

the positive or negative sign must be taken according as A is positive or negative. As \ increases

from zero to + 1, /t increases from zero to infinity and then it gradually decreases to zero as X

increases. For a disturbance which is independent of 6 the motion is accordingly always stable.

For one particular disturbance depending on cos (^ + 6) only, as regards 6, the motion is unstable

for all values of fi*. Taking X = 2, we get

P~= ±4-924 (35).

This coiTesponds to a much lower critical value of the velocity than the critical values obtained

by other authors in the cases of flow between parallel planes and through a circular pipe. As X

is increased the critical value of — is increased. Thus there is an inherent instability for any

value of /x if a particular type of disturbance is set up by itself The ditficulty which arises lies

in the fact that this instability is only in evidence when the inner cylinder is rotated.

When one of the cylinders is rotating with a constant angular velocity w while the other is

fixed we have

A = ^P^, (36),
0- — ur

where the upper sign is taken when the rotating cylinder is the outer one and the lower sign when

the rotating cylinder is the inner one. Hence for both cases we have the critical angular velocity

as given by

4-924 (37),
a? b- asp _

{b- — a")
fj,

when X = 2.

Thus we see that the stability of the steady motion is the same whether the outer cylinder

is rotating or the inner cylinder is rotating if the angular velocities are equal in the two cases.

* It is observed that a disturbance of this type is likely to be set up if the axes of the two cylinders are parallel but

not quite coincident.
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PART IT.

By W. J. Harrison.

(I) Using two-dimensional polar coordinates (r, d), let V be the velocity in the steady motion

of the liquid at any pomt between the cylinders r = a, and ;• = b, then V = Bjr + Cr, where B and C

are constants.

Let the velocitv of the liquid in a disturbed motion be («, V+v). We obtain the dis-

criminating equation by writing the right-hand side of equation (7) equal to zero. Thus

II /x be greater than the value determined by this equation, the assumed type of disturbed

motion must depend on the time in such a way that its kinetic energy will decrease.

(1 ) If F = 0, ?• = a ; r=bm„,r = b; then B = - a'¥o)„/(¥ - a").

(2) If 7 = aw, ,
?• = a ; V = 0, r=^b: then B = a-b-co,!'{h- - a-).

In both cases, m, v being derivable from a stream function \|a, -v/r = and —;=0 at r=a, r=b.

It is clear that the critical value of /x is the same both for (I) and (2), if a>^=w^, for a given

disturbance. Hence the greatest value of /^ for which instability is possible is the same in both

cases, if Wo = '»i- This is the conclusion amved at in Part I, where the maxima values are

obtained, following the method of Orr.

To pursue the question further it is necessary to follow the method of Reynolds and assume

a particular type of distui-bance.

1 d"^ _ dyjr

Let " = ~
r ai9 '

'' " ?^

'

where yjr =/"('") cos »i0 + Fi>') sin n0, and i) is integral.

It is necessary that

f(a)=f(b) = F{a) = F(b) = 0,

f'{a)=f'{b) = F'ia) = F'(b) = 0.

The discriminating equation becomes

^ f [4«Mr/'(r)-/(r)!»+ 4n» [rF' (r)- F {>)]' + {>"/" (r)- rf (r)+n\t (r)p

J a

+ y-F" (r) - rF' (r) + n'F (>•)]']
"^J

= 2^p„f'\F(r)f'{r)-F' (,)/{,)]
J ir

dr
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It is assumed in the first place that f{r) is of the form ri' (r - a)- (r — bf, and that F{r) is of

the form ri{r-a)-{r -hf. For purposes of numerical calculation a and h are taken to bo equal

to 1 and 2, respectively. The results of calculation are shown in the following table:

Critical Value vf2Bp/fj,.

n
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Minimum Critical Values of 2BpjfjL.

n = 1.

d
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Even with these simple types of disturbance the labour of calculation is considerable. It

will be observed that the theoretical minima critical velocities obtained in Part I are not

approached. The very low limits obtained tht-re for the critical angular velocity is evidence of a

certain inherent instability. It is, accordingly, inferred from the experimental evidence, that the

special types of disturbance corresponding to these limits are likely to be approximately set up

when the inner cylinder is rotating, but not when the outer cylinder is rotating.

(II) It is stated by Lamb* that the motion in which the inner cylinder rotates and the

outer is at rest is necessarily unstable, since other distributions of velocity than that in the

accepted state of steady mcjtion are possible which have less kinetic energy for the same angular

momentum. The author can find no trace of any formal treatment of this point, so that some

consideration of it ma}' not be out of place. He has also been in communication with Prof Lamb

on the subject of this remark.

It is a simple matter to show that it is indifferent which cylinder is made to rotate; other

distributions of velocity can be found which give less kinetic energy for the same angular

momentum.

Let the velocity of the liquid be v = f{r), where ; is the distance from the common axis of

the cylinders.

The angular momentum = A = \ 2-7rpr-f{r) dr.
-' a

The kinetic energy =^=( Trprf-{r)dr.
a

Writing r- = x, rf(r) = F(.r), we have

f''
AJTTp^ F{x)dx,

J a'

f'' dr
' '

2r/7rp = F' (x) — . I

.' a'>
*' '

We wish to find the form of F{a;) so as to make Ta. minimum for a given value of A , subject to

(1) i?'(aO = 0, r = a,

F{x)=bV, r = b,

or (2) F{x) = aV, r = a,

F{x)=0, r = b.

„, , ¥(x-a')V
In the actual motion (I) r {x) = j-,

{b--d')x^

{b--a?)x^

Using the method of the Calculus of Variations, we must have

/,
'''f{x)v^ = 0,

irhere ?? is any function of x satisfying 7)dx= 0.
J a-

* Hydrodynamics, 4th Ed., p. 655.

57—2
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The solution is F(x) = 7^, where X is a constant which can be chosen so as to satisfy

^4 irp
J a-

x) d.r.

The boundary conditions cannot be satisfied using this form for F(x), but by taking

F(x) = \a;vre obt^iin the lower limit towards which the kinetic energy may be made to approach

when the conditions are satisfied by taking a distribution of velocity which differs from that

given by F{x) = X^r, only in the neighbourhood of r = a and /• = b.

In the actual motion '(I")

A^ _ 26^ (b - a) (b + 2(t) V
irp 3 (a + 6)

iirp

Taking F (x) = Xx, we find that

rb-

IJ a

ibHb + 2a)V
\xdx = Alirp, if X

•i{a-+b-){a + h)-'

With this value of \

/:

*"
^o^^ = Sb*{b + 2a)Hb-a)V'
^

.r 9 (a- + b") (o + bf

= ri2-rrp.

where T' is the kinetic energj' in the hj'pothetical motion.

The relative values of T and T are indicated by the data given in the following table

5 = 3a
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If the difference between T and T' be accepted as a criterion of instability, the motion

when the inner cylinder is rotated is much more unstable than when the outer cylinder is

rotated, and the tendency to instability increases as the distance between the cylinders is

increased. On the other hand when the outer cylinder is rotated the tendency to instability

should increase as this distance is diminished, which is contrary to usual experience.

This criterion is independent of the degree of viscosity of the liquid, and of the ano-ular

velocity of the cylinder, and therefore falls into an altogether different category from the accepted

criteria for other modes of motion.

(Ill) Reynolds, in the course of his investigations, obtains the equations which determine

the effect of the turbulent motion on the mean-mean motion which, in consequence of the existence

of the disturbance, differs from the steady motion. But, if reference be made to equation (64)

on page 572 of Reynolds' Scientific Papers, vol. il, it will be seen that he finally neglects terms of

the fourth degree in the velocities of the relative-mean motion, thereby reducing his work in the

end to a consideration of small disturbances only, and consequently his results differ in no respect

from those of other investigators Avho make this simplifying assumption from the start. His

criterion, therefore, refers to incipient turbulent motion only.

If the neglected terms of the fourth degree be retained in the discriminating equation, the

condition that the kinetic energy of a given type of initial disturbance is stationary becomes of

the form AUc = B/x + G/fi, instead of A Uc ^B/j,, where, in the case of flow between parallel

planes, U,. is the mean undisturbed velocity. A, B depend on the square of the velocity of the

relative mean motion, and G depends on the fourth power.

The effect of the additional term C/fi is easily seen. For given values of
fj,

and U,., an

upper limit is set to the amplitude of a given t3'pe of initial disturbance in order that the

kinetic energy of the disturbance may increase. If the amplitude is greater than this limit the

kinetic energy must decrease. Further this limit may be made as small as is desired by

sufficiently deci-easing /x.

It would therefore appear that the results of Reynolds' investigations are brought into

agreement with Rayleigh's conclusions for a non-viscous liquid, namely that, the steady motion

of an inviscid liquid between two parallel planes is stable subject to the condition that -^ is

one-signed, where U=f{z) gives the distribution of velocit}' in the steady motion and the

boundaries are parallel planes pei'pendicular to the axis of z.

This question has been discussed by G. I. Taylor* with the result that Rayleigh's conclusions

are verified by means of entirely different considerations. At the same time Taylor maintains

that there may be a finite difference in behaviour between a perfectly inviscid liquid and one which

has an infinitesimal viscosity. It would appear from the considerations given abo\'e that this

need not be inferred from the discrepancy discussed in this section, since this discrepancy is

apparent only, and arises from a premature approximation.

• Phil. Trans. Roy. Soc, vol. 215 .i, pp. 23—26, 1915.





XXIII. On a General Infinitesimal Geometry, in reference to the

Theory of Relativity.

By WiLHELM WiRTiNGEK (Vienna).
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The purpose of this paper is to study some ideas suggested by the infinitesimal geometry of

Weyl*, especially his ParaUelverschiehung , in the most general form, as I believe, in accordance

with present-day needs. The form adopted may be too general for immediate application to

Physics; it is general enough to provide for a great variety of possibilities of experience in Physics

and Astronomy.

1. We take n variables, a'„(a = l, 2, ..., n), to which we apply all point-transfor-mations

iCa = <}>a (a;p')) whose Jacobian does not vanish. We take a second system of variables, ^^ (a = 1, 2, . .
.
,m),

transformed like the differentials dx^. A third system of variables, denoted by u^, is also used,

transformed like the differential coefficients dcj>/da\, where
<f)

is any function of the «„. Thus,

denoting the transformed variables by an accent, we have

^^d^^'' "'=d^''''
• (!>

wherein, after Einstein, the sign of summation is omitted; this is in regard to repeated indices.

We consider one or more systems of variables like the f", say rj', 5", and one or more systems

like the «„, say, Va, lUa. The group of point-transformations of the a;„, mentioned above, and its

extension to the ^'', m„ given by (1), we call P.

The Xa, being varied infinitesimally (or differentiated with regard to a parameter), the

variations are like the f", and may be so denoted. We consider corresponding differentials of the

f" and M„, say, rather, of the t?" and «„, denoted by B(rj'^, SfV„, whose transformed values, in

accordance with (1), are given by

«'••''- '5'
»"'n-S;f''' <''•

2. If a new system of variables be such that the Bfrj', Bcv' are zero, we must have

»"—$01.fv »)•

^f V. = - 3"^ o~>o^ ?^y
dXa oxfi dxs

Thus the S^^'^ are symmetrically bilinear in the ^, •»?, and we may put

Sf'/''=%/r (4).

From the identity

d / dx, dxji'\ _ d^Xa dxt! dx^' dxa d-x^' _ .

dxs\dx^' ' dxyj dxfs'dx^ dx^ dxy dx^' dxydx^

H. Weyl, Uatkematiache Zeitschnft, ii. (1918), pp. 394 ff.

Vol. XXII. No. XXIII. 58
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we then have ^f''a~ ~%J'b^^ ('^ ")>

with fl°

av^,=-"^v3^ (•')'

for determination of the new variables x^\ and the conditions of integrability

dot da..K^=^-^ +<< -a'La' =0 (6).

If the a't satisfy these conditions, the xj , defined by (5), transform the 6(7]", B^i\ to zero; all

systems xj of this kind are transformed together by an ordinaiy linear substitution with constant

coeflBcients, and are therefore affin together. It is remarkable that (6) is only a consequence of

the behaviour of the Sf 17, S(V under the transformation P, without any other assumption for these

variables.

We may also introduce the Bft), B^v by extension {Erweiterung) of P, in the notation of

S. Lie; for this we should consider the x^ as functions of two parameters, say t, r, and then

consider the transformations of the d-x^jdtdr, like the 8^17", and of 9 (3^/9a;.)/3T, like the h^v^.

3. A more intuitive, or geometric, interpretation is obtained by regarding the «» as Gauss

parameters on a manifoldness J/„, of n dimensions, in a linear space of m (> 11) dimensions. There

is at any point, 0, of Mn a linear tangential manifoldness, En, in which is a bundle of rays

touching Mn at this point; in En is also a bundle of En-x passing through this point. The 77" may
be taken for homogeneous coordinates of the rays, and the !'» for the dualistic coordinates of the

En-i. An infinitesimal dislocation of the point of i¥„ varies the ??" and «»; the infinitesimally

neighbouring elements have the coordinates 1?" + Sjt;', v^ + B(V^.

Now let us imagine an observer at the point of J/,,, who has a memory. Along the different

77", Va come into his mind the "events," or some indications of the events, in the world of the x^.

In the space of the 77", «, , that is in the bundle of which is the vertex, he can and will establish

a projective geometry, and order his impressions in accord with this; this geometry will apparently

be independent of the special system of «»• If his position on the M„ is (infinitesimally) changed,

his sj'Stem of 77°, c. is varied; if the S77, Sv are in agreement with the conditions (5), (6), he is

able to describe that variation, which is all he can obseiwe, by a particular system of a;., in which

the Si}', Bva all vanish. If he describes a curve in the world of the x, , his impressions may be

described by representing the single 17'", «. as functions of a single parameter; if a group of events

shews the properties of a transformation-gioup of one parameter, he will put this group into the

normal form, where the parameter is additive. If wo take n = 4, we have a three-dimensional

intuitive space vnth projective geometry, and an additive parameter like our old-tashioned notion

of time. The parameter t, mentioned before, may be derived from the apparent motion of the

fixed stars in the sky. It is remarkable that there is no need for the assumption of a metric

geometry. We may call the theory of the events in the (77°, y.)-space, subjective physics, thus

distinguishing from objective physics in the world of the *•«• In mathematical terms, perhaps

the weightiest reason for a real objective world is the possibility of describing in terms of some

Xa the phenomena subjectively observed in the 77°, i\, which are the only phenomena we are able

to receive.
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4. If we accept this point of view, there is an interest in developing a hypothesis for the

SfT/", S^Va ample enough for a reasonable theory, but capable of analytical treatment. We may

consider in the (t^", y„)-bundle, with as centre, the £'„_i-elements consisting of a ray, of coordinates

7/°, with an incident En-i of coordinates v^, so that t/'iv = 0. These elements form a M^n-s- If

is moved, the £'„_i-elements may remain elements of the same kind, undergoing a contact-

transformation, in the sense of S. Lie.

Denote the differentials of i?", Va, in the 0-bundle, by d-q"^, dv^; and the variation caused by

the variation of ,<„, by St;", Sva- The signs d and 8 are commutable, and the conditions for a

contact-transforvMtion are

hi (v'dv^) = Bcn^dva + v' B(dva = pri'dva + a-dtj'Va (7);

but, from r}''dv„ + dr)''v^ = (7a),

we have BfV^dT]' + VaS^drj' = — prj'^dva — ad-rj'Va (76),

and we have BiV°'Va + v'^B^Va = (7c).

The Sf?;", S^Va are linear homogeneous functions of the ^'', as are the p and tr. The 8(7]' are

homogeneous of order one, not necessarily linear, in the tj" ; and are of order zero in the Va- Vice

versa the h(V^ are homogeneous of order one in the «„ and of order zero in the t?". But p, a are

homogeneous of order zero in both kinds of variables t), v. All this is in accord with the trans-

formation formulae (2).

Following Lie we put ?7'"Sfi;,= 'W{x, 77, v, f) (8),

so that W is homogeneous and linear in the ^'•, and of order one in 7;*, v„. By differentiation

we then have

s^^
-^^"^ + v ^•

dW(x,Ti,v, ^)_ , dB(V^

dV^
'^

dv^
^^'''

using the equations Ofrt?;" = .
^

aif + -^— av^,

substituting in (7), and comparing coefficients of d7i°-, dv^, we find

Biv.J-^-^^^^-av. (9a);

if these be used in (7), (7 a), Euler's theorem of homogeneous functions shews that there is no

other condition for the functions W, p, a.

Without essential modification, we may put W + p.ri''Va in place of W, and so make p = <T.

Then W is unique. And finally we have

^ dW (x, Tj, V, ^) , >-N „

^iV''
=

a + P ^^' '?' ^' ^) '' '

^ dW(x, 7], V, P)
, f., ,,„,

B(V,=
3 .

- - P i.^' V, V, ^)Va (10).

58—2
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The formulae (10) satisfy the most general assumption for a ^-transformation effecting a

relation between the infinitesimally near bundles (0) and (0), subject to the contact condition.

In particular, partial differential equations, and their solutions, remain such.

By a transformation of the group P we have

p'(x',7i', v, ^') = p(x, 7), V, f) (11);

thus W can only be transformed to zero if it is linear in r), v, f and symmetrical in regard to

T) and ^; the equations (6) then give the conditions for the vanishing of 8^77°, B(Va in a particular

system of coordinates.

5. We consider now homogeneous, but not necessarily rational functions, of one or more

series of variables rj, v
; f, w, also depending upon the .r, ; denoting such a function by

T{x, Tj, V, f, w, ...). On account of 7;"?^ = 0, ^"w^ = 0, etc., the operator

@T=^- (12)

is an invariant, and its repetition leads to forms invariant for the P transformation. A canonical

form can be reached by applying the well-known Clebsch-Gordan expansion. The contraction

( Verjiingung), of the usual tensor-analysis, is a special case of this process. The process can only

be repeated a finite number of times when T is an integral rational function. This was remarked

by F. Klein.

We consider the behaviour of T caused by a displacement of 0, after (10), given by

«.-=a?f-^/-"^-^i^«-^r-''^%#^-^'-"-«*"-''»^ »-»•

m denoting the degree in ?;, and /x in v.

The vanishing of SfT, for every f , is the condition for the invariance of T by every displace-

ment. With a given function W, which only affects the proportions of the j?», y„, we can, by

choosing p conveniently, make any function T invariant ; that means an adaptation of the direct

measures of the 17°, v^ to the transformation W. The geometry of Weyl is obtained if for T we

take the usual d^, with p independent of 77, v. This measurement cannot be applied to the

elements of T= 0, in perfect accord with the behaviour of the usual measurement for d^ = 0.

6. We now combine a displacement f" with another one, ^'', and find

vp r.m ^rp

Sf8fr-8f8fy'=^^(8j?°-Sfr«)-hJ^(8fS47?^-8,8i7;^) + ^(8fSfy,-Sfg^r,) (14),

which is evidently an invariant in regard to P. After some easy calculations we find, for the

behaviour of the single terms on the right side, umltr P, the equations

(8^8,7,''-8f8,7,-)' = ^'(8f8f7,3 - ^(hf) + ^^^^^'-{^<^'-^(^').

(8,8,.. - B,B,rJ =^ (S,B(V, -
8,8,.,)+JJ^^^ v, (B,^ - B.^

(8<r-8f?'')' = ^;'":'(8,P-8,r'') (15);

with these we can establish the invariance of (14) by direct computation.
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7. The expression in (14) is in a very close relation to the behaviour of T, when describes

a small closed path back to its original position. To develop this relation we write more explicitlj-

S|7?«=V(«. '7.^')P. Vv=r.g(x,7;,i;)p (16),

and put x,= x^' + rt^, (s),

where the -^^is) are periodic functions of s, with the period 1, and yfra{()) = 0, and ?• is a real

variable confined to a sufficiently small interval containing zero. When s varies from to I, and

?• is small enough, the a-„ describe a small closed path from and back to Xa". For the t;" and Va we

have the ordinary system of differential equations

^=rZ,^(x,v,v)^,'(s), ^ = rV^,(a,r,.r)ir,'{s) (17):

the Z, V, yfr being supposed regular in a small, but finite, neighbourhood of t;*, vJ', x^" and 0, we

can develop the ?;, v in series of powers of the parameter r. If

7;« = •?;'' + rT?!* + r-7/./ + J"-!;-" + . . .

,

Va. = Wa + '"I'la + vH^a + vh'.^ + ...,

we find, comparing the two sides of the differential equations, the recurrence-formulae

¥= r^^&^i/'<')' 'i-r^^^^i*'<^^ <->

which shew that we can compute the 77^", Vpa, step by step, by simple quadratures.

On account of the initial conditions j;** (0) = v^t (0) = 0, for every k ; thus

Vi'{s) = ZB'iaf>, n\ vo)f^(s), i;,.(s)=F„g(.7-», V, i;'')A|r3(s) (19);

from these, bv substitution and integration, we find

Thus, if we put £b** = ;-
I -^Jriyfr^'ds,
J

we have &)°^ = — o)^*, and the first terms in our series give the well-known expressions whose

vanishing are the conditions of complete integrability, which is instructive, (16) being general

differential equations.

We may, further, suppose the x^ to be functions of the parametei's, Ti, t„, such that they

describe an element of surface bounded by the path of integration, and then consider the limit

of the quotients of the first terms by the integral IdTidT,, extended over this element. Writing

x^, Tj", etc., for Xa", 7?°, etc., these limits are

1 fdZp' ^Zf- aZ^- SZs» 7 ^ ^ a^3"V 6Z,'^ \^{x,,xi,)

2 Va^~ dx, + a^v ^« -
a^y

^^'^+
^,,^

^-^^
a., ^''^)

dir,, t,)
'

^„j 1
fdVa» dVas

,
aF.g 8Fa5 aF,p. dV^j^ \ d jxj, x^)

which are evidently transformed by the group P respectively like t?" and ;v-
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As the dxJdTi,dXa/dTi are transformed like the t)', we may -vvrite for them f', f" ; then, intro-

ducing two new variables 4"°', fa, the former like j]', the second like i'„, we infer that

2 V c.fo ox^ dfjT OTjy avy cVy /

= J/^3/;(^«r''-Pn = ^(-''. r,, v: ?, ?,/) (21a),

2 v da;{ ox^ erf &if di\ oVy I

= X,,,^M?'r'-P?*) = iV(a-, »,, «; ?,?,</» (216),

are both invariant under the transformations P. These expressions M and jV are the immediate

generalisations of the well-known Riemann-Christoffel curvatui-e tensor.

8. We may also remai-k that, when the a-„ describe such a small closed path, any form T

undergoes the variation

g^j;;(Pr«-pr')-Hg.v.,,(^^?^-pr^) (22),

which is also invariant under P.

Referring to formulae (15), the J/, iV are

.1/ = (8^8^77° - hh ^').u - Zs^-h (2fp - Sf r^v

:V^ = (SiS^«.-SfSfO<^--F„3<^«(8fP-Sf?3) (23).

iind we may also remark the generalisation of the usual covariant differentiation

f^?« + |^Sf^ + |^8ff3 (24),

and an analogous formula for several pairs of variables like rj", v^. If the M, N are identically

zero, the system of total diiferential equations

d7)°- = Z^''dx^, di\ = Va»dxf, (25),

is completely integrable, and the j?", v^ may be represented in the forms

r^' = <i>''{x,x*,r)*,v*), v.=fa{x,x*,^f,v*) (26),

so that the rays, and the i^„_, of an 0*-bundlc, at x^*, change into the rays and the E^-i of an

0-bundle at x,, independently of the path described, in the manner of the parallel-displacement

of ordinary Euclidian geometr}\

If we now suppose that only the ratios of the t;", v^ are independent of the path, the meaning

of the M, N shews directly, and computation confirms, that

Mfp = v'<'iB (^. V> v), ^as» = v^bsfi (x, r}, v),

wherein the a, b are homogeneous functions of tj', y. of zero degree.

With the operator arising from (24)

( )« = 5?- + ^.^L+^«^i ^27),
3*. ° dr)^ dvi

'fi

we have (if;), ^ (M;,), -f (Jr,)^ = '^ Ml + '^- M]^ + '-^ Ml

with an analogous formula obtained by changing M, Z into N, Y, respectively.
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9. The formulae of §§ 7, 8 do not assume that the S^??", S(Va belong to a contact-transformation,

and are quite general. If we assume this, and put

W (x, r,, V, f) = W. (x, V, u) f«, p (x, r,, «, ?) = p. (x, -7, «) f« (29),

we obtain 2^' = - -^ + p^v", l^as = ^-PB'K (HO),

and .¥" = a.^^^-^g^ + p.,,»), .V„ = o,^^ (^^f - p,, .,) (31),

where 11^^= - 3— + tt v\

^ a^ _ apa 9(P3. Ws) _ d (ps, Wb) ,.,„,

P^^
dxe dx^ d{Vy,v^) d{Vy,v'')

^^ ^'

If describes an inhnitesimal closed path, there arises an infinitesimal contact-transformation of

the (tj, v)-space, defined by the characteristic functions

n=m^ms^, i); = /Da^a)^'^ (33),

and we can also write

^ ^ '^ dxs ^ dxs

d W{x,v,v,&) dW{x,v,v,^) _ dW (X, 7], V, ^) dW{x,7],v,@)
"*"

dvs dj}^ dvs dv^

. 8p (x, V, V, ©) 5 dp (x, V, V, ?) _^j dp {x, T], V, @) dW(x,v,v, g)

_ 3/0 (x, r), V, Q) 8W (a;, ??, d, g) _ dp {x, rj, v, Q) 8F (a;, i?, v, g)

at»5 897* a»;* dvs

dp (X, 7), V, ©) aw (a:, T), V, g)

d??* dv^

the n and i? being invariant under P.

Direct computation gives

(^sp),+(^^.)6+(n,5)^=o,

(pa,)» + (p^,)5 + (p.a)3 =
g^,;;;^

+ ^g (^^-;^ + a^^;,-^
^'^^)-

For instance, in Weyl's geometry, where p is independent of v, v, the second formula above

has zero on the right side. If only fi vanishes identically, then, when describes an infinitesimal

closed path, there is no change in the aspect of the subjective world, because the ratios of the

single {>], v) remain unchanged ; if R vanishes, and not n, there is only displacement of the

figures, but the infinitesimal shape in the ^^-space remains unchanged. In the first case, for

n = 0, the expression

also remains unchanged, and for every pair of ^,j_i-elements of the 0-bundle, there is one member

unchanged by fl.

10. It is easy to insert the parallel-displacement of Levi-Civita, and the more general point



446 Prof. WIRTIXGER, ON A GENERAL INFINITESIMAL GEOMETRY,

of view of Weyl in the above theory. But I prefer to specify them as an example of another

case. Take an alternating bilinear form as invariant, assume p = 0, and it even ; put

a^eV'"^^ = ^(v, D. a.s = -as» (37),

the determinant
i

a.^
i

not being zero. We have for W

.(38);

diflferentiating in regard to Wy we obtain

dwpdwy

so that, the i;" being arbiti-ary, and
|

a.^
j
not zero, W is linear in the Wp. If we differentiate with

respect to ^', ^*, we have, from (38), by the same argument,

shewing that W is also linear in f. We therefore put

W(.c,7,,v,^)=7vl^7,'^^Vy + ul^7,-^^Vy (39),

and «'^ = «'3.. «l3=-<;
then, comparing coefficients in (38), we get

dttaff s i i in /in.j^-a,fw^^-aieu^^-cuw^^-a,,u^^=0 (40),

and, consequently, -^ + ^^^ + ^"°^ = - (a^pw^^+a.sw*^)- 2a5yMlp (41)-

Denoting the subdeterminant of a^y in
,
a^y \, divided b}- the determinant itself, by A^'', we

have, multipljnng by A"^ and summing.

Substitution in (40) shews that there is no other condition.

The analogj' with the well-known Christoffel symbols is obvious. The symmetrical part of

W can be taken arbitrarily, and the alternating part is then defined.

For a symmetrical bilinear form as invariant the results so far mentioned are reciprocal; the

symmetrical part of W is determined by the arbitrary alternating part. But U is always an

extended point-transfoiTnation.

We may also remark that the alternating part of W is invariant under P, which modifies

only the symmetrical part.

11. Nothing so far given furnishes a measurement in the a?a-space. We can obtain such a

measurement by considering the one-dimensional strips in which the consecutive (j;, i')-elements

arise by a displacement along the f" themselves. The difterential equations are

^ =
^^ V + P^ (-r. V, V) v^v'.

dVa d Wfi (x, v>v)
f,

,
, g dx, ^ , . „ ^
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These equations are invariant under P, and the parameter t can only be changed into at + b, where

a and b are constants. If we write down the homogeneous linear partial differential equation

corresponding to (43), omitting t,

d W^(x, v,v)

dl'a
-tf + pp{x,v, v)'?V

dv.

[d Wp {x, ri,v)
'

-
3 ,

'
ri»-p^{x,i^,v)'n»Va = (44),

we see that every integral is an invariant under W. For the shapes of the curved lines, which

we shall call strips, described by the «», simultaneously with the {rf, v^), only those integrals are

important which depend on the ratios of the t;", and the ratios of the w„; thus we must have

''V'^^' '"8.. = *^ ^*^^'

with (44) these two equations form a complete system with 3n — 3 integrals, and, therefore, 3n — 3

arbitrary constants. This number is reduced to 3h — 4 by the condition »?°t), = 0, which is also an

integral of (43). The equations (44), (45) shew that the shape of the strips is independent of

the p^. The definition of the strip fi-om a point to a point 0' requires 2)i conditions for the

3« — 4 parameters of a strip and the two values of t and t' at and 0'\ there remain then n — 2

arbitrary parameters, and we can reach 0' from by moving in a (« — 2)-fold manifoldness of

strips.

If we take an invariant under W, say T{x, t], v), which is an integral of (44) on account of

(13) above, we can fix t. And, if m is not zero, we can suppose m = l, by taking T '" instead of

T. Then, putting

the parameter t is fixed, and for any strip from to 0' we may put

rO'

t' — t=\ T{X, dXa, Va),
Jo

the Xa and Va being functions of a parameter belonging to the strip.

When Xa, Va pass from to 0' along such a particular strip, defined by (43), we have

x""^ such strips; we can then choose an extreme one, at least a stationary one, such that the

differential d (t' - t), regarded as a function of the n — 2 parameters, is zero. And this t' — t may

be used as a measure of distance between and 0'.

Whether such a measurement is additive along the same particular strip, I have not yet

ascertained; this would be a very interesting peculiarity. But it is not essential to our purpose;

we can, for every strip, determine the particular measurement between two elements which are

near enough, and obtain an additive measurement by integration.

12. So many problems, arise out of the ideas here explained, that an exhaustive treatment

is impossible. We consider now only the application to the Riemann geometry built upon the

assumption of a ds^, and the parallel-displacement of Levi-Civita. For this case the contact-

transformation is only an extended point-transformation in the homogeneous space of the (ij", y.);

the particular lines defined by (43) are the ordinary geodesic lines, that joining two points, and
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0', which are suflSciently near, being unique. The (n — 2)-fold manifoldness at 0, belonging to 0',

consists only of the {n — 2)-fold manifoldness of £„-i containing the initial dii'ection of the

geodesic line; every -ffn-i is carried by parallel-displacement along the geodesic line to 0',

generating a strip, and reaching 0' in the direction of the geodesic line at 0'. The result is

similar for every contact-transformation which is only an extended point-transformation. But if,

for W, we take a general contact-transformation, we obtain, in the subjective space of an observer

at 0, an (n— 2)-fold manifoldness, a surface when « =4, containing the particular strips coming

from (7. In the subjective (n — l)-dimensional space we have, therefore, an Ji-fold manifoldness

of (71 — 2)-dimensional hj-persurfaces, forming a representation of the »-fold objective manifoldness

of points 0'. If we now imagine some signals, e.g. I'ays of polarised light, coming from the points

0', along the particular strips, to the observer at 0, and we know W, we are able to form an

image, in part, of the objective world, by observing the n-fold manifoldness of (n — 2)-dimensional

hypersurfaces spoken of For the Riemann geometry, however, and in general for any case of

merely extended point-ti'ansformation, the observer can only obtain knowledge of events along

the geodesic line, and is unable to fix the single point on the line.

13. Can a useful theory of physics be built on these general ideas? It is impossible to affirm

or deny. But I cannot finish this paper, already long, without remarking my belief that it should

be possible to reconcile the oft-quoted Kantian view of the intuitive character of space and time,

with the modern point of view. The observer at has really a projective three-dimensional space,

of the (if, Va), and a parameter for his path, in his mind (and that we may call a priori); otherwise

he may learn something of the objective world by observing the surfaces we have spoken of

But it seems desirable to consider a mathematical scheme as general as possible, both for Geometiy

and Physics, in order to lea\'e full freedom in the interpretation of observed fivcts.



XXIV. On the Fifth Booh of Euclid's Elements. {Fifth Paper*.)

By Professor M. J. M. Hill.

[Received 14 July. Read 31 October 1921.]

1. The object of this paper is to endeavour to recover the train of thought which led the

writer (supposed to be Eudoxus, but whom I will refer to as Euclid), of the above-mentioned

work, to the formulation of his Fifth Definition (the test for the sameness of two ratios), and

his Seventh Deiinition (the test for distinguishing the greater from the smaller of two unequal

ratios).

2. Two attempts to effect the same object are due to De Morgan. The first of these will be

found on pp. 2-5—29 of his treatise on The Connexion of Numher and Magnitude, to which there

is a sub-title An attempt to explain the Fifth Book of Euclid (1836). De Morgan considers the

distribution of the multiples of a magnitude A amongst the multiples of a magnitude B of the

same kind as j4,thus forming what he calls the relative multiple scale of A and B. This he

compares with the relative multiple scale of two ijther magnitudes G and D. The argument is

intricate requiring the discussion of 81 alternatives.

There is also an attempt, depending on the use of relative multiple scales, to reconstruct

the argument by the writer of this paper in the first part of this series.

These arguments are both of a logical natxire. On account of the greater simplicity of the

procedure which I shall explain below, it seems to me unlikely that Euclid followed either of

these methods.

De Morgan's second attempt will be found in the Penny Cyclopaedia, Vol. xix. (1841).

A full account is given in Sir T. L. Heath's edition of Euclid's Elements, Vol. n. pp. 122—123.

The following is sufficient for comparison with what I now propose.

De Morgan proceeds from the idea of similarity and gives the following as an illustration.

Suppose there is a straight colonnade composed of equidistant columns (which may be

understood to mean the vertical lines forming the axes of the columns) the first of which is at a

distance from a bounding-wall (perpendicular to the straight colonnade) equal to the distance

between consecutive columns. In front of the colonnade and parallel to it let there be a straight

row of equidistant railings (regarded as meaning their axes), the first being at a distance fi-om

the bounding wall equal to the distance between consecutive railings. Let the columns be

numbered from the wall and also the railings. The column distance, say C, and the railing

distance, say R, may have any ratio to one another (except that of equality).

Now let a model of the preceding construction be made in which the column distance is C
and the railing distance is R'. It needs no definition of proportion, nor anything more than the

conception we have of that term prior to any definition (and with which we must show the

agreement of any definition that we adopt) to assure ourselves that if the model is truly formed,

* The preceding papers will be found in the 16th, 19th, and 22nd volumes of the Camhridge Philosophical TraTisactionf.

Vol. XXII. No. XXIV. 59
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then C must have the same ratio to R as C has to R'. Nor is it drawing too largely on that con-

ception of proportion to assert that the distribution of the railings amongst the columns in the

model must everywhere be the same as in the original, i.e. if the m%\\ column be opposite to the

space between the nth and {n + l)th railings in the original, the same must be the case in the

model, i.e. if nR < mC < (n + 1) i?, then must iiR' < viC" < (?! + 1) R'.

If, however, the sth column be exactly opposite the tth railing in the original, then the

same must be the case in the model, i.e. i(tR = sC, then must tR' = sC'.

This is equivalent to, though not exactly in the same form as, Euclid's Fifth Definition for

the validity of the proportion

C : R :: C : R .

This wav of reaching the conditions of the Fifth Definition is simple and direct. It is

based on the idea of similariti/. That idea is of so fundamental a character that several mathe-

maticians from the time of Wallis have proposed that Euclid's Postulate of Parallels should be

replaced by the assumption that it is possible to construct a triangle of any size similar to a

given triangle. So that it may very well be that Euclid did actually follow this path.

As, however, this method of treating the subject does not afford a simple explanation of the

treatment of unequal ratios I venture to make the suggestion that he worked from the idea of

relative magnitude as his starting-point.

3. In the Third Definition of the Fifth Book ratio is defined as follows (I quote from Sir T. L.

Heath's translation):

"A ratio is a sort of relation in respect of size between two magnitudes of the same kind."

There has been a great deal of controverey as to what Euclid meant to imply by this defi-

nition, but it does not gi-eatly matter because he makes no use of it in his subsequent argument.

The words "of the same kind ' are however important. The}- are used in a technical sense.

They mean that two such magnitudes can be added together and the result is a magnitude "of

the same kind"; that if two such magnitudes are unequal the smaller can be subtracted from

the larger and the result is a magnitude "of the same kind"; that if une(|ual the smaller, if

added to itself a sufficient number of times, will give a magnitude "of the same kind" greater

than the larger (this is the so-called Axiom of Archimedes); and tliat any magnitude can be

divided into any number of equal magnitudes "of the same kind."

De Morgan, in his Article on Ratio in the Renin/ Cyclopaedia, I.e. p. 308, 1st column,

2nd paragraph, says that ratio is " relative magnitude. " It is this idea of relative magnitude which

has to be explained, and its implications explored,

Euclid nowhere commits himself to the statement that a ratio is itself a magnitude. In his

seventh definition he uses the word "greater" in two difierent senses. The first time it is used

it means that one ratio is said to be greater than another provided that a certain condition is

satisfied. The second time it is used it is applied to magnitudes in the ordinary' sense. Con-

sequently it is held that the firet use of the word "greater," when it is applied to ratios, must not

be understood in the same way as when it is applie<i to magnitudes: e.g. De Jlorgaii says in his

note on this definition that "proof should be given that the same pair of inagnitudi.'s can never

otfer both tests [i.e. the test in the definition for a greater ratio and the corresponding test for
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11 less ratio with 'less' substituted for 'greater' in the definition] to another pair; i.e. the test of

gi'eater ratio from one set of multiples and that of less ratio fi-<im another." Thi.s is very easily

proved, see Heath, I.e. p. 130.

4. I suggest that in fact the original exploration of the idea of relative magnitude took place

on the following lines:

(i) Suppose the magnitudes A and B have a common measure G, and that A=aG, B= bG,

where a, b are some two whole numbers. If ..-1 and B be compared with one another from the

p<iint of \new of their magnitudes, the first idea that would ari.se would be that their relation

to one another would be the same as that of the whole numbers a and 6; and that neither the

nature nor the magnitude of their common measure G wa.s material. If G be not the greatest

common measure of .4 and B then it is always possible to substitute for G that greatest common
measure. So in what follows it will be supposed that G is the gi-eatest common measure of

A and B. Then the magnitudes A and B determine uniquely the whole numbers a and. 6.

It would then be laid down as a DEFINITION that the relative magnitude of A to B was the

same as that of the whole number a to the whole number b. This is therefore a definition, not

a proposition as Euclid makes it in X. 5, which reads as follows:

"Commensurable magnitudes have to one another the ratio of a (whole) number to a

(whole) number."

Euclid's proof of this proposition depends on the 20th Definition of the Seventh Book and the

22nd Proposition of the Fifth Book.

The result may be expressed thus:

If A=aG, B=bG,

then the ratio of A to B is the same as that of a to b; (3r in symbols

(.4 .B) = {aG:bG) = {a:b),

wherein I have used the symbol for equality in place of Eiiclid's "is the same as."

Euclid did not take what would now be i-egarded as the next step, viz.:

The measure of the ratio of a to 6 is the rational number a/b.

(ii) The next step in the train of reasoning was probably the following:

If .4 = aG and B = bG,

then bA=b{aG) = a{bG) = aB,

i.e. if A = aG and B = bG, then 6.^1 = aB.

(iii) Then would come the attempt to prove the converse proposition.

If bA = aB, then ^4 and B must have a common measure.

I think the most likely method adopted for this purpose would be the following:

Assume that B is divided into b equal parts, each equal to G.

.-. B = bG,

.: bA = oB = a(bG)=b(aG),

.-. A = aG.

Hence A and B have a common measure G, and therefore (^4 : B)= {aG : bG) = (a : b).

(For a method of treating this case which does not involve the division of B into eijual

parts, see Art. 7 (i) below.)

59—2
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(iv) Then would come the attempt to prove the converse of Euc. X. 5 which is given in

Euc. X. 6 "If two magnitudes have to one another the ratio which a (whole) number has to a

(whole) number, the magnitudes will be commensurable."

This I think would have been proved as follows:

Given (A:B) = (a : b).

Divide B into b equal parts, each equal to G.

.-. B = bCr.

It would then be argued that the idea of relative magnitude required that

{A:B) = {A: bG). [See Section (vi) below.]

But (o : b) = {aG : bG) by definition,

.-. {A:bG) = {aG:bG).

It would then be argued that the idea of relative magnitude required that A = aG.

Since. B=bG it follows that A and B would have a common measure G; and also that bA = aB.

We may put tiiis and the preceding conclusion thus:

If bA = aB, then {A:B) = (a : b).

Conversely, if (A : B) = (a : b), then bA = aB.

(v) Having thus reduced the study of the ratios of commensurable magnitudes to the

study of the ratios of whole numbers, a closer investigation of these last would be undertaken,

and the next set of conclusions that would be reached would be

(a) If a = b, then (« : c) = (6 : c) and (c : «) = (c : b),

(/3) If a>b, then (a : c) > {b : c) and {c : a) < (c : b),

which last includes what is set down for symmetiy only,

(7) If a < b, then (a :c)<(b:c) and (c : a) > (c : b).

(vi) If now three magnitudes A, B and G be taken such that

A = aG, B = bG, C = cG,

then using the definition in (i) above, it would follow from Section (v) that

^=5, then (A : C) = (B : C) (I),

A=B, then (C : A) = {C : B) (I'),

A>B, then (A : C) > (B : C) (II),

A>B, then (C : A) < {C : B) (IF),

A<B, then {A .C)<(B:C) (Ill),

A<B, then (G:A)>{C:B) (III').

In the statement of these si.x results the fact that A, B and U have a common measure,

though it is implied, does not obtrude itself.

(vii) It would ne.xt be noticed that if (I), (II) and (III) arc true, and if we may lnok upon

ratio as a magnitude, then a purely logical deduction leads to the con^'erse propositions,

if {A:C) = iB:C), then A^B (IV),

if (A:C)>{B:C), then -I > 7." (V),

if iA:C)<{B:C), then A<B (VI\



Prof. HILL, OX THE FIFTH BOOK OF EUCLID'S ELEMENTS. 453

(viii) The next step would be to endeavour to express the ratio of two magnitudes when
their common measure was unknown even when it existed. The thinker would be encouraged

to make this attempt b}' the fact noticed under (vi) that the possession of a common measure

by A, B and C does not obtrude itself in the statement of the conclusions (I), (II), (III), (I')

(IF), (III').
'

.

Suppose that the magnitude B is divided into b equal parts, each equal to G, and that it is

found that A is intermediate in magnitude between aG and (a+ 1) G.

Then .4 > aG,

:. {A : B) > {aG : B) by (II),

{aG : B) = (aG : IG) by (F),

{aG : bG) = {a:b) by definition,

.-. {A:B)> (a : b).

Also A <{u+ 1)G,

.-. {A:B)<[{a + l)G:B] by (III),

[(a +1)G:B] = [(a + l)G: bG] by (I'),

[(a + l)G:bG] = [{a +l):h] by definition,

.-. (A:B)<[{a + l):bl

.-. {a:b)<(A:B)<[(a + l):b].

Thus the idea would arise that when it was not known whether a common measure of

A and B existed, it was nevertheless possible to compare the ratio of J. to 5 with the ratio of

one whole number to another.

(ix) The next idea would be that, even when two magnitudes "of the same kind" have no

common measure, the idea of relative magnitude involved the truth of the assumptions I, II, III

and I', II', III', which had in the first instance been arrived at as a result of the consideration of

magnitudes having a common measure.

(x) It would then be surmised that it was possible to determine whether the ratio of one

magnitude to another "of the same kind" was greater than, equal to, or less than that of one

whole number to another whole number, even when the magnitudes had no common measure.

(xi) It would then be natural to take as the test for the sameness of the two ratios the

condition that it was impossible to find the ratio of any whole number to any other whole

number which was intermediate in magnitude between the ratios. This would lead in the manner

set out in the next article to Euclid's Fifth Definition.

(xii) It would also be natural to take as the test for the inequality of two ratios the con-

dition that it was possible to find the ratio of some whole number to some other whole number

which was intermediate in magnitude between the two ratios, or which was equal to one of the

ratios but not equal to the other ratio.

5. The whole argument might then be set up as follows:

(i) The ratio of the magnitude A = aG to the magnitude B = bG would be defined to be the

same as that of a to b, and would be written

(A:B) = (aG:bG) = ia:b).
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(ii) It would be assumed as fundamental that the idea of relative magnitude required that,

it' ^4, B, C are magnitudes "of the same kind," whether they have a common measure or not,

then

If

if

if

if

if

if

A=B, then {A:C) = (B

A=B, then (C:A) = {C

A > B, then (A : C) > (B

A >B, then {C:A)<(C

A<B, then i,A:C)<{B

A<B, then (C:A)>{C

C)

B)

C)

B).

C)

B)

....(I).

....(I').

...(II).

-.(ir),

..(III),

.(III').

Of these (III) is included in (II) and (IIF) in (II').

(iii) Then it would be deduced as a logical conclusion from I, II and III on the hy-pothesis

that ratios are magnitudes,

if (.l:(7) = (fi:C), then A=B (IV),

if (.4 :C') >(i?:C), then A>B (V),

if (A:C)<{B:C), then A<B (VI).

(iv) The next step would be to compare the ratio of .4 to B with that of any two whole

numbers, .say r to s.

This might be effected as follows:

Consider the magnitudes sA and rB.

It is supposed to be po.ssible to determine whether sA is equal to, or greater than, or less

than rB.

Suppose that B is divided into s equal parts, each equal to G. Then B = sG.

Hence

If then

If however

Similarly if

then

if

if

rB=r(sG) = s{rG).

sA = rB,

sA=s{rG),

A = rG,

.-. (A:B) = irG:sG)=={r:s).

sA > rB,

sA>s{rG),

A > rG,

•. (A:B)>{rG:B) by (II),

{rG:B) = (rG:sG) by (I'),

(rG : sG) = (/ : s) by ilefinition,

,. (A:B)>{r:.s).

sA < rB,

(A:B)<{r:s).

Hence if sA = rB, then {A

sA > rB, then (A

iA < rB, then (.^1

B) = ir:s) (\n),

B)>{r:s) (VIII),

B)<(r:s) (IX).
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(v) The propositions converse to VII, VIII and IX uiight be obtained thus:

Suppose (A:B) = (r : s).

Take as before B = sG,

.-. {A:B) = {A:sG) by (T),

{r:s) = (rG:sG) by definition,

.-. iA:sG) = {rG:sG),

.-. A=rG by (IV),

.-. sA=s{rG),

.-. sA^r{sG),

.-. sA=rB.

If however {A:B)> (r : s),

iA:B) = {A:sG) by (I),

{r : s) = (7-G : sG) by definition,

.-. {A:sG)>irG:sG),

.-. A>rG by (V),

.-. sA >s{rG),

.-. sA >r(sG),

.-. sA >rB.

Hence if (A:B) = (r:s), then sA=rB (X).

if (A:B)>{r:s\ thau sA > rB (XI).

Similarly if (A:B)<{r:s), then sA < vB (XII).

(vi) The next step would be to take as the definition of equal ratios the property that it

was impossible to find any two whole numbers such that the ratio of one of them to the other

Avas intermediate in magnitude between the two ratios. C'alling the integers r and s and the

ratios (^:fi) and (C':i)),

if
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Xow if these conditions be satisfied whatever whole numbers be taken for ?• and *, it will

be impossible to find any two whole numbers such that the ratio of one of them to the other

is intermediate in magoitude between (A : B) and {C:D), and then these ratios will be said to

be equal.

Thus Euclid's Fifth Definition is obtained.

(vii) The next step would be to show how to distinguish between unequal ratios.

Suppose {A : B) > (C : D).

This could be tested by seeing whether it is possible to find any ratio (»•:«) such that

(1) {A:B)>{r:s)>(C:B),

or (2) {A:B)>ir:s) = (C:D),

or (3) (A:B) = ir:s)>(G:D).

These are equivalent respectively to the following:

Integers »•, s exist such that

(!') sA > )B, but .s('<rD,

or (2') sA>rB, hut sG = rD,

or (3') sA = rB, hnt sG<rD.

Euclid's Seventh Definition is equal to the following

(A:B)>(C:D)
if some integers r, s exist such that

sA >rB, but sC>ri).

This is equivalent to (!') and (2') but Euclid takes no account of (3').

6. I suggest that in the way described above, or in some equivalent way, Euclid reasoned

up from the idea of relative magnitude to the Fifth and Seventh Definitions ; that having obtained

them he found that they provided a completely adequate basis for the examination of ratios, and

that he then suppressed the argument by which he reached them, possibly in oi-der to avoid the

difficulty of treating ratio as a magnitude. He was not in a position to show how to measure

ratio because in his time the idea of the irrational number had not been sufficiently developed.

It is a matter of controversy as to how far he w;is in possession of that idea. Whether he actually

possessed it or not it is certain that there is the closest connection between his definition of

ratios which are the same (or equal) and Dedekind's Theory of Irrational Numbers. In the

preface to his tract, entitled "Was sind und was sollen die Zahlen?" Dedekind says that Euclid's

Fifth Definition was the source which inspired his theory.

In support of my view that Euclid suppressed the steps by which he reached his oth and

7th Definitions I would desire to draw attention to the 7th, 8th, 9th and 10th Propositions of the

Fifth Book and also the 5th Proposition of the Tenth Book, in which the iussumptions niunbered

I—VI and I', II' and III' and the definition of the ratio of two commensurable magnitudes are

])roved as propositions based on the 5th and 7th definitions of the Fifth Book and the 20th

definition of the Seventh Book. If however any one of the assumptions or the definition of the

ratio of two commensurable magnitudes be considered by itself, it seems evident that it is by

itself derivable from our idea of relative magnitude, and is of a far more elementary character

than the definitions on which its proof in the Fifth or Tenth Book is based.
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I would partieulaily draw attention to the ])iMof in the text of Euclid v. 10, which has been

quite rightly criticised by Simson, because Euclid argues in it about greater or less ratios in the

same way as if they were magnitudes, though he has not shown that ratios are magnitudes. This

seems to me to point to the conclusion that the theory was originally set up in some such way as

that described in this pa])er, but that when the author came to rearrange the argument so as to

depend on the 5th and 7th definitions hi' omitted to cut away as much of the sub-structure as he

should have done. Simson attributed the defect in the argument in the 10th (and also that in

the 18th proposition) to some later commentator, and explained how these defects could be

remedied on Euclid's lines (see Heath, I.e. pp. 156

—

7).

7. It is not without interest to show that the conclusions (VII)—(IX), which have been

obtained on the assumption that a magnitude can be divided into any number of equal parts and

on the assumptions (I), (II) and (III), can be obtained without assuming the possibility of division

into equal parts if we also assume (III').

This can be etfected as follows;

It is convenient to make a slight alteration in the notation.

Let A and B be two magnitudes "of the same kind," and let a and b be any two whole

numbers.

Consider the magnitudes bA and aB. There are three possibilities,

(i) bA=^aB or (ii) bA xtB i>r (iii) bA<aH..

(i) Consider the case* bA=aB.

If a — b, then A = B and either magnitude is a measure of the other.

If a ^ b, suppose a > b, then must A> B.

Let A = q^B + ii, , where 5, is a positive integer and R^<.B.

Since , bA = aB,

.-. b(q,B + R,) = (iB,

.-. bR^ = ia-bq,)B.

Put a — bq^ = r,, .-. bB^ = r^B.

Now ^i< B, .-. i\ < b.

Let B = 5'2-Ri + ^2. where q., is a positive whole number and B., < Ri.

.-. r,{q.,R, + R^ = bR,.

.-. r,R, = (b-q.,r,)R,.

Put b — q.,)\ = r... .-. 7\R.2 = r., /?,.

Xow R.,<R,, .-. r.,< i\.

Hence A = qiB + R^, u = q^b + r,,

and so on.

B = q2Ri + Ro, b^q^r. + r.,,

It is obvious that this process amounts to finding simultaneously the gi-eatest common
measure of A and B and that of a and b.

* The examination of this case was given me several years aKO by Mr Hose-Innes.
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But (' and b being positive whole numbers the process must necessarily come to an end.

Suppose that it is found that )•„_! = '/„+]»•„.

Then we have at the same time Rn-i = ^Jn+iRn-

If now a and h have a common factor it may be supposed to be divided out from both sides

of the equation bA = uB, so that a and b may be regarded as prime to one another, and then

their gi-eatest common measure, r„. will be unity.

Moreover A will be the same multiple of R,^ as a is of Vn, i.e. unity.

.-. A = aRn.

Siuiilarly B will be the same multiple of R^ as b is of r„, i.e. unity.

.-. B =bRn.

.-. {A:B) = (aRn:bRn) = ia:b).

Hence if hA = aB. then (A : B) = (a: b).

(ii) Consider next the case bA > aB.

Let bA-aB=C.
It will first be pi'oved that a magnitude D exists such that abD < C.

Suppose that E is any magnitude of the same kind as A and B.

Then, as in Euc. x. 1, suppose that the remainder left after taking away from E its half or

more than its half is E-^.

Let the remainder left after taking away from E^ its half or more than its half be E^. Let

this process be repeated n times and let the remainder be E,t.

Now consider the magnitudes

obE, abE,, abE.,, ..., abE^.

Then each magnitude is the remainder left after taking away from the preceding its half or

more than its half.

It follows from Euc. X. 1 that, if this process be carried on far enough, there will at length

be left a remainder less than any assigned magnitude.

Suppose then that abE„< C. Then the magnitude E^ can be taken to be D, and so the

existence of i) is proved.

Now bA=aB + C,

C>abD,

.-. bA >al{+ahD.

Put for brevity bA = X, aB = Y, abD = Z,

.-. x> v+z,
.-. X>Z and X-Z>Y.

Now form the .successive nmltiples of ;^, viz.:

Z, 2Z, SZ

Suppose tZ the greatest multiple oi' Z which is less than A'.

Then ei thcr {t+l}Z = X >tZ or {t+\)Z>X >tZ,

.-. tZ=X-Z>Y or (Z>X-Z>Y.
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In both eases therefore A' > tZ > Y.

Replacing A', Y and Z by their values it follows that

bA > tabD > ciB.

Put now tuD = A' and ibD = B'.

..bA>bA' and (iB'xiB,

.-. A>A' and B' > B.

Since A > A' .-. {A:B)> {A' : B) by (II).

Since i?<£ .-. {A' .B)>(A' -.B') by (III').

.-. {A:B)>{A':B)>{A' -.B).

But A' = a (tD) and B' = b {tD),

.-. iA':B') = (a:b),

.-. {A :B)>{a:b).

(iii) Similarly it can be shown that

if bA < aB then {A:B)< {a : b).

Hence if bA = aB then (A :B) = (a:b) which is (VII),

if bA > aB then (A : B) > (a : b) which is (VIII),

and if bA < aB then (A:B)< (a : b) which is (IX).

8. In Article 5 it was pointed out that the condition that one ratio may be greater than

another may take one of three different forms. The second and third forms can occur only when

one at least of the ratios is that of commensurable magnitudes. It can be shown that in either

of these two cases other integers r' and s can be f^)und so that the condition can be replaced by

one of the first form.

Take the second form.

Suppose that sA > rB, sC= rD.

Since sA > rB it follows from Archimedes' Axiom that an integer n exists such that

n (sA - rB) > B,

.-. nsA > {)ir+ l)B,

but sC = rJD,

.-. nsC = nrD <(iir+l) D.

Put ns = s', iir + l=r\

.-. s'A >r'B, s'G< r'D.

This is of the first form.

The third form can be treated in like manner.

60—2
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Xote on the preceding papers.

This series of papers originated in the discovery that all the propositions of the Fifth Book

concerning properties of Equal Ratios could be deduced from the Fifth Definition (the test for

the equality of ratios) without using (as Euclid does in some of these propositions) propositions

which depend on the Seventh Definition (the test for distinguishing between unequal ratios).

Proofs of the propositions on these lines were given in the first paper of this series and also

in the First Edition of my Contents of the Fifth and Sixth Books of Euclid (Cambridge University

Press, 1900). Most of these proofs are deduced directly from the Fifth Definition withuut using

any other proposition.

In the proofs of Euc. v. 9 (Part l), 16, 22 and 23 the Axiom of Archimedes is employed.

The proofs given of Euc. v. 9 (Part ll), 19, 24; and 25 do however depend on other propositions.

The second part of Euc. v. 9 can however be proved in much the same waj- as the first part

is proved in the first paper of this series, and it is not necessary to make use of the Corollaiy to

Euc. V. 4. Hence Euc. v. 9 can be classed with those propositions which can be deduced directly

from the Fifth Definition without using any other proposition.

Somewhat complicated proofs of Euc. v. 19, 24 and 25 depending on the Fifth Definition

but not depending on other propositions (with the exception in one case of a lemma) were given

in the second paper of this series : and less intricate proofs of the same propositions, due to

Mr Rose-Innes, were given in the third paper of this series.

Euc. V. 19 is a transformation of Euc. v. 17 by means of Euc. v. 16, and Euc. v. 25 is a

simple application of Euc. v. 19. I believe that no simpler proofs than those in the Fifth Book

can be constructed. It seems necessary in these two cases to use other properties of eipial ratios

if complexity is to be avoided.

There remains Euc. v. 24. The proof given below is much longer than Euclid's proof. On
the other hand it proceeds on the same direct lines as the proofs given in my precefling work for

Euc. V. 16, 22 and 23. It does not depend on other propositions. The steps follow one another

in a natural order; they do not require the amount of search for the next step at each stage in

the argument that Euclid must have employed.

1 will set the proof out, not in the manner I employed in my fii-st piper, but in that used

in the Second Edition of my Contents of the Fifth and Sixth Books of Euclid (1908) and in my
Theory of Proportion (Constable k Co., 1914), and accordingly I will employ the fractional notation

for the measure of the ratio of two whole numbers.

The proposition is to show that

if {A :G) = {X:Z),

and a- (H:C) = {Y:Z\

then [{A+B):C] = [(X+Y):Z].

Compare [{A + B): C] with an;/ rational fraction whatever, .say s/r. Then it is known from

previous work [Art. 5 of my Third I'aper and Art. 48 of the Second Edition of my Contents of

the Fifth and Sixth Books of Euclid] that it is sufficient to consider only the two alternatives:
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(i) [{A+B):C]>sl,;

.-. r{A + B)>sC.

Choose n so large that

// [)• (A+B)- sC] > -20*.

Let uC and vG be the greatest multiples of

or (ii) [{A + B) : C] < s/r,

.-. r{A + B)<sC.

Choose « so large that

n[sC-r(A +B)] >-lC*.

Let uC and vC be the least multiples of G
C which are less than nrA, nrB respectively: which are gi-eater than nrA, nrB respectively,

and sujopose n so large that nrA and nvB are

each gi'eater than C.

.'. nrA — hC < C.

nvB-vG^G,
.-. nr(A+B)-iu+v)C^-2C,

but nr (A+B)-nsG>2G,
.-. {u+ v)G > nsG,

.'. u + v>ns.

Now IIrA > uG,

and (A:G) = {X : Z),

.-. nrX >uZ.

Also nrB > vG,

and (B:G) = (Y:Z),

.-. nrY>vZ,

.-. nr(X+Y)>{u + v)Z,

but n + D> ns,

.'. nr(X -t- Y)> nsZ,

.-. r(Z+ Y)>sZ,

.-. [{X+Y):Z]>slr.

Hence if

.-. uG-nrA=z G.

vC-nrB^C,
.-. (u + v)G-nr(A+B)^2G,

but nsG - nr iA + B)> 2G,

.". iisG>(u + v)G,

.'. ns > a + V.

Now iirA < uG,

and {A:C) = (X:Z),

.'. nrX < uZ.

Also nrB < vG,

and (B:G) = (Y:Z),

.-. nrY< vZ,

.-. nr(X+Y)<[ii + r)Z,

but u + v < ns,

.-. nr(X+Y)<n.sZ,

.: r{X+Y)<sZ,
.-. [{X+Y):Z\<slr.

Hence if

[{A + B):G]<s/r,

then [(A' +Y):Z]< sjr.

[{A+B):Cr]>s/r,

then [{X+Y):Z]>s;r.

Hence sjr does not lie between the ratios

[{A + B):G] and [(A' + y):Z].

But sjr represents any rational fraction whatever.

Therefore no rational fi-action whatever lies between these ratios.

.-. [(A + B):C] = [(X+Y):Z].

Thus this proposition uiay be included amongst those properties of ecjual ratios which are

directly deducible from the Fifth Definition without tising any other property of equal ratios.

* The fact that ou the right-haud side of these two in- makes it more difficult. It is certainly not obvious at tirst

equalities tbere appears 2C and not C makes a difference sight. The reason for its necessity comes out in the proof,

between this pronf and those of Euc. v. 16, 22 and 23 and
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The essential difference between the proofs given in mj- papers and those given by Euclid

of Pi'ops. 16, 22 and 23 consists in this:

Instead of using Euclid's Seventh Definition and his Propositions regarding Unequal Ratios,

viz.: 8, 10 and 13, I use a proposition regarding multiples of magnitudes, which is included in

the earlier part of Euc. v. S, viz.

:

If A, B, C be three magnitudes " of the same kind " and if A be greater than B, then integers

7) and t exist such that

nA > tC > iiB.

To prove this Euclid uses the Axiom of Archimedes for the first and imly time in his Fifth

Book.

Since A > B,

.'. A — B is a magnitude of the same kind as C,

.". by Archimedes Axiom an integer n exists such that

)/ {A-B)> C,

.-. /(.4> iiB + C.

Now put riA = A', iiB = Y, C = Z,

.-. A> Y+Z.

Then as in Art. 7 (ii) of this paper an integer t exists such that

X >tZ> Y,

.-. I)A > tC > nB.

In order to prove Euc. \'. 16, 22 and 23 it is far simpler to use this proposition than Euc. v.

8, 10 and 13 which depend on it. Props. 14, 20 and 21, which are particular cases of Props. 16,

22 and 23, need not then be proved before Props. 16, 22 and 23 can be obtained.
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INTRODUCTION.

§ I. In his memoir of 1889 on the diurnal magnetic yariations Sir A. Schuster* found that

these mainly originate above the earth's surface (in the atmosphere, in facti, but that there is

also a part proceeding from within the earth. The latter part he regarded as induced by a

primary external varying magnetic field, acting upon conducting material within the earth. In

this section of the discussion he was assisted by Prof. H. Lambf, who contributed to the memoir

a mathematical appendix on electromagnetic induction in spheres. The assumption which was

naturally first considered was that for this purpose the earth might be regarded as a uniformly

conducting sphere, but the hypothesis proved irreconcilable with the facts ; the amplitude-ratio

and phase-difference between the external and internal portions of the observed field did not

agree with any possible pair of values deducible from this hypothesis. It was pointed out, how-

ever, that agreement could be obtained by supposing that only a concentric core of the earth

was conducting, the outer portion taking no share in the phenomenon. The data were inadequate

to test the extended hj'pothesis in detail, and this was first done by one of the present writers,

using more observational material*. Numerical estimates were made of the size and conductivity

of the core, assuming that its magnetic permeability is unity. The thickness of the non-conducting

shell surrounding the core w-as estimated at about 2.50 kilometres, \vhile the value obtained for

the conducti\dty of the core was 3'6 .
10~" CCS. units. This is of the same order as that of moist

earth, and distinctly less than that of sea-water (4 .
10~").

* A. Schuster, Phil. Tram. A 180, p. 467, 1889. t H- Lamb, Appendix to the above.

X S. Chapman, Phil. Trans. A 218, p. 1, 1919.
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This model of the earth can only be regarded as a convenient first approximation, particularly

since the oceans and the water-bearing land strata near the earth's surface are ignored. It seemed

desirable to examine to what extent these surface conducting laj-ers would influence the induced

magnetic field. This necessitated an extension of Prof Lamb's analysis, in order to determine

the relation between the magnetic field on the two sides of a spherical shell, when on both sides

the field arises partly beneath (within) and partly above (outside) the region considered. This

extension, which is quite straightforward, is made in Part I, the results being discussed in

Part II. Xo attempt is made to deal with the actual distribution of land and ocean, the surface

conducting shell being supposed uniform and complete, separated fi-om a uniform core by a non-

conducting shell. It is found that the influence of any probable depth of moist earth is almost

negligible, but that a comparatively shallow oceanic shell prodtices induction effects comparable

\vith those of the supposed core. It is suggested that on this account there should be observable

differences between the diurnal magnetic variation at continental and oceanic stations, though

in view of the irregular distribution of land and water the calculation of the differences would be

arduous. A rough attempt is made, however, to estimate the change in the conductivitj- and

radius of the core when use is made only of continental magnetic data (§ 11).

Some related problems are also considered, in particular, the magnitude and type of the earth

currents flowing near the earth's surface, both those which accompany the ordinarj- diurnal

magnetic variations, and the larger currents observed when the earth's field is varying rapidlj'

and irregularly. Again, the main symmetrical part of the field of a magnetic storm is examined,

and it is shown that the relation between the horizontal and vertical components is compatible

with the existence of a core, the conductivit}' of which is of the order inferred from the study of

the diurnal variation. Finally, the opportunity is taken of seeing how far the original estimate

of the conductivity («) and the size of the core would be modified if the unlikely assumption were

made that the permeability (/j,) differs appreciably from unity. It appears that, consistently

with the observed data, a wide range of values is permissible for k provided that fi varies almost

proportionately (and this without much change in the thickness of the outer non-conducting

shell). It is only natural that k should have to be larger if fi is larger, for the inducing field

penetrates less far into the core, and the induced currents have to flow in a layer of diminished

depth.

PARTI

Mathematical theory of induction in a spherically symmetrical earth.

§ 2. It is convenient to tabulate the following symbols for convenience of reference.

Vectors

A = magnetic vector potential

B = magnetic induction

H = magnetic force

E = electric force.

Spherical polar components of these vectors, reckoned positive in the direction of increasing

values of r, 6,
<f>,

will be denoted by the corresponding letter as suffix. The positive directions

for d and </> are from the north pole, and eastwards, respectively.
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SOALARS
/x = permeability

K = conductivity

c = electromagnetic constant 3 .
10'°

E, / = complex constants representing in amplitude and phase the intensity of the parts of a

magnetic field originating respectively outside and beneath the region occupied by the

point to which the intensities E and / refer. Suffixes s, o, and i are added to these letters,

to indicate which is the region concerned: s refers to a point in the substance of a

conducting sphere or shell, o to a region outside (above) such a conducting body, and i to

the space within (below) the inner surface of a conducting shell.

Except where the contrary is stated, the units used are electrostatic.

§ 3. The vector potential A is defined by the equations

B = curlA, divA = dl

If N is the number of tubes of induction through any circuit s enclosing an area/,

N=\ Bndf=j A,ds = j.,
Ads

by Stokes' theorem.

1 dy__l rf

c dt c dt

,

But
I
Eds = --'-^=--^l Ads

if electrostatic effects are neglected, so that

TP ^
c dt

Also curl B = curl curl A = — V-A + grad div A
= -V=A

since div A is zero. Again, .since

curl B = u curl H =—^- E = f^ . -j^
c d' dt

it follows that V=A=^.^ 3-2
c" dt

In non-conducting material this becomes

V2A = 3-3

§ 4. An appropriate solution of equation 3'2 is sought. A field of external origin with a

given magnetic potential near the earth's surface will be considered, this potential being supposed

analysed into sphei'ical harmonic components about the geographical axis of the earth. The

typical term of this potential will be of the form

n„s^''„,,^P„^(cos(9)e'P*e-^ 4-1

where E is the complex constant already mentioned,

a is the earth's radius,

P„^ is the usual associated Legendre function, and

t is the time of some standard meridian.

61—2
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As regards a, three principal special cases will be considered, viz., those of (i) the diurnal

magnetic variations, supposed dependent solely on local time, so that a = cp, enabling* t + (f>
to

be replaced by the local time t'; (ii) fairly rapid and local periodic variations, in which a is a

pure imaginary i7n distinct £i-om ip (the local nature of the variations is indicated by giving ni

and^tfairly large values, say 8 to 10 or more—cf. § 13); and (iii) non-periodic variations, such

as those of the main worldwide component of a magnetic storm, which can be represented by a

combination of terms in which ^ = 0, and a is real (§ 12).

If this field of external origin induces a current system within the earth, the typical term

of the potential of the secondary field will be

n_„_isI^..^iP„ncos^)e"'*e'' 4-2

§ 5. It may be readily verified that in non-conducting space the terms in the vector-potential

coiTesponding to £!„ and n_„_i, are as follows:

^, = ^,. =

A _ 1 ^ A - 1 9"-«-l

1 an„ _ ian_„_.
'^*- VTl^ *" n de

olU, 5 11

where d\ = sin9d4> 5'2

These values of A satisfy 3'3 (since V-n„ and V-n_„_, are both zero) and the components of

curl A equal the corresponding components of B.

In a region occupied by conducting matter, the appropriate solution for A is found to be

^, = ^, =

^*= ^ ^*= '"^ ^-^^'^^i

for the terms of external and internal origin respectively, provided that in either case u satisfies

the equation!
_„ ivKU dii _ ,

\-u =—„- . ,- 5-4
c- at

The terms in u corresponding to the typical terms 4'1, 4^2 in the magnetic potential are both of

the form
?/ =/(r) P„'' e"'* e-' 5-5

where /(»•), a function of »• only, is a solution of the equation

l-l'^l-^^''^}
~ i*"^" "^ 1) + ^"'"l/('-) = 5-6

the new constant k, introduced for brevity, being defined by

/t^=^^^^ 5-7

* Provided the unit in which t is measured is 80100/27r
-f
The solution 5-3 agrees with the solution 5-1 when

or 89o00/2t seconds for the solar and lunar diurnal variations k=0, the actual values of u being iiJ{n + Ijnnd - n_„ _i/h.

respectively; p is then the number of periods per day.
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The components of B or curl A corresponding to 5 5 are

^ ' I r 00 dr * r sin d<f>
9?-

whether the origin be external or internal.

§ 6. The equation 5"G is analytic at all finite points except r = 0, which is a regular point.

The indicial equation has the solutions n, —7i — 1, so that/(?') must be of the form

Ar"Rn + Br-->^-'R_„_, 61

where A, B are arbitrary constants, and i?„, R-n-i are integral functions satisfying the equations

„9^i?m „, ,, 9i?,„ (m = 7i or
\

dr^ or (vi = —ii — l]

Clearly Rn and iJ_„_i are functions of kr only; in the following sections this value of the argument

is intended to be understood when no other is specially indicated.

If the field is of purely external origin, B = 0\ while if it is of purely internal origin, .4=0.

By actual substitution it is found that

" '^2(2n+3) 2.4(2n + 3)(2n+5)"^""

whence the following useful recurrence formulae can be readily obtained :

dR„ k-r"-

' ^=2iiT3^»+>' ^*

_i2n + l)(2n + S)
-ttn+i = p-^ {^n-i — i^n) £>

When m = the series 6"3 reduces to a specially simple form, giving

so that, by 6'4,

ii:„='i°^ 6-6

Ri = T—1 (cosh kr ; I ,
6'7

k^r^ \ kr J

while by further applications of 6"4 the expression for iJ„, whatever the value of n, can be

obtained as the sum of a finite number of hyperbolic functions, equivalent to the series 63.

The function R-n-i can be expressed most simply in the form e~*''cr(r), where o- is the

integral solution of the equation

r=f%2r(« + /lT)?^ + 2/iylT<T = 6-8
or- dr

It is found on substitution that the series for (r(r) terminates with the power 7-", the actual

result being

2(2n-l) ^ 3!(2n-2)C2?i-l) "")

unless 11 — 0, when R_^ = e~'"' 610

Clearly R_, = e-^' (\+kr) 6-11
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From 6*9 the foUowiug formulae, corresponding to 6'4 and 6"5, can be deduced :

'•'4P = i?i^-''
'''

^-"-=^-" + (2«-l)[2,i-3)^-"+'
613

When the real part of ki- is sufficiently large, sinh k7- and cosh kr can be replaced by i e*''

;

repeated use of 6'4 then gives the approximate formula

p -^^ (2» + l)! L vjn + l) {n-l)n{n+l){n + 2) (n-2) ...jn + S) )

" ^ 2".7i]{kr)"+'l 2^-r 2\2l(kry 2^3!(A;r)^
-^...|....o

The corresponding formula for R-n-i follows from 6"9 merely by algebraic transformation, viz.,

_,._,, 2" (»-l)!(^•r)''
f, ,

n{n + l)
,

(n-l)n(n + l)(n + 2) .
)

^-"-'~*^
(2,1-1): r 2A;r "^ 2^2!(^T)=

"^••j "^
^^

It may be noted that the last two formulae are really asymptotic expansions of Bessel's functions*,

multiplied by a factor.

It will be necessary later (§ 7) to calculate numerical values of ii„_i/-R„, in cases where kr

is large ; it may be deduced from 6"14 that

ig»-i^ kr { n n{n + \) »(w + l)
\

„ .

R„ 2n + \\ h- 2(k'r')
"*"

2{k't^)
J

I 7. Induction in a uniform conducting permeable sphere.

The above analysis will first be applied to the case of a uniform spherical core of magnetic

permeability fig and conductivity k, in which an external periodic magnetic field depending only

on local time (so that a= ip\ cf. § 4) induces a secondary internal field. The radius of the core

will be taken as 5a(g ^ 1), and the ratio of the corresponding terms in the potentials of the two

fields will be determined, for a point at the earth's surface (r = a) in non-conducting material

surrounding the core. The required ratio is f2_„_]/n„ for r = a, and by 41, 4'2 this equals lojEg.

Outside the core

Hr=\-n Eoirlay-' + {n + 1) I„{alrY+^] Pr^Pevf 7-1

S'« = -ti)cosec0{j&„(r/a)"->+/„(o/r)»+=jP„Pe'»"' 7-2

and similarly for H^; t' {=t +
<f>)

denotes the local time in angular measure.

The corresponding values of the magnetic induction within the core are

Br = -n{n + l)Es{r/a)"-'R„PnPe'i"', 7-3

J5«=-tjo£',(r/a)"-'cosec0](/i + l)A'„ + ?-', fiPn^'e""' 7-4

(and similarly for Bg), since there is no primary field within the core.

At the surface of the core {r = q(i) the normal induction and tangential force are con-

tinuous, so that

nq'^'E„-{n-^l)ij-"--Io = n{n+l)q»-'EgRn, 7-5

M.(9"-'^„ + 9-"-=7„) = 5"-'i:,|(« + l)i?„ + (2a^^'j 7-6

• Cf. G. N. WatsoD, Proc. JRoy. Soc. A 95, p. 83, 1918.
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Hence, using 6'4, and eliminating Eg, it appears that

.7-7
Eo ?i+I^ \k'q-a-Rn+i+{2n + 3)(n + fisn + fi.s)Rn

In the last three equations, and in 7-8, 7*9, the value of r to be substituted in R^ or /i„+, is qa.

Equation 77 reduces to the result previously obtained by Prof. Lamb on putting q = n^= 1.

By means of 6'5 equation 7'7 can be written in the form

which reduces to

•„ « + I^ V R,U'E„
if Ms=l-

In the present case k^7-- is a purely imaginary quantity (cf. 57, in which ip has now to be

substituted for a) ; it is convenient to write

Ic'q^a^ = 210" 7-10

1 1—i
so that kr = ^il+i), ki.^-^

On substitution of these values the equation 6" 1 6 becomes

.711

Rn
/3

2n + I

^ ,
M

,
n{n + l)

,
n(n + l)

^

] ( 7i(n + l)
^^^+

4/3= + 4/3^
+...|+^|i i^+-- .7-12

where n and /3 are real and positive. The other formulae of § 6 can likewise be readily obtained

in terms of /3, though actual values of R^ and R^n-i are not required in this paper.

The values of Rn-i/Rn which will be required in Part II are given in Table I, as calculated

from 7-12
:

TABLE I.
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§ 8. Induction in a conducting shell enclosing a conducting core separated from it by a non-

conditcting shell.

The shell now to be considered will be supposed to have a magnetic permeability fig, con-

ductivity K, and external and internal radii a, qa respectively. The non-conducting material on

the outside and inside will be assumed to have magnetic permeabilities fio, fii respectively. The

vector potential inside the conducting shell will have terms of both external and internal origin,

the former corresponding to the primary external field, the latter to the induced currents in the

central core.

The forces in the non-conducting material inside and outside the shell can be deduced from

the magnetic potentials, and may be written

5, = -/i.[n.£'(r/a)"-'-(n-fl)7(a/r)"+=}P/e'P*e°', 81

H^ = -ip cosec 8 [E (rja)"-' + 1 {ajrY*" } P„^e'** e"' ,
8-2

E, I and fx having different values, of course, on the two sides of the conducting shell.

In the substance of the shell B must be derived from the vector potential (cf. 5'8) and the

r and <^ components are

Br=-n (ft + 1) [E, (rjaY-^R,, + 1, (a/r)»+=i?_„_,) Pn^e'^'^e"', 8-3

= - ip cosec 6 |(Q" '^«p„ {kr) - ("y'^'/,p,/ (kr)\ P/e'P*e«' 8-4

(by 6"4, 612), where
p„{kr) = {n + \)Rn+{-2n + ^)-^k'r-R,^^„ 8-5

p„'(A,T) = ftP_„_i-i-(2n-l)-'^->2i?_„ 8-6

Equating the normal induction and tangential force at the two sides of the inner and outer

boundaries (r = «, qa) and eliminating Ig, Eg, the following expressions in terms of /„ and Eg are

obtained for /,• and Ei

:

li = [{ff^+^ Fo (ka) Gi (kqa) - Go(ka) P,: (kqa)} E,

+ (5"'*'/o i^a) Gi {kqa) + go (ka) Fi {kqa)} /„] -H {ka), . .
.8-7

Ei = [{F„{ka)gi{kqa) + 5-^-' Go{ka)fi{kqa)} E„

+
[ /„ {ka) gi {kqa) - 5--"-'

g„ {ka)fi {kqa)} 7„] ^ H {ka), . . .8-8

where f{x) = w (n -t- 1 ) /j.gR-n-i - (« + 1 ) f^-pn (*'), 8'9

g{w) = n{n + l)fjL,Rn + {n + l)tJ,pn{a;) 8'10

F{x) = n{n + l)fi,R^n-, + »M-P>i{a:), 8-11

G{x) = -n{n + l)pgRn + nfipn{.r), 8-12

the suffix i or referring to the second fi in these expressions, while

H {x) = fiifig n (ft + 1) (2« + 1 ) [Rup,: {-x) + «_„_, pn (.'•)) 8-13

If Hu = p-i = 1, and Y = 1 — ^ where S is a small fraction, of which squares and higher powers jvre

negligible, the above expressions for /,• and Ei lead to the results

{h-Ii)/S = [I„\{2n+l)fG + ka{fG' + gF')} + E„{{2n + l)FG+ka(FG'-GF')}]-r-H,...H-U

{Eo - Ei)IS = [/„ \{2n + l)fg + ka {fg - gf)} + E, \- (2n + l)fG + ka (Fg' + ({f')}]-^ H, . . .8-15
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where the argument throughout on the left-hand side is ka, and the accent (
'
) denotes differ-

entiation with respect to this argument.

If further ^s=l, these equations, with the aid of 64, 6'12, T'lO and some rather tedious

algebra, reduce to

^-^»+l:fi(^"-^^°)' «!«

^.=^+^f'^i;-^) 8-17

§9. Earth currents, or earth potential gradients.

The surface values of the potential gradients whicli impel the induced currents within the

conducting earth or conducting shell can be determined as follows. The vector potential is

continuous across the boundary of the conductor, so that just beneath the surface

Ar = 0, 9-1

A, = - r \-^ J-Ap^P^^^^, 9-2
sm 6 [n + 1 n]

^^--{r^l-'AQeP'^)''"^' 9-3

The corresponding values of the components of the electric force just beneath the surface, in

electromagnetic units, are (cf § 3)

Er = 0, 9-4

^^|_^_^|
sin6 {n + I n)

6

Further, since H,. = - [?i.&<, - (« + l)/„}P/e'^*e''' 9-7

and a = 2 . W/tt at the earth's surface, it follows that

Ee = -2tptt.WHr!{7i(n + l)TTs'mO} 9-8

Expressed as a potential gradient in volts per kilometre per 17(10~®C.G.S.) of Hr (the coefficient

in the expression for the vertical magnetic force), this is

20tpg

n(7i + l)7rsin^
^'^

The con-esponding coefficient in the latitudinal component E^ of the potential gradient is

20a

n (n + l)7r (aV"^)/^""
9-i«

V^OL. XXII. No. XXV. 62
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PART II

Applications to problems of terrestrial magnetism.

§ 10. The influence of the permeability of the core.

Though it is unlikely that the permeability /ij differs much from unity in the inner part of

the earth, it is not without interest to con.sider how the estimates of the conductivity k and the

radius qa of the supposed conducting core of the earth would be affected if a larger value of fi

were assumed. The estimates will be supposed based on the amplitude-ratio and phase-difference

between the surface values of the potentials of the external and internal portions of the field of

the diurnal magnetic variations, and the values of these data determined by S. Chapman will be

adopted, viz.*

Amplitude-ratio (external : internal) = 2-.5.5 : 1,

Phase-difference (external — internal) = — 19°.

In the notation of Part I this signifies that

/„/£•, = 0-371 -f 0-1 28i.

The value found in § 7 f(jr this ratio lojEo is given by 7-8, where, for any given harmonic con-

stituent in the potential, the unknown quantities on the right are fig, q, and k (involved in kqa,

the argument of the functions R„, iJ,M.i). In the memoir cited it was assumed that yti, = 1; the

results obtained by assuming other values instead of tiiis are given in the following table, for the

two principal harmonics P.,^ and P/ in the magnetic potential. The results are expressed in terms

of K (in electromagnetic units) and d, the depth, in miles, of the supposed non-conducting outer

shell of the earth (d={l — q)a expressed in miles). The different values of d and k obtained

TABLE II.

M
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of the core. In so doing, the surface conducting layer will for simplicity be supposed uniform

and to envelope the earth completely. The depths considered will not exceed 5 miles, so that the

quantity 8 of § 8 is less than 1/800, and the appro.ximations made in obtaining 8-16, 8-17 are

legitimate.

Table III shows the values of lijEi calculated for the undersurface of various depths of

shallow ocean corresponding to the value 0'371 + 0-128i for lojEo as already used in § 10. The

corresponding estimates of k, the conductivity, and d, the depth of the surface of the core, are also

given in most of the cases.

TABLE IIL

Depth of

sea-water
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In the case of both components the amplitude-ratio Egjlo diminishes steadily, though not

proportionately, as the ocean depth increases, while the phase-difference first increases and then

diminishes. Clearly the mean potential deduced from a number of land and sea stations is not

likely to represent the potential in a model earth consisting of a uniform core surrounded by a

uniform ocean. Some difference should be observable between the potential as derived separately

from land and sea stations, though in the case of the actual earth the exact difference cannot

easily be calculated on account of the irregular distribution of land and sea.

The data given by S. Chapman have been examined from this standpoint, and though

inadequate for a proper discussion of so complicated a matter, seem to lend support to the above

conclusions. Table V shows the means of the amplitude-ratios and phase-differences separately

calculated (by the method described on p. 20 of his memoir) from the data for the six continental

stations there dealt with ; the components considered are P^- and P/, P^ being left out of account

because of an irregularity noted in the paper cited. Particulars of the six stations are given in

the first part of Table V.

TABLE V.

A. Particulars of continental stations.
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the observed values in Table V B (when no surface conducting layer is taken into account). The
value of the conductivity of the core is somewhat less than that obtained from land and sea

stations taken together, when the effect of the ocean is ignored. With such a core the currents

resulting from the 24-hour term in the potential would have one-sixth of their surface value at

a depth of 1.500 miles, and for quicker periods at smaller depths.

An attempt was made to discover whether the effect of the ocean resembled that calculated in

Table IV, by considering the data from stations surrounded by large and deep expanses of sea, viz.

Honolulu, Batavia, and Christchurch (N.Z.). The averages of the amplitude-ratios for P^- and P4'

were 1'8 and 1-6 respectively, i.e., considerably less (as was to be anticipated) than those for land

stations. The phase-differences, however, were very diverse (e.g. for P/ Honolulu gave 27°, and

Christchurch 2°. Batavia being very different from either: while the irregularity was even more

marked for P4'); this is perhaps not to be surprised at when it is considered how complicated the

currents must be in an ocean of highly irregular contour and variable depth.

As regards the surface layer of moist earth, the conductivity of which is of the order 10~",

its influence—assuming any reasonable depth of the layer—is negligible compared with that of

. even a shallow sea, on account of the far greater conductivity of the water. Such a layer, even of

so great a depth as ten miles, would only possess the same (total) conductivity as a layer of sea-

water 125 feet deep. It is therefore reasonable to ignore the surface layer when consideiing data

from continental stations far removed from great sheets of water.

§ 12. The conductivity of the earth as deduced frovi magnetic storm data.

The analysis of Part I will nest be applied to the non-periodic magnetic variations observed

during magnetic storms: in particular, to the "storm-time" portion*, representing the deviation

of the field from the normal, averaged round the parallels of latitude. This part of the field being

independent of the co-ordinate </>, the /) of § 4 is zero. In middle latitudes the appropriate poten-

tial function is, to a first approximation,

lr/,(f)-H(aVr=)y;(<)jcos0.

The easterly component is zero, while the northerly and vertical components are
{ f\ (t) -1-/2 (0} sin 9

and {/i(*) — 2/2 (f)} cos 6 respectively.

Curves showing the mode of variation of the horizontal and vertical components of the field

are given in the paper just cited, and the typical curves for equatorial regions are reproduced

here. The force in each case varies from zero to a maximum on one side and then reverses and

attains a maximum on the opposite side, afterwards slowly recovering its original value. The

simplest and most convenient mathematical expression capable of representing a function which

increases from zero to a maximum and then decreases to zero asymptotically is (e~" — e~'''), where

V >l> 0. The more complex expression S4e~"', where ^A = 0, suffices to represent the case where

there are maxima on both sides of the normal. Thus if /i (0 = S£'e~" and /j (<) = S/e~", where

2£' = S7=0, the observed curves for the horizontal and vertical force can be represented. The

values of E and / are not independent, however, but are connected by the relation 7*9 if the core

(only) of the earth is taken into account: thus (to being now unity)

* S. Chapman, "Outline of a Theory of Magnetic Storms," Proc. Roy. Soc. A 95, p. 61, 1918.

62—3
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16h 2-lh 3;h 41 h 48 h

Batavia,

-30

T r
Porto Rico,

H.F.

-n
Honolulu

Datum Line Beginning of Storm

5 -

Monthly Mean

^^^

V. F.

Monthly Mean
^/»-Sr^-^A^-

Datum Line

Storm Time

20

- -5

6h 16 h 32 h

Fio. 1.

In the present case the o of Part I is negative, and equal to — /, so that (cf. 57) k^r' is a real

negative quantity, which will be written — x\ The possible forms of R„ are sin a;/*- and cosa;/ir,

but the latter is inappropriate here because it tends to infinity as w (or r) tends to zero. The

value of Ri corresponding to the former value of R„ is

so that

3 / sinar
--(^cos^-

R„ X \x /

)•
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The values of R,/Iio corresponding to a; = mv + 6 are given in the following table.

TABLE VI.

e
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TABLE VII.

Hour



CONDUCTING MATERIAL ON PHENOMENA OF TERRESTRIAL MAGNETISM. 479

some trouble four constants A and four constants B might be found, such that (ZA and 2iJ being

zero) ZAe-^' and S£e~" would represent the observed data of Table VII, and at the same time

the corresponding A's and B's would be consistent with a single value of the conductivity of the

core ; this will not be attempted, however, since the diurnal variations are better adapted foi-

giving an accurate and unambiguous estimate of the conductivity. The above discussion at least

suggests that the estimate of k already obtained is not inconsistent with the magnetic stonn

variations.

§ 13. Earth currents, or earth potential gradients.

The earth currents to be considered here are of two kinds, viz., (i) those associated with the

diurnal magnetic variations, small in magnitude but world-wide in distribution, and (ii) those

associated with magnetic disturbance, particularly those which are local and of short duration.

TABLE IX.

Observed and calculated values of southerhj diurnal earth currents.

Hour
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to Thorn*. Table IX, column B, gives the north-to-south component of the E.M.F. found from

these earth current records, while column A contains the corresponding results derived from

ALry's observations at Greenwich, made much earlier. The fourth column gives the diurnal

variation of southerly E.M.f. calculated as above fi'om the Fourier coefficients of the radial diurnal

magnetic force variations for latitude 52°N. given at the end of S. Chapman's memoir on the

diurnal magnetic variations, the mean value for 1902 and 1905 being adopted. The units in the

first two columns of the table are arbitrary, and no relation between them is available. For the

calculated value the unit is 10"'* volt per kilometre distance between the earth plates. The

columns headed ' Reduced e.m.f.' have been added to show the agreement of type between column

B and the calculated value, by reducing the maximum to 100 and keeping, the same zero in each

case.

These reduced values are also illustrated by the following graph

:

DIURNAL EARTH CURRENTS.

E M F

100

80

60

40

20

-20

-40

-60
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The calculated values agree better with Weinstein's values than with Airy's, which may be

due either to better or more modern methods of observation or to the proximity of Greenwich to

the sea. The agreement with Weinstein's data seems fairly satisfactory.

As regards the easterly E.M.F. of the diurnal earth cuiTents, the agreement is less good.

This is not unnatural, on account of the failure of the magnetic potential function to represent

properly the northerly component of the magnetic force*, on which the easterly earth currents

largely depend. The amplitude and character of the observed and calculated variation show very

fair agreement, but there is a phase-difference of about 2^ hours.

The local and irregular earth currents will next be considered. These are often large, e.g. a

potential difference of between seven and eight hundi-ed volts was found between earth plates

500 kilometres apart in 1859, and potential gradients of half a volt per mile have often been re-

corded since. The areas specially affected may vary within wide limits. The more local the area

affected by a distuibance and its associated earth currents, the higher will be the degree and

order of the leading terms when the field is analysed into its component spherical harmonics.

The disturbance will be supposed oscillatory, so that in the time factor e"' of Part I the appro-

priate value of a will be ip, where the frequency p is supposed to be quite independent of the

degree n and order m of the tesseral harmonics ; m and n will be supposed fairly large, say from

5 to 10, in order to represent a disturbance completing its range over a relatively small fraction

of the earth's surface. The period 'i.irjp may be anything from a few hours down to a few

seconds.

The question will be illustrated chiefly in connection with the variations in the vertical

magnetic force. Table X shows for latitude 60° N., and for a field varying in one harmonic com-

ponent only, the amplitude of variation in the vertical force H,- corresponding to an earth voltage

of '5 volt per mile; the variations are of course proportional to one another. The values of n and

m refer to the degree and order of the few typical harmonic components considered, while the

periods dealt with vary from 2 to 30 minutes.

TABLE X.

Amplitude of H,- when voltage reaches | volt per mile.

n
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stations only (immediately after Table V) the amplitudes of the resultant horizontal force

variation corresponding to the first line of the last table above would be

Period

Amplitude in y



XXVI. The Escape of Moleculesfrom an Atmosphere, iviih special

reference to the Boundary of a Gaseous Star.

By E. A. Milne.

{Communicated by Prof. H. F. Newall, F.R.S., Director of the Solar Physics Observatory,

Cauibridge. Received 15 January, 1923.]

§ 1. Scope of the paper. It has recently been suggested* that since for a giant star of the

observed size of a Orionis the value of gravity at the surface can be at most a fraction of that at

the surface of the moon and since the moon is unable to retain an atmosphere, therefore the

atmospheres of such stars would be rapidly dissipated, and consequently the stars themselves if

assumed to be gaseous would be dissipated also. The fallacy in this argument arises fi-om the

fact that the rate of dissipation of an atmosphere depends not on the gravitational acceleration

but on the gi-avitational potential, since it is the latter which determines the critical velocity of

escape of the molecules. The gravitational potential falls off only as the inverse first power of the

distance, and it is easily calculated that for a Orionis, in spite of its large radius and consequently

low surface value of gravity, the potential at the surface is relatively large, large enough more-

over for the loss hy diffusion to be inappreciable. The point nevertheless suggests that it would

be of interest to apply the detailed theoiy of the escape of molecules firom an atmosphere to stars

of various masses and temperatures.

In the case of the atmospheres of the earth, moon and planets the (juestion has received

considerable attention. Johnstone Stoney in 1868 pointed out that on the kinetic theory of gases

a proportion of the molecules would from time to time attain speeds greater than the critical

speed of escape from the gravitational pull of the planet, and that such molecules if moving

outwards in the regions of low density whei'e collisions are rare would be permanently lost to the

atmosphere ; and he afterwards elaborated this in a series of papersf . The subject has also been

considered by Sir George Darwin^, Cook§, Bryan|| (chiefly fi-om the point of view of the effects of

rotation), Emdenll and others, and a very clear summarj' of the method and the results of its

application has been given by Jeans**. But none of these writers evaluates with any precision

the height at which loss becomes appreciable, nor do they determine the critical density corre-

sponding to this height, i.e. the density of the layer fi-om which escape is mainly proceeding;

again, one finds no definite estimate of the size of mean free path necessary in order that the

chance of a collision may be sufficiently small. The reason appears to be that in certain cases

precise knowledge of these quantities is immaterial. Jeans discu.sses in a general way the height

of the critical level, but obtains his final result in a form independent of an evaluation of this

height. For the rate of loss from an isothermal atmosphere he derives a formula expressed by

the product of the critical density into a function of the critical height (quoted as formula (30)

W. H. Pickering, Pop. Astron., 28, no. "2, 1920; -29, § Astrophys. Journ., 11, 36, 1900.

no. 5, 1921. Brit. Assoc. Reports, p. 682, 1893, p. 100, 1894, and

t Trans. Boy. Soc. Dublin, 6, 305, 1898; Astrophys. p. 634, 1899; Phil. Tr,in.<., 196 a, 1, 1900.

Journ., 1898—1904 (6 papers): Proe. Roy. Soc, 67, 286, IT Gas^Ki/e/n, p. 270 (1907).

1900. ** Dynamical Theory of Gases, 2nd edition, chap. 15,

+ Phil. Trans., 180, 1, 1889. ("On the mechanical con- p. 357, 1916.

dition of a swarm of meteorites.")
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below), but when the critical density is eliminated by the introduction of the density* at a

fixed reference point in the lower atmosphere (say at the base of the stratosphere in the case of

the earth), the critical height is also almost eliminated. Thus the considerations employed by

Jeans do not of themselves provide detailed information concerning the height and density of

the escape layer. But it will be found that Jeans' formula applies only to the case of an iso-

thermal atmosphere. If the atmosphere is not isothermal, the critical height does not eliminate

itself, and Jeans' procedure alone does not lead to a determinate result.

Now it has been shown by the authorf that (on certain assumptions) if the temperature

distribution in the atmosphere is supposed described by a formula of the type

r=A7-",

where r is the distance from the centre of the star, A- is a constant and w is a variable function of

r, then n must lie between and 2 ; the limiting case n = corresponds to absorption only in

the extreme ulti-a-violet, the limiting case n = 2 to absorption only in the extreme infra-red,

whilst ?? = i gives the case when the gas absorbs uniformly throughout the spectrum. It appears

desirable, therefore, to formulate the theory in a form applicable to such temperature distribu-

tions. This we shall attempt to do in Section II below. The kernel of the method is the use of

the " available solid angle," which, at an)' level, is the empty solid angle into which molecules

possessing sufiicient velocities at that level are free to escape. It will appear that by this means

a direct rough evaluation of the density and height of the escape layer is possible, and that the

formula for the rate of escape becomes determinate. It will appear also that in some respects

the isothermal case (n = 0) is quite special ; for example it is only in this case that the rate of

escape is independent of the size of the molecules.

As a preliminaiy, the hydrostatics of an atmosphere in which the temperature distribution

follows the law T= kr~", where n is a constant, is investigated in Section I. It is found necessary

to examine the behaviour of the pressure and density at great distances in some detail, in order

to be able to overcome certain difficulties concerning the convergence of integrals which arise in

Section II. The physical ideas underlying the main investigation in Section II are simple, and

it is unfortunate that the mathematical analysis becomes somewhat complicated; I have been

unable to see how to avoid these complications save at an undesirable sacrifice of rigour.

Section III, which deals with applications of the results, draws attention to a certain minimal

property possessed by the values of the gravitational potential at the surfaces of the existing

stars.

1. The hydrostatics of a gaseous (jravitating atmosphere in which the tempei-ature falls off as the

inverse nth power of the distance from the centre of the attracting nucleus.

§ 2. In this section it is proposed to consider the distribution of pressure and density in an

atmosphere of the type stated, on the assumption that the gas is a continuous medium capable

of indefinite tenuity, i.e. ignoring the molecular structure of the gixs. Besides its application to

the main problem of this paper the question possesses considerable mathematical interest of its

f)wu. The analogous problem for atmospheres in " polytropic " equilibrium has been investigated

by EmdenJ.

* The partial density o( the constituent in qnestion is (h = 0) has been treated by Tail, Ktlvin {Phil. Mag. v, 23,

implied, here and elsewhere. 287, 1887), Darwiu [loc. cit.), G. W. Hill (AnnaUi of Mathe-

t Monlhly Nolictf, It. A. S., 82, 368, 1922. matics, 4, 19, 1888), Ritter (ICi/rf. Ann. 10, 166, 1882) and

* Emden, Gatkuijfln, chaps. 4, 5, C, it, 10 (Leipzig, very fully by Euiden ((hiakiuieln, chap. it). See also Jeans,

1907). The particular case of the isothermal nassphcre Conmoijonij and Stdhir Dynamics (1019). P- l-***-
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The temperature distribution is given by the formula

T Ir "

r.= (;' m.

where T is the temperature at distance /• and the suffix refers to some convenient reference

level near the limb. It will be found that in all cases the atmosphere extends to infinity, but the

behaviour for large values of r depends closely on the value of n. When /( > 1, the total mass is

finite; when n < 1, it is infinite, though the pressure and density still tend to zero at infinity;

for the critical case, « = 1, the mass is found to be finite. This varying behaviour is reflected in

the usual exponential formula used to represent the pressure and density throughout a limited

range of r. The formula is obtained by neglecting the efiect of the mass of the atmosphere itself

on the value of gravity, and for ;< < 1 it gives a density which does not tend to zero as r tends to

infinity. But for h < 1 the efl:'ective increase of the mass of the attracting nucleus with increase

of r, due to the included mass of the atmosphere, cannot be neglected if the pressure and density

are required for large values of /•. Within the range in which the density is appreciable, the

mass is completely negligible in comparison with that of the nucleus ; but the method we shall

subsequently adopt to calculate the loss by diffusion requires the use of infinite integrals, and

these integrals are not in a convergent form for /; < 1 unless the mass of the atmosphere is. taken

into account.

§ 3. Let p be the pressure, p the density, g the acceleration due to gi-avity, V the gravita-

tional potential (taken positively) at a distance r from the centre ; and let the suffix denote the

values of these quantities at a given distance r^. Let il/(r) be the total mass inside the sphere

of radius ;• (including atmosphere and nucleus). Further let G be the constant of gravitation, R
the gas-constant, m the mass of a molecule of the gas. (Only one kind of molecule is assumed to

be present.)

mV GmilQ-) _GmM{r) fry-'-
'"^ '^'RT' RTr ~^^T;^\rJ ''^''

so that q is the ratio of the gravitational potential energy of a molecule at any level to § of its

mean kinetic energy at that level. It is known that the value of q controls the order of magni-

tude of the escape of molecules by diffusion, since the smaller q, the larger the mean velocity

compared with that of escape. The behaviour of q for large values of r depends on the value of n.

The equation of hydrostatic equilibrium is

1 = -=" <^^

GM{r) p RT
where g = —

, - = — .
•^ H p 1)1

ri • 1 a A ^dp GmM{r) GmM{r)(r\'-" q ...

If we assume that as ; tends to infinity the mass of the included atmosphere tends to a finite

limit small compared with the mass of the nucleus, we may ignore the change in g due to the

mass of the atmosphere itself and take M as being constant. We have then

\dp_ fry--
pd,--~'J'[rJ '

giving on integration — = e n-iW' / (5).

63—2
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If /; >1, this formula makes jo^^O as r ^- x , and moreover it makes the integral pt-^dr

converge, so that AI(r) has a finite limit as ?--^ x , in accordance with the above assumption.

If n = 1, (5) must clearly be replaced by its limiting form

plp, = {rjr)i'> (e).

I*

X
pi^dr converge only if q,, > 4. If ^o $ '^< (6) makes

M{i-) -* X , which contradicts the assumption, and hence if n = 1, and ^o '^ 4, (6) is not valid.

If V < 1, (5) when put in the form

plpo=e i-«V ''-V (7)

is seen to make /J tend to a finite non-zero limit as7-^^x , and thus makes M(r)^-x . Hence

(7) is not valid for large values of r when v < 1.

If in (5) we put n = 0, we obtain

7Vpo = p/po=e-9"'i-'-'''-' (8)

the usual formula* for an isothermal atmosphere. As we have seen, this is invalid for large

values of r, making p/po and p/po tend to e"*'. The lack of approximation is merely formal, but

it makes (7) and (8) very inconvenient to work with in certain circumstances.

§ 4. We now investigate equation (4) more fully. On substituting for M (>•) from the relation

i¥(r)-Jl/(r„) = 47r[' pr-dr

and differentiating, we find

rf-(log») ,„ , d(\osp) ^ „„,, .„,
'•'

, „ + (2 -n)r j" ^ = - \pr-"+- (9),
dr- dr

4!7rG I m \-
where ^='^[rtJ-

Put X^"+-h' = s.

Then
^dH^

+ ^2-n)s^-^ = -p^^-'- (10).

This equation admits of the singular solution

^ (1 - n) (2» + 2 ) ^ (1 - n) (2» + 2)

which gives /) positive only when n < 1. We shall see that when n< 1, (,11) is the asymptotic

solution of (9) for large values of r whatever the initial conditions /)„ and M{r(,). It depends only

on the scale of the distribution of temperature, namely on the value of the quantity

which is constant throughout tlie atmosphere.

It is convenient to adopt procedure similar to that used by Emden for polytropic equilibrium.

Perform the series of substitutions

' /'.'.'/. Jeans, Oases, p. 354.
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so that ps^'+- = e-^

and then put dzjdd = y.

'dy
We find y dz

(n-l) = e-^ + (H-l)(2H + 2) (12),

an equation of the fii-st order. Real solutions of this equation correspond to real, positive values

of p. The general form of the integrals of (12) may be most easily seen by first dramng the

curves

dyfdz = const.,

Fig. 1. Integrals of equation (\i) for n > 1. (The curves are drawn for n = 2.]

and marking each cune with a series of short transverse lines drawn in the direction given by

the constant value of dyjdz. The actual integrals may then be rapidly sketched in by joining up

the transversals belonging to neighbouring curves. All the curves pass through the point

y = 0, ^ = -log(l-«)(2n + 2),

which corresponds to the singular solution.

When )i = l, (12) is integrable, and hence (10) must be integrable. We will consider this

case first.
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Fig. 2. Integrals of equation (12) for 71 < 1. (The curves are drawn for h = 0.)

§ 5. Case I. n = L It is found without trouble that for ?j = 1 the solution of (^10) is

_1 2^"^^-*

where A, R are arbitrary constants. In terms of r this may be written

_1_ 2A"-B(rlr,y
P~\r'-[1 + B(rlu)iy

^^'

where fi is a different arbitrary constant. The values of .1 and B are found to be, in terms of

the initial conditions,

A"- = (q,-^y + 2poXr,' (14),

„ .4 + (yo - 4)

A -(9„-4)

It can be verified that formula (13) reduces to the same value whether the positive or the

negative value of .4 be taken from (14). Accordingly we shall take the positive value. Equation

(13) now shows that for large values of ?•,

p = 0(r-(^+*)).



WITH SPECIAL REFERENCE TO THE BOUNDARY OF A GASEOUS; STAR. 489

and hence I pr-dr converges, since il > 0. We have thus proved that for n = 1 the mass is finite

in all cases.

Equation (14) may be written

A- = {q,-^f+2q,-{4>',Tp,r,^lg,M,) (16).

Now 47rpo?'o'" is the total pressure of outlying material outside the sphere of radius ?•„. and

iTrpor„"lgo is its mass, approximately. Thus 4-7rpon-lg„M„ is the ratio of the mass outside r,, to the

mass inside r^. This is in general a very small fraction. Hence provided g,, is not nearly equal

to 4, we have approximatel}-

A=\q,-i\ (17).

In practice (see Section III) (/o is always large compared with 4, and so ((/„ — 4) is positive ; we
find then approximately

B = 2{q,-if/p,\ro\

which is large compared with unit}-. Substituting this value of B in (13) and putting J. = ^o — 4>,

we find approximately

plPo= in/r)'";

in confirmation of (6). If however, q„ were less than 4, we should find for large values of r

and (6) is no longer valid. In this case 47rpo'"oVi/o no longer measures the mass of the outlying

atmosphere, the mass being in fact comparable with that of the nucleus. It is easy to show by

direct integration that in all cases the mass of the atmosphere is given by

^(-)-^^<'-»> =^^) •
(!«)'

and when (/o is less than 4 the value of B is given approximately by

which is small compared with unity ; hence from (18) if (oc ) — il/(?\,) is in this case comparable

with iV/(r„), as just stated.

Neglecting the variation of M (i.e. when 5„ is large compared with 4) q remains approxi-

mately constant, since

q ^ M(r)r/r„ ^
qo M{r,)rT

'

Case II. n > 1. The case ;; = 1 appears to be the only one which is integrable in finite terms.

The family of integi-als of (12) is quite different according as n 5 1. (See Figs. 1, 2.) When ?i > 1

the integrals have a common asymptote y = — {2n + 2), which they approach as ^ ^- + oo . In

the neighbourhood of the asymptote they correspond to the region near the centre of the gas-

sphere, which we are not here considering. Each integral also extends to infinity in the manner

indicated by

l/'*'{n—l)z, (z^^+cc),

and in this direction the curves correspond to the outside of the gas-sphere. When z is large an

approximate form of equation (12) is

I/{f,-(n-'^)) = {n-l)(2n + 2),
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and by integi-ating this it can be shown that the corresponding asymptotic solution of the original

equation (9) is

^-^ Ce-°'""' (19),

where C, D are arbitrary constants. By comparing this with (9) it is found that D = qa;{n — 1 ),

prov-ided the reference height r„ is sufficiently lai-ge for (19) to be a valid approximation there.

Thus (19) reduces to (5). It can also be shown that p has no zero, so that there is no boundary

for finite r. Neglecting the variation of M, the variation of q is given by

q^ M{T)r„T„

q„ M{u) rT
'

©""

Case III. a < 1. In this case it can be shown that the integrals of (12) are spiral curves

whose convolutions approach the winding-point s— — ]og{l — n)(2n + 2), y = 0, in a clockwise

direction. In general each integral extends to infinity in the direction given by

y'^—(l—n)z, (s-^+cc)

which corresponds to the region near the centre of the gas-sphere. One particular integral, how-

ever, tends to infinity along the line y = — (2n + 2), and the convolutions of this integral about

the winding-point separate the first convolutions of the other integrals from their second

convolutions, their second convolutions from their third, and so on. The convolutions correspond

to the outer parts of the gas-sphere. It can be showTi, in fact, that as ^- — log (1 — n) (2n + 2)

and y ^0, s -*x . Further since p^+'- = e~^, it follows that as s -» oo
,

ps-"-^-^(l-,i){2n+2),

and hence the asymptotic solution of the original equation is

(l-»)(2. + 2)

identical \vith the singular solution (11). Moreover as each spiral cutsthe line 2=— log(l—;i)(2n+ 2)

an infinite number of times, therefea-e there is an infinite number of places where p is exactly

equal to the expression on the right-hand side of (20). It can be shown that the true value ofp
oscillates about that given by (20), the amplitude of the oscillations tending to as r tends to

infinity. Further approximations can be obtained without trouble. It is worthy of note that

the value of yj is ultimately independent oi p^, and N {rj.

From (20) it is easily deduced that for r large,

jl -n)(2n + 2) RT,r»
P ^:i,J^

(21),

.1/0)^1 i^pr-dr^ ^ y (22),

mGM(r) mG M(r)(rY - „ ,„„,

The differing behaviour of q for h 5 1 is especially notewurth}'.

In spite of the fundamental difiierences between the cases h > 1 and n<\ when r is large, it

is clear that the exponential formula (5) which is always a good approximation to p when n > 1

is also a good approximation to p when n< I within any limited range of r. Can we obtain for

«< 1 a single approximate formula for p which will agree with (5) when r/7-„ does not depart far

from unity and which will at the same time give the correct behaviour for large values of /•?
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Obviously to obtain such an approximation we must take account to some extent of the

increase of mass. To do this let us solve equation (4) assuming that as far as the increase in mass
is concerned p may be represented by its asymptotic formula (20). In that case we have to

insert in (4)

" y 1= -"J K'oJ-r

and on integrating we obtain

M(r)^M(u) + '- -/— °'o r
(24),

i-«V ''-; (25),
P-.

Po \r

where q„' = q,, - (2n + 2).

This combines the features of (5) and (20) in the required way. Moreover it agrees very closely

with (5) for values of rlr^ which depart little from unity. In fact the ratio of the value given by

(25) to the more correct one given by (5) is

and if we put ro/)• = 1 — S, to the second order this is equal to

1-(1 -n=)S=.

Naturally (2.5) gives too small a value of p, since M (r) does not increase so rapidly as is given

by (24). But for our purpose (25) will prove most useful.

If in (25) we want to change the reference height from r^ to 7\, it will be found that q„' must

be replaced by a number g/, given by

q//qo' = (ro/r\y-\

Hence we have the approximate formula for q,

q-(2n^2)^n-,V-^
q,-{2n + 2) \r)

'-''^

'

this makes q^'{2n + 2) as ?• ^- oo , as we have already seen to be the case by a more rigorous

method.

It may be asked which convolution of a spiral corresponds to the part of the atmosphere

where the density is appreciable, near the limb. Now

cZ(k^-)^_,-^._
'^ a(logr) par ^ ' ^ \ \ />

from (4), so that y is initially positive and fairly large. Further

. = - log Xpr-==-log4.(?pgJ (|5J.

For a typical giant star for which Tf, = 5100 x 2 ~ * = 4300°, To = 8 x 10", taking p^ = 10~^ atmos.,

we find the initial value of z for atomic hydrogen is about + 6. Hence the point representing the

pressure at the limb of a star is near the highest point of the first (outer) convolution of the

corresponding spiral (Fig. 2). The decrease in pressure within a distance equal to the star's own

radius corresponds to the upper part of the second half-sweep of the spmil about the winding-

point.

Vol. XXII. No. XXVI. 64
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II. The rate of escape of moleculesfrum an atmosphere in which T vanes as r~".

§ 6. Introductoi'y formulae. The escape of molecules from an atmosphere will only begin to

be appreciable (if at all) at a height such that above this height the density is so small that an

outward-moving molecule has a reasonable chance of suffering no collision. Outward-moving

molecules crossing this level with a velocity greater than the critical velocity C given by

\mC- = mV
will possess enough energy for them to escape completely from the gravitational field of the

nucleus, and will in fact so escape, describing hyperbolic orbits, provided they encounter no other

molecules.

Let r be a height so large that the chance of subsequent collision for a molecule crossing this

level in an outward direction is negligible. Following Jeans we will calculate the total number

of molecules crossing unit area per second with velocities exceeding C.

Let dS be a small horizontal element of area surrounding the point P, which is situated at

the height r. We will first calculate the number of molecules crossing dS in time dt with

velocities lying between c and c -I- dc. All such molecules must at the beginning of the interval

dt be lying inside the hemisphere below dS of radius cdt and centre P. Take a cone of small solid

angle dw, with vertex at P and axis making an angle 6 with the vertical, and consider the element

of volume Q intercepted by it between hemispheres of radius a and a + da, where o < cdt.

Fiii. 3.

Provided dt is small compared with the duration of a mean free path, all the molecules inside

Q whose velocities lie between c and c -I- dc and the directions of whose velocities lie inside the

solid angle subtended by dS at Q will cross dS during the interval dt.

If i> is the number of molecules per unit volume in the neighbourhood of P. the number per

unit volume with velocities between c and c + dc and directions of velocities inside any given

solid angle dil is, from the theory of gases,

Hence the number of molecules inside Q of the kind specified is, since here dil = c/^'cos dia\
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Integrating with respect to a from to cdt, and integrating over the hemisphere, the total number
crossing dS with velocities between c and c + dc is

m
' dSdt

(
I cos 6 dco\e-^""^'^^c^dc (28).

Hence the total number crossing dS with velocities exceeding C is

-^^-^'d^dtU-Hi^,),

where, as in Section I, we have put

mV imC-
9=JiT=-Wr (29).RT RT

Hence the total mass of molecules crossing the sphere of radius /• per second with velocities

exceeding the critical velocity is*

(2-irRTV-
2p/-^(- e-i{\ +q) (30).m /

Having taken r sufficiently large for outside collisions to be negligible, Jeans adopts this as giving

the actual rate of loss.

Within a limited range of /•, whatever the value of «, we have approximately

^ = ^,-„-.(^-j =Qe^ (31),

since (within such a limited range)

qlqo = (rfr,r-' (32),

the suffix denoting as usual some convenient reference height in the lower atmosphere. Hence

according to (30) the loss due to molecules crossing the sphere of radius r is

This is a function of r. But, on general grounds, although r refers to a high level in the atmosphere

the ratio ?/?•(, will not be far from unity. The order of magnitude of (33) accordingly depends

almost entirely upon the exponential factor.

Now when the atmosphere is isothermal, n = and the order of magnitude of (33) is in-

dependent of r. The rate of loss can therefore be evaluated without investigating the value of r,

the height of the level from which escape may be said to be occurring, i.e. without investigating

how rare collisions must be in order to be negligible. Further, as Jeans shows, the total mass of

atmosphere Ij'ing above the level being approximately iTr?\-po/goy i-^- iTr7\'p^RTo!mgo, the time to

lose this amount of gas is, from (33) with n = 0, equal to

^.(^•)*©'^,
;

<«).

which, since in this we may put )7ro=l, is independent of p„. Thus the time needed for the

streaming away of an amount of gas equal to the whole atmosphere above r„ is independent of

the total amount of gas above r„.

* Jeans, Gases, chap. 1-5, p. 358. The notation has been changed slightly.

64—2
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When ?! =t= 0, neither of these results is true. The rate of loss depends closel}- on q, and there-

fore on 7-. Hence it is necessary to investigate the level at which escape occurs, and further, since

this height will depend on p,,, the time required for the escape of the outer atmosphere will

depend on p^.

We .shall therefore analyse the mechanism of escape in more detail. Our analysis will furnish

the so-far unknown orders of magnitude of the height r and the density and mean free path at

this height.

§ 7. Outline of the method. We shall begin by calculating the solid angle subtended at any

point in the outer laj-ers of the atmosphere by the molecules lying above that point. If we imagine

an observer to ascend through the atmosphere from a level where the density is appreciable, and

if we suppose further that all the molecules are visible to him as opaque bodies, then they will

at first appear to fill his whole "sky." As he ascends he will in time reach a level such that the

molecules in the zenith are just filling his sky without overlapping. As he ascends further, the

sky in the region of the zenith will become partially clear: outside a certain zenith distance his

sk}- will still be completely blocked, but within this zenith distance only a portion of his sky \vill

be so covered at any one moment—there will be spaces visible between the molecules. The small

circle separating the two regions maybe called his molecular horizon. If he ascends further still,

his molecular horizon will sink towards the horizontal, eventually sinking beneath it, and there

will then be some clear sky in every outward direction.

Let R be the height at which the zenith is just partially clearing. At this height some of the

molecules moving radially outwards will be able to escape altogether, but molecules moving

outwards in all other directions will suffer collisions. Hence the critical sphere must be taken

outside R. Take now for r the height at which the zenith distance of the molecular horizon is d^.

Take an elementary solid angle da>, the direction of whose axis has a zenith distance 6, and let

f{r, cos 6) be the fi-action of this solid angle which is actually occupied by molecules. The function

f{r, cos 6) is equal to unity for all zenith distances for which 6^0^. The solid angle available

for molecules escaping through dw is

[1 -/(r, cos 6)1 do).

Now formulae (28) and (30) were found on the assumption that the whole sky of solid angle i-rr

was free. It follows that, assuming approximately rectilinear* paths for the escaping molecules,

the true rate of escape of molecules across the level r will be obtained by replacing in (28) the

integral

Jcosedo) (35)

by the integral / cos ^[1 -/(?, cosd)]dw (36),

in each case extended over the hemisphere. The integrand in (35) is however zero for 6> Oi, and

thus the value of (36) is

/«,

•2-77 [1 - f{r, cos d)] cos sin Odd.
Jo

The value of (35) is tt. Hence the corrected rate of escape will be obtained by multiplying (30)

by the ratio of (36) to (35), i.e. by multiplying (30) by the function <^(7') given by+

<f>(r) = 2 ( '[l-f{,\cos0)]cosesmed0 (37).

* Actually ench molecule is moving along a hyperbola, important,

but little error will be committed if we replace tlie portion t If the height i.s so large that the molecular horizon is

of the hyperbola by the corresponding asymptote. In any below the horizontal, i)t must be replaced by .Jir in these

case the curvature is small in the stretch of path thiit is integrals.
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For brevity put yff(r) = 2pr-( j e'lil+q) (38).

Then the rate of loss across the level r in grams per second is L (r), say, where

i(/•) = ^/^(r) </.(»•) (39).

Now suppose Tx ?-~". When ti > 1, formulae (31) and (32) are valid generally, and we have

Vr(r) = 2p,,V^^^^)
(^)

(l + q)e ^^ (40).

Since q oi: ?"-', this expression tends steadily and rapidly to zero as ? -*- oo , in virtue of the

exponential factor.

When n = 1, 5 is practically constant and equal to g, whilst p is given by (§ 5)

p/>„ = (r„/r)«"-' (41).

Hence when n = 1,

V.(r) = 2p,r„^(?^")-gf"*(l+5»)^-'° (42),

which tends steadily and rapidly to zero as r ^- 00 , since ^o is large.

When n< 1, formulae (31) and (32) are not valid for large values of i\ and we have to use

the approximate formulae (§ 5)

£ = (';)
.-i-i;-(^!) . .-. (43),

where r/ = 5-(2n + 2), q'/q„' = {r,j))'-" (44).

Hence for n < 1 we have

>/.(r)=2p„r„=f^^»)f-») (l + q)e l + « (45).
m 1 \r

Here q steadily decreases as »^ 00 , tending to the value 2w + 2. Hence in virtue ot the

exponential factor i|r (?•) steadily and rapidly decreases as r^ 00 provided n 4= 0, but it only tends

to zero in virtue of the factor (ro/r)J ". If n = 0, the exponential fector reduces to a constant, and

•\|r(r) is nearly constant for a considerable range. Since, however, q steadily decreases to the value

2, ^{r) steadily but slowly decreases to a small non-zero limit.

We now discuss the function ^(?-). When r = R, the function /"(?, cos ^) is equal to unity for

all values of 6, and (?•) is zero. When r is very large, /(r, cos Q) is nearly zero for all values of

Q, 6i must be taken to be Avr, and (j) (?) is practically unity. Moreover for any given 6 it is

clear that /(;-, cos ^) steadily decreases as r increases, and hence (f>{r) steadily increases as r

increases.

Thus in general the rate of escape given by (39) is the product of two factors : the first foctor

-i/f (/) steadily decreases as ?- ^ 00 , and tends to zero (or to a small positive value); the second

factor (j> (?•) is zero when ?• = R, and steadily increases to the value unity as ?• ^- x . It follows

that L (r) has a maximum for some value of r greater than R. This maximum may be taken to

give an upper limit to the rate of loss.

It should be noted that in all cases the behaviour of the function y^ir) during a considerable

range of r is practically that of the function p", which unless n = is a decreasing function

decreasing to zero. The function ^(r) is practically the available solid angle, an increasing

function increasing from zero. These two statements taken together indicate the existence of a

maximum. The anomalous case h = arises because the function i/r (r) is practically the product
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of the density p into some function of the temperature and gravitational potential, and when

n = the latter function varies as jO~' until r becomes very large.

Even cruder arguments will show that yjr{r) will in general ultimately tend to zero, and hence

that L{r) has a maximum. For if all the molecules at a given level had velocities which

enabled them to escape, -vlr (r) would be proportional to the density times the area of the sphere,

i.e. to pi-^. Actually, y}r (r) must be a function which is always less than some multiple of pi-^.

But, except when n = 0, pr- steadily decreases to zero as r-^ x (Section I). Hence yjr (r) tends

to zero. When n = 0, pr- tends to a non-zero limit, and the argument breaks down.

Jeans has pointed out that his formula—which is simply -^jr (r)—for the rate of escape from

an isothermal atmosphere (our formula (33) with n = 0) gives an always increasing rate of escape

as r increases*, and he has accounted for this as being due to its counting in, with increasing r,

" satellite
"' molecules in free flight, which cannot really be supposed to be part of the genuine

loss. Such molecules are of course counted in, from the nature of the method ; but our more

detailed analysis shows that the explanation is I'ather that the formula Jeans has used for the

density p (which does not take into account the effect of the mass of the atmosphere) gives the

wrong behaviour for large values of r.

We are now in a position to regard the loss of molecules from the outer parts of an atmo-

sphere from a more physical point of view. The analog}' with evaporation is more close than is

perhaps supposed, the main difference between an atmosphere and a liquid being that the former

has no well-defined surface. But it is quite easy to define what may be called the "surface

region " of an atmosphere. Any point taken below the height R mentioned above may be

regarded as being in the interior of the atmosphere, for there are no paths from it which avoid

collisions. But above this height there will be a la3-er in which the sky near the zenith is

clearing rapidl}-, and owing to the rapid fall-off of density it is obvious that the small circle

= 0i separating the partially cleared sky from the lower uncleared sky will sink rapidly towards

the horizon. This comparatively narrow layer in which ^i changes quickly from to a value near |7r

may be regarded as the true surface of the atmosphere, and it is from this la3'er that evaporation

(or loss of molecules) occurs. If the calculated maximum occurs in the region of rapid change of

6, (where molecules are still comparatively abundant) we may adopt it with some confidence as

giving the actual loss by diffusion.

Naturally the solution we thus obtain is only a crude approximation. The concept of the

available solid angle is a loose one, and does not truly represent the state of affaii-s. For we

postulate the complete equilibrium distribution of the gas to infinity, ignoring its molecular

structure, and then use this steady state to determine a diffusion process, the occurrence of which

is in contradiction with the existence of the steady state. However the complete steady state to

infinity is only formally necessary, and if we confine the actual application of the formulae to what

has been called above the " surface region " they be expected to give approximately correct

results.

A further approximation could perhaps be obtained by taking into account the first collision

(if any) of each of those molecules leaving a given level with a velocity exceeding the critical

velocity, and calculating the proportion which still have escape-velocities after the collision. But

it is questionable whether such a calculation would be worth the trouble. If further approxima-

tions were required the problem would have to be treated dynamically, as a genuine diffusion

problem. Some suitable boundarj- condition would have to bo formulated to represent the real

* In tbe text Jeans says that bis formula (913) increases stands it decreases, but it increases when multiplied by

with li. This seems to be an oversight. Actually as it iirli'-, for the area of the sphere.



WITH SPECIAL REFERENCE TO THE BOUNDARY OF A GASEOUS STAR. 497

state of affairs as well as possible

—

e.g. it might be supposed that the atmosphere was bounded

by a given sphere ?-=r, and that molecules incident on the boundary with a velocity exceeding

the critical velocity were supposed to be absorbed by the boundary.

§ 8: Calculation of the solid angle subtended by the molecules above a given level. It is

necessary here to introduce a tiu-ther approximation. In calculating the solid angle subtended

by the molecules lying within an\- given solid angle we shall assume that each molecule subtends

its own solid angle as though the other molecules were not present, so that overlapping is

ignored. Overlapping will be negligibly small except when they appear to fill very nearly

completely the solid angle considered. The circumstance that the molecules are in motion is

obviously immaterial and is ignored in the calculation.

Let a be the diameter of a molecule (assumed spherical) and let v (r) be the number of

molecules per unit volume at the level r. Take the point at level r, and let («,• 0, <f>)
be spherical

polar co-ordinates with as origin and the normal thi-ough as axis. If r' is the distance of any

point P {x, 6, (b) from the centre of the star, then

?'- = .r'- + r- + 2xr cos 6.

The effective solid angle subtended by a molecule, from the point of view of collisions with

another equal molecule, is equal to that subtended by a sphere of radius a. The solid angle

subtended at by the molecules lying inside the element of volume a?s,in6d6d^dx at P
is therefore

v(r')7ra-
., . ^,^j, 7— a:-sin0dffd(j)ax,

and hence the solid angle subtended at by the molecules lying inside the solid angle

c?o)(=sin 6ddd<f>)

(assuming no overlapping) is

Hence

dwTTcr''
I

V (?•') dx.

f{r, cos 6) = -TTa- { v(r)dx (46).
Jo

When r does not exceed a certain value, f{r, cos 0) will exceed unity even for 6 = 0; in this case

overlapping occurs and the formula has no meaning. When r is large, /(/•, cos 6) will be less

than unity for a certain range of values of ^ ; in this case the sky as viewed from will be

partially clear down to a zenith distance di given by

f(r, cos(9i) = l (47),

provided this equation has a root*; and the sky will be completely covered in the range

01^6 ^ ^TT. The total solid angle subtended by the molecules lying within the range 0^6 ^0i

is 'Iirg {)), say, where

g{r)=
f

'/(»•, cos 6') sin ^rf^l,

and the free solid angle is 27r [1 — cos 0i — g (/•)].

However we are directly interested only in the derived function

(-9,

(/)(?) = 2 [1 -/(?•, cos 0)] cos sin 0d0
.' (I

= l-cos-6', -2<^, (;•) (48),

* lff(r, cosS) < 1 for all values of 6 lyiug between and ix, ff, is defined as being equal to Att.
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sij, where <^,(')=f 'f(r, cos 0) cos d sin ed9 (49).
J

We shall now obtain asymptotic approximations for this for the different cases that arise.

Case I. n > 1. We have v = pjm, and p is given by (31) in terms of pt, and 50 at any arbitrary

reference height r„. Take this reference height to be that of the point we are considering,

substitute for p in (46) and then omit the suffix wherever it occurs. We find

q r/jg+r2+2xrcos e\i("-l) n

/(r,cos^)=^( {x^ + r^+2xr COS BTe ""^LV r- j -J
rf^- ...(50),

where r, p and q are the values at 0. Now substitute x = r^, and put cos = fi. Then

/(;-,m) ='^ (l + -Vf+r)*"e
"-'''

'd^ (51).

In this put l+2fji^+^- = {l+ y/a)=/"'-",

where a = g/(n — 1).

«- c J .u V ^
Tra-pr r (H-w/a)*''"-"e-" , ,.„,

Wefindthen ti^r,u,) = ^ ^^ ^—^ rrfu (52).
mq ! |-(i + yjaynn-i) _ 1 + ^y-

It will be seen in Section III that in practice q is large compared with unity in the boundary

region, and therefore, since in practice n $2 (§ 1), a is also large compared with unity. If the

integi-and in (52) is expanded in powers of a~' and integrated term by term, the result will be

an asymptotic expansion valid when q is large. The first term of this expansion is sufficient for

our purpose. Provided /i 4= 0, we find in fact for q large

Tra-pr

J (r, p.) '*. -
-, 3m" -

1

.(53),

and hence so long as p^q is not too small we may take

/(••-)==^--^ <^*)-

Notice that the approximate form (54) and even the second term in (53) are independent of

n; the complete expression of f(r, p,) however would obviously involve n.

Using expression (54) in (47) we have for the position of the molecular horizon

cos 0, = fi,
= '— (5o).

mq

The expression on the right-hand side of (55) must not exceed unit)- for 0, to be real. Thus the

foregoing calculations are valid provided )• is so largo (p so small) that

^— $ 1 (56),
mq

and pi'ovided also that r is still sufficiently small for

Mr7 ^("^^'y (57)
'/ \ III I

to be large compared with unity. It is convenient to express /(r, p.) in the approximate form

f{r, fi) = p,lp. (58).

Since p varies rapidly with the height (more rapidly than q\ therefore there is a certain range

of height in which p., varies comparatively rapidly from unity to a value near zero, as already

anticipated in § 7.
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If r is so large that it is necessary to consider small values of /x, condition (57) may be

violated and we cannot proceed to approximation (53). When y?q is not large compared with

unity the leading terms in (52) give

'o \? /mq ( \q

which if ii?q is small compared with unity may be approximated to in the form

.(59),

Ira-

nim \2f// L V TT y J

It follows from this that/(/-, 0) < 1 when r is so large that

.(60).

ira'pr
<,^r (61),mq ynql

which is therefore the condition that the molecular horizon shall be below the horizontal.

To find </>i()') we have, using (52),

9i('")= f(r,)j,)fxd/j,=
—^- fj.dfjL

— --^^-^ j(hj (62).
h, mq -V, Jo [(1 + 3//a)2 /(»-!)_ 1 + ^2-]*

-^

Inverting the order of integi-ation and integrating with re.spect to yu, we find

D

[(1 + 7//a)'/<»-" - {(1 + 2//a)^/(»-') -1 4 /a,=|4] (1 + y/a)^/'"-" e-vdij ...(63).</>! (r) =
rrcr-pr

mq J

The asymptotic expansion of this valid for large values of /x^-q is found to be

, , , TTo-pr ,

Hence we have approximately

7nq
1 + ^^"'^ +

Ml?
.(64).

TTcr-pr

= A*i(l-Mi) (65).

The same expression would have been obtained if we had used the approximate formula for

/(r, /x) in calculating <l>i{r), thus

J 111 J Ml /^

If fj,i"q is not large compared with unity, the leading term in the expansion of (63) gives

which again if fi^-q is small compared with unity gives

TTCT-pr

.(66),

</)i (r) ~
mq

1- .(67).

We shall find that the most important case is when /Z] is not nearly zero. Summarising for

this case, we have the approximate formulae

ira-pr

mq
ira-pr /Xj

mqiJi, fi

</.(r) = l-/xr-20,(r) = (l-/x,)'
/

cos ^1 = /^i
=

/('.m)= y .(68).

Vol. XXII. No. XXVI. 65
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Case II. n = 1. Either bj- substituting the appropriate formula for p from § 5, or by passing

to the limit (n^ 1) in (50) or (ol) we find for » = 1

/(,-,^) =^J a + 2^?+fn 4(7-1) d^ .(69),

which converges since q is large. Substituting

H9-3)log(l+2af+r)=i/,

irrpr ['' e~idy
this becomes /('••m) =

H( (q - 3) j(, (g2!;/«/-si _ 1 + ^2)i
.(70).

The leading terms in the asymptotic expansion of this, for fi-q large or small, are the same as for

the case ;* > 1 just discussed. The same applies to the expression which can be obtained for

4>i{r). Hence formulae (68) are valid when n = 1.

Case III. n < 1. In this case the integrand in (50) does not tend to zero, and the integrals

already obtained for f{r, fj.)
and (^i(/') diverge. This would appear to indicate that all elementary

solid angles are completely filled with molecules. But this conclusion would be erroneous ; it

arises from the fact that the expression for the density valid when n >1 is not valid for n < 1 for large

values of r. We must accordingly use in (46) the approximation for o which gives the correct

behaviour for )• large, as obtained in Section I. The ajjproximation in question has already been

quoted in Section II, in equations (43) and (44). Employing these in (46), then omitting the

suflSx and substituting

X = r^, a = q'l{\ — n),

we find Ar/.) = "°^'f^l + 2M^ + r)-*<"^-^'e-»'[^-(^--^'^'-")-*'^""'Jdf (51').

This integi-al converges. The exponential factor tends to a non-zero limit as ^^ x , but con-

vergence occurs owing to the first factor in the integrand, since n > 0. Put

l-l- 2/if + f- = ( 1 - 3//a')-^/<'-"».

Then mq J(, n _n -u-

(1 - y/a.'Y""'-''! e-»dy

[l-(l-/.0(l-2//ar''-'"]I
.(52').

This should be contrasted with (52). When ti?q' is large, /(r, /x) has the asymptotic expansion

/('.m)~
K<rpv

fjLinq

(2»- 1)^-^ + 1
.

IJ?q
.(53').

Inserting q =q — (2n + 2) and expanding in powers of q \ (53') becomes

J ('•. M) - pmq
3/1- - 1

of which the first two terms are identical with tht)se of the corresponding expansion for n > 1,

namely (53).

When firq is not large compared with unity the leading term in the expansion of (51') gives

^ mq ;«
m' +

-i
e-!'di/ .(59),

and when fjrq' is small compared with unity this has the approximate expansion (60), the same

as when n > \.
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To find (^1 (;•), using the expression of /"(r, /j.) given by (51'), inverting the order of integration

and integi'ating with respect to
fj,
we find

<^i('')= f(:r,ti)iidfi =

ira'-pf

iTo-'pr r» l -[l-(1- /^i')(l-y/n')'/"-"']^ ^_,^

//((/ j„ (l-y/a)-
e->'dy

r(i-^,')f"'
a^i/«r^

n ^^"'^y .(63').
mq .'o i+[i_(i_^j2)(i_y/jj'y2/a-„)]*

This converges. It should be contrasted with (63). The asymptotic expansion of this valid for

large values of fx^-q is found to be
!nf r (•9>i _ i\ ,. _i_ 1 n

.(64').^•^'^"^
m^'

^^-^'^
^ (2// -1)^1+1

^

Ml?

Inserting (^' =*/ — (•2»+ 2) and expanding in powers oi q~^, (64') becomes

*(,.,.'^;j",i-.,,
3ui — 1

1 +-!=^ + ...

Ml?

of which the first two terms are identical with those of the corresponding expansion for n > 1,

namely (64).

When /xfg' is not large compared with unity the leading term in the expansion of (63') gives

•^iC'-)'

va-p

niq
"T 1 - L;' + -^

Jo \ 2

1 -/i,i- il
e~ydy .(66'),

which again if jXr^q is small compared with unity gives

</>i (') ~
TTO-pr

mq'
-©'

?/ J

.(67').

If in this we put q' = q — (2n + 2), the resulting expansion is identical with (67) as far as the

power of q"^ concerned.

We thus see that the approximate formulae (6S) hold for ^ w $ 1 as well as for n > 1. The

fact that (68) do not involve n explicitly might have suggested that this would be the case,

but the method of derivation of (68) for « > 1 does not hold for n < 1, and a separate investigation

was necessary.

I 9. The maximum of the formal expression for the rate of escape. We can now investigate

in detail the formal expression for the rate of escape as given by (39). Let r„ as usual be some

convenient reference level. Assume in the first instance that the level r is such that conditions (56)

and (57) are satisfied.

Case I. II > 1. Using (40) and (68) we have

Z(r)=2p,,-(--^;^j
(y

e.n-1 (l + q)(l-p.,y (71).
V III

Now M'l-

TTO^pr _ ira^p^ro (r 2 la-lrV ^-en •(72),
mq mq„ Vr„/

on substituting for p and q from (31). Eliminating the factor g-s/w-" between (71) and (72) we

have

\ m J \7ra-por„/ \r

J

V."(l-M.y (78).

In this expression the factor (ro//-)^"
'^ (1 + q) varies practically as (/„/'•)*" \ and so varies slowly

compared with /j,^. Hence the variation of (73) is dominated by the factor

?(/^,) = Mi"(l-Mi)-^ (74).

6.5—2
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This is sensitive to the value of )-, since /j^ over any limited range is approximately proportional to

p. It vanishes for /i, = 1 and /a, = 0. Differentiating for the maximum l}"ing in the range

< /ii < 1, we find

(Ml/max —
n + 2

.(75).

A few numerical values (not restricted to n > 1 in view of later work) are given in the following

table.

TABLE L

n
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is given bj-
fj.^,

and the use of the equivalent mean free path is perhaps the simplest way of

visualising the order of magnitude of the density there.

To find the height at which the formal maximum occurs we must use (72). Taking logarithms,

^fl.iriUiog^^^^'+Slog^J!.

Putting rjva =1 + z, where 2 is small, we find

iqo -2)2 = log ^^^°

,

mq„fj,,

or, since 50 is large compared with 2,

':^ii"=2=^iog''^^^ (80).

From numerical values given in Section III it will appear that, owing to the largeness of qo, z is

in fact small compared with unit}-, as assumed.

In e.xpression (73) for the magnitude of the rate of loss we can now put r = ;•„, q = q^, approxi-

mately. We have then

L (rU. = 2p„r„= C^^^^ff^^ )" q„e-'>' Ux (81).

where f,„,"°'"'
(k + 2)"+^-

This gives the rate of loss in terms of quantities depending only on the reference height.

Case II. n <\. We shall not pause to discuss case n = 1 separately. When /i < 1 , using (4.5)

and (68), we have

Z(r) = 2poro^(^^j
(^:)

e"T^(l+f/)(l -/.,)= ('1')-

where (substituting for p and q from (43) in (68))

TraVr-^TT^o^o/ny^VloN -^jSfl ^72-^
mq mq„ \rj \q/

Eliminating the factor e''
'^~"' between (71') and (72) we have

L ,V, = 2p,r^ (?^^)' f^^)" (-f
"'>-)"

(1 + 1) e--,." d - M.V (73').

\ m. ) \Tra-porJ \>'J W/
Provided r/?-,, is not large, (q/qoT is approximately {q jqaj' which is equal to (ro/?-)""""- Thus the

variation of (73') is dominated by the same factor as when n>\, namely the factor f(yii,)=/A,"(l — /i,)-,

whose maximum for various values of n has been given above. But when « is nearl}' zero, the

value of (/ii)max as given by (7.5) is very small, hence fi-^^q in the region of the maximum is not

necessarily large, and so the approximation used for <^ (?•) is no longer valid. A fresh investigation

is therefore required when n is zero or nearly zero. When n < 1 there are thus two sub-cases to

consider.

Case II a. n not nearly 2ero. Although (71) is not quite identical with (71), the ratio is

practically only a power of rjr^. The height at which the maximum occurs is such that rji-f, differs

but little from unity, and the discussion of the density and equivalent mean free path at the

maximum, of the height of the maximum and of the actual value of the loss is the same as for

?! > 1. Formulae (76)... (81) apply as they stand.
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Case II b. n zero or nearly zero. Suppose that /• is so large that fj,fq is small or zero. Then

we must use the approximation (67'), giving since /x, is small or zero

and the formal expression for the rate of escape is

inq

Making the proper substitutions for p and q, putting rjvi^ = 1 + ^ and differentiating logarithmi-

cally, we find the maximum must occur when

' n ^ ^n-' _ _l!L _ q:0--n){\+zY-' ^Tra'pr q,' (1 + z)"-' + 2n{l+ 3)- ^
«5„ {i+z)

^^^ 2w + 3 + ?' mq 1 - -iTra'pr/mq

Neglecting z wherever it occurs explicitly in this equation, and neglecting also ulq,y' compared

with unity, we find that the maximum must occur for

Z0-)=2p„,v^^^j (-)
i-„ (l+q)[l-

j (82).

I n +
(•--'if')

<»«
mq - \ </o // V 9o

Since L (j-) is only given by (82) provided Tra-prjinq' is small compared with unity, this formula

for the maximum is only valid if ^ (
« H—7) is small compared with unity; as we have assumed

n to be zero or nearly zero, this condition is satisfied. We may therefore write (83) in the form

F-*("-^)
<«*>•

mq \ 5„

approximately. It should be observed that when n though small compared with unity is large

compared with Ijq^, formula (84) agrees with (75), both reducing to ira-prlmq = \n.

From (84) the equivalent mean free path at the maximum is found to be given by

^=-^ (85).
/'„ nq„ + 1

To find the height of the maximum we have

,
.'in qn'-g'pr^p.^r^ ^-1{-A^

q q« \r/

whence inserting in (84) we find approximately

'.^lL^ = ^=l\og''':^^Ml+hog-^ (86).
r„ g-o " mq^ q„ ° nq^ + 1

(The numerical results of Section III will justify our assumption that even in this case s is small.)

The magnitude of L (?•) at the formal maximum is found to be approximately

z(,o=2p,n=(^^^0'(-"0''^«-'4^(''^')T' («^>-
'^

\ m J Wcr-p^rJ ^
[_ \ qj

]

Comparison of (86) with (80) will show that when n is very small or zero the height at which

the formal maximum occurs is much greater than when n has larger values. Likewise comparison

of (84) with (77) and of (85) with (79) will show that the density and equivalent mean free path

at the maximum are respectively much smaller and much longer.

However, when /( is very small or zero the maximum is not a sharp one; there is a consider-

able range of r in which the formal ex])rcssion for the rate of loss is nearly constant. It is

questionable, therefore, whether any advantage is gained by regarding the height at which the

fonnal maximum occurs as the height finm which evaporation is mainly proceeding. Almost the
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same value for the rate of loss will be obtained whether we e\'aluate L (r) at its maxinium or

whether we evaluate it in the region in which /xj changes rapidly from unity to zero. Physically

it is the latter region to which the term "surface region" is best applicable, and evaporation from

this region is practically the whole of the evaporation. If we put, say, yx, = Jj, (^, = 84°) corre-

sponding strictly to /i = |, the formulae of Case I for p and I will represent /i = sufficiently

accurately. The factor fniai in (81) has the same limit (unity) as ri^-0 as the corresponding

factor in (87).

§ 10. Discussion of the formula for the rate of loss. Formulae (81) and (87) show an explicit

dependence of the rate of loss on the size of the molecules except when n = 0, smaller molecules

in general escaping more rapidly. This would perhaps be expected, but it is difficult to see why
the loss should be independent of o- when the atmosphere is isothermal.

The factor (mqajira-- p„ro)'' is equal to (p///^po)''. and unless n = is very small, since p/p^ will be

small, p being the density at the escape level. Thus if « is but a little different from zero, the

rate of loss is much smaller than in the isothermal case.

The rate of loss is proportional to /3o'~". Thus if n = 0, the rate is directly proportional to po,

in agreement with Jeans. If n = 1, thei-ate is independent of p„. The time for an amount of gas

to be lost equal to the whole amount of atmosphere above ?•(, is proportional to po". However,

strictly speaking the removal of each molecule causes a slight re-adjustment of the whole

atmosphere, with consequent diminution of po*, and thus in calculating the time for a whole outer

atmosphere to stream away po would have to be taken as a function of the time. This function

could probably be determined without trouble. When n = l this question does not arise, the rate

of loss being independent of p^.

§ 11. Summary of the mathematical results of Section II. As seen froni a point at a height r

in the atmosphere, where the density is p, the zenith distance 0^ of the molecular horizon is given

approximately by

cos^i = /xi= £^
(88),mq ^ '

pro\'ided that p is so small that /Xi < 1 but not so small that /i, is nearly 0. Inside the zenith

distance ^j the sky is everyw^here partially free of molecules. In this formula a and rn are the

diameter and mass of a molecule, and q is given by

q^mVlRT,
where V is the gi-avitational potential and T is the temperature, which varies as ?•"".

To take account of the free solid angle available for escaping molecules, the rate of escape

calculated as though the whole outer hemisphere were free must be multiplied by the factor

(1 — /ii)-. The formal expression thus obtained for the rate of escape has a maximum at a density

p, height /•, zenith distance of molecular horizon Q^ and equivalent mean free path / given by

C"S f^i = Ml = ,YT2 (^^)'

9 ="^ (90),

I = l+llog^^!^«=l+ilog^« (91).

I 1

^ = J9^ (92).

• I owe this remark to Dr J. E. Jones, of Trinity College, Cambridge.
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and the magnitude of the rate of escape at the maximum, in grams per second from the whole

surface of the atmosphere, is given by

i()-)=2p„?v —r^

—

]qoe~''",—
, „,,.^„ (93).

\ m J \7ra-'p„rJ
•*

(it + 2)"+= ^ ^

The suffix refers to the height selected as reference height.

The formulae of the last paragraph are not valid if /i is very small or zero. In this case the

maximum occurs at a height at which the molecular horizon is near or below the horizontal.

The value of /i, at the maximum is no longer given by (89), but the correct formulae for p, r and

I at the maximum are obtained bv replacing /n, in (90), (91) and (92) by the quantity

The value of L (r) at the maximum is obtained by replacing the last factor in (93) by the factor

[i(«

III. Applications.

§ 12. The gravitational potential at the surface of a star. The value of q^, on which the order

of magnitude of the loss depends, is given by

qo = GmA{/r„RTo = mVo/RT, (94).

To search for stars from the surfaces of which the loss by diffusion uiight be appreciable is to

search for stars having low values of g,,. It is plain that if we compare a giant and a dwarf of

the same mass and temperature, the value of ^„ will be much smaller for the giant than for the

dwarf (e.g. some eight times smaller in the case of the sun and its corresponding giant). We can

therefore confine our immediate attention to the giants. If T^ is the effective temperature, k the

mean coefficient of absorption in the interior, we have on Eddington's theory of the radiative

equilibrium of a giant star

?^^=i^^^ (95),

where 1— /3 is the ratio of the radiation pressure to the combined hydrostatic and radiation

pressure. It is connected with the mass by the relation

1 -/S = 0-0026 (^/©)=m'^;8^ (96),

where m' denotes the mean molecular weight of the gas in the interior of the star and denotes

the mass of the sun ; a is such that a.T' is the energy-density of black radiation at temperature

T. From (94) and (95) we have

. GM /akGM\^

For grey material ?'o=2~*!r,; and whatever the optical properties it has been shown

(under certain conditions which are probably satisfied) that*

'i\>j\>yi\.

• Milne, .Vonlhli/ Notices, 82, 368, 1922.
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For simplicity we shall take 2\ = 2~'f T, = 0-84<T,. We have then

2-^mT,fakG3I\^
'i^=-^-[T^0) (•^9>-

Hence for giant stars of given mass, ^„ oc T^; and therefore to obtain small values of ^o we must
look amongst the stars of lowest temperature.

It is next necessary' to examine the variation of q^ or ( Vf,) with M, for stars of given tempera-

ture. When M is large, (1— yS) tends to unitj', and V„x Jl/^. When M is small, (1 — /3) x M',

and y„ X M~'. Thus V„ decreases with increasing M when M is small, but increases when M is

large. Consequently F, must have a minimum for some value of M.

M/Q
To find the minimum, put M/Q = x, = y,

so that 1 — /3 = x/y.

Equation (96) then gives - = 0-0026 j.-^'hi'^ (^ ~ ~) •

Differentiating with regard to x and putting dy/da: = 0, we find that the minimum of y (i.e. of

Fo and q„) occurs for

x/y=l-0 = i,

^ =J_fl^Y=— (100)

This gives the mass for which, amongst giants of given temperature, the surface value of the

gravitational potential is a minimum.

For Eddington's two values for the mean molecular weight throughout the star, m' = 2"8 and

ni' = 'i, we find J/=l"7©, M = 0'86©. These are not only of the order of magnitude of stellar

masses, they are close to the actual masses of the majority of the stars. We thus have the

following interesting result. The surface value of the gravitational potential GM/fo considered as

a function of the tnass M for a hypothetical series of stars of constant temperature tends to + x
for very small and very large masses, and has a single minimum ; the existing stars are clustered

about this minimum. This result is perhaps little other than an alternative form of Eddington's

result that in the neighbourhood of the masses of the existing stars 1 — ^ changes rapidly from

a value near zero (for smaller masses) to a value near unity (for larger masses). Whatever the

mean molecular weight the minimum occurs when radiation pressure is ^ of the total pressure.

The mass for which the minimum occurs vai-ies inversely as the square of the molecular weight,

and the giavitational potential at the minimum as the inverse fii-st power.

The tables given later show that the minimum is not a very sharp one.

The fact that most stars have the mass most favourable for loss by diffusion, combined with

their permanency, suggests of itself that the loss by diffusion is always very small, as we shall

soon see to be the case. It is perhaps tempting to suppose that the reason for the existence of

the stars near this minimum is that they have been built up by a process of aggregation by

capture—whilst the mass is still small every addition decreases the surface potential and so

diminishes the power of making further captures. But the speculation seems neither profitable

nor plausible.

I 13. Numerical application to stars. Tables II—VI are based on Eddington's theory of the

internal constitution of the stars. Table 11 gives the effective temperatures (^i) and radii {r^) of

stars of given mass {M, here expressed in terms of the sun's mass) and mean density (/3,„) ; it is

Vol. XXII. Xo. XXVI. 66
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an amplification of one given by Eddington*, and assumes a mean molecular weight ih' = 4, with

k = 42.5 as the coiresponding value of the absorption coefficient in the interior ; the radii are

given in cms. Table III gives the surface values of g for the same stars, and also the values of q^

calculiited for atomic hydrogen with T'„ = 2~f Z",. For a gas other than h3^drogen the tabulated

values must be multiplied by the molecular weight. Table IV gives the values of p and I at the

escape-level for atomic hydrogen for the same stars. For this purpose the diameter of the

hydrogen atom is taken to be that of the 2, Bohr orbit (the second circular orbit), namely

4'22 X 10~* cms., .since the intensity of the Balmer spectrum at the temperatures concerned shows

that an appreciable fraction of the atoms is in this state. However the orders of magnitude

alone are material or indeed have any significance. The values of p and I are calculated from

formulae (90) and (92) in which for definiteness p., has been taken to be J, (^, = 7.5|°), corre-

sponding strictly to n = f

.

The theoretical minimum for q„ is not well indicated by these tables. Accordingly Tables V
and VI have been calculated, for giant stars only. Table V shows the values of r„, g„, q^, p, I for

giant stars of various masses at a constant effective temperature of 3000^, for a mean molecular

weight m' = 4, {h = 42-5). Table VI is a similar table for m = 2'8, {k = 23). The minimum of q^

is apparent in each table. Values of the various quantities for other effective temperatures are

deducible by using the relations

r,.o^ Tr\ g.x T,\ q„x T„ pxT,\ I x Tr'.

(These relations hold only for giant stars of constant mass.)

The minimum value of g„ occurring in Table V is 277, (i¥=0'855©). Stars of all other

masses and of all higher effective temperatures (of mean molecular weight 4) yield theoretically

higher values of q,, than this ; moreover since this value refers to atomic hydrogen, all other gases

will again yield higher values. Thus out of all stars of effective temperature 3000° and higher,

giant stars of mass 0'85.5© and effective temperature 3000" will lose atomic hj-drogen more
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TABLE III. Values of go arid q„. (Atomic hydrogen.)

Pm



510 Mr MILXE, the ESCAPE OF MOLECULES FROM AN ATMOSPHERE,

TABLE V. r, = 3000 , w' = 4, A- = 42-5. (Giant stars.)

M
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in estimates of the pressure in the atmosphere of a star and the difficulty of assigning precise

levels to particular pressures, it is impossible to estimate p„ with any accuracy ; but the resulting

uncertainty in r/j-^ is much smaller, since po occurs as a logarithm.

Whatever estimate is made oi p^, it is clearly desirable to make consistent estimates for stars

of different masses and temperatures. We will therefore attempt to discuss the variation of po-

If denotes an observer, C the centre of the star and OOP a right angle, then P will appear to

be at the limb of the star provided the total optical thickness measured from P along PO just

reaches, without exceeding, a certain value. Assume that the mean coefficient of absorption iii

roughly the same in all stellar atmospheres. Then if t denotes the distance of any point on OP
from P, the position of P when at the limb is determined by an equation of the form

j p {!) dt = const (101),

where r- = r^- + t'-.

The value of p as a function of t can be inserted in (101), and an asymptotic approximation to

the integral obtained by the methods of Section II. Relation (101) is then found to reduce to

Ponqo - = const (102),

whatever the value of n. Assuming that the mean molecular weight m is constant, this may also

be written in either of the forms

p„oc rr^T,-hli (103),

p,x pJt-^ (104),

p,n being the mean density of the star*.

Equations (102) or (104) give the variation of the density at the limb for stars of different

masses, radii and temperatures. For example, for a giant and dwarf of the same mass and

temperature, we find

Po (giant) ^ / /3„, (giant) N^

p„ (dwarf) \p,„ (dwarf)/

Again, (104) shows that during the evolution of a giant p,, cc p,/'-, on Eddington's theory.

For definiteness we will take the partial pressure of atomic hydrogen at the limb of the sun

to be 10-' atmos. ; taking the temperature there to be 5860"" x 2 "^ = 4930°, we find po=2-5 x lO"'.

The corresponding values of po for other stars are shown in the second column of Table VII ; they

have been deduced by using formula (102). (Formula (102) strictly applies only to the total

density at the limb, but in the absence of more definite knowledge we assume it to apply to

partial densities.) For brevity Table VII has been calculated only for stars of the mass of the

sun, but the results for other masses are of the .same order of magnitude. The third column gives

the fraction of the radius beyond the limb to which the atmosphere extends, calculated from (91);

and the fourth column gives the actual heights in cms. If the limb-density on the sun had been

* Equation (102) should be compared with the oorre- appear to show that the " mean density of the atmosphere

sponding equation usually given for the density p„' at the above the visible surface " is not a function of the mean

photosphere at the centre of the disc. Assuming this is density of the star only (for stars of given temperature),

determined by a relation of the form "optical thickness = but is also a function of the radius; it is more accurately

const.," we find i7)D/3 = const., -whence it k is constant regarded as a function of g. The contrary is however as-

p 'r q ~' = const. sumed by Russell iu the explanation offered by him of the

„, . , , ^ ^, t apparently small dispersion of mass amongst dwarf stars
This may also be written in the form

, , ,„ ,, ,,, , r
as deduced from spectroscopic parallaxes {Astropliiis. Joxirn.

Po'^ Pm^o'^o'^- 55_ 239, 1922).

It may be mentioned here that calculations of this kind
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TABLE VII. Limb-densities and surface heights (cms.). (J/=l; atomic hydrogen.)

Pm
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lower parts of the atmosphere will therefore not be affected, but the presence of the charge will

make the outer parts expand slightly. We shall not here discuss the nature of the new state of

equilibrium, but it is clear that immediately outside the surface region the external force acting

on an electron of mass m^ will be

and that on a singly ionized atom of mass nii

Hence the value of q for an electron is

and for an ion

Thus in each case eEjrRT gives the correction to q due to the charge on the star. When the

star has become charged, the gravitational part Gm^MlrRT for an electron is negligible com-

pared with the electrostatic part.

Since the state of equilibrium below the surface region is different from that in the surface

region, owing to the electrostatic forces, our detailed formulae for the rate of loss will not apply

directly to the electronic loss ; also two kinds of atoms are present—ions and electrons. However

we can apply formula (30). From this the charge gained per second due to the escape of

electrons is practically

where q has the above value and ;(, is the number of electrons per unit volume on the outer

fringe of the surface region. This may be written approximately

Gmjl
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of magnitude, then, we see that the escape of electrons will endow the star with a positive charge

E which will be at least as large as is given by

0-434e£'/roi?r„ = 30,

but which cannot seriously exceed this value. From this equation we find

eElnRTo = 70, i! r„ = 5 x 10-= e.s.u. = 15 volts, £" = 11 x 10" e.s.u.

It is clear that these estimates are very little affected by the uncertainty in the value of ii^.

Thus for a giant star of type 31 the value of qo for ionized hydrogen must be taken to be

smaller by about 70 than the value calculated on the simple gravitational theory. The latter has

been seen to be about 278. Hence the effect of the charge acquired by the escape of electrons is

a force of repulsion, on ionized hydrogen atoms, equal to about ^ of the force of attraction due to

gravity. Theoretically this facilitates the escape of positively charged hydrogen atoms. If this

reduction in the efifective value of gravity wei-e to permit an appreciable rate of escape of ionized

hydrogen, the state would not be permanent, as the positive charge would tend to be dissipated.

But it is easily seen from the calculations of § 13 that the rate of escape of hydrogen is still com-

pletely negligible; and on heavier atoms the eftect will be still less, for the electrostatic force will

be the same whilst the force due to gravity varies as the mass.

If we make similar calculations for a dwarf star such as the sun, the value of e£'//-„/iT(, comes

out about the same. Putting T^ = 5860° x 2 "> = 4930°, r„ = 7 x 10'", we find

Elr„ = 30 volts, E = 07 X 10'" E.s.u.

Owing to the smaller radius the charge is about ^ that for the giant.

But if the sun has evolved from a giant star of type M, it should in that state have possessed a

charge of 1"1 x 10" E.S.U. It could only in its present state have a smaller charge (which has been

calculated as though the sun had always been in its present state) if it has lost positive charge

during its evolution from the M stage onwards. But we have seen that the escape of positively

charged hydrogen ions is negligible, and so far as the range of phenomena here considered is con-

cerned this is the only way in which a positive charge can be lost—unless indeed a star can in a

later stage of evolution pick up again out of space the electrons it lost in an earlier stage.

Assuming the latter is impossible it follows that the sun must still have the charge of

I'l X 10" E.s.u. which it had as a giant M star. This makes its present potential equal to

470 volts, and its present value of eEj)\RTo equal to 1100. The latter number, therefore, is the

amount by which the calculated value of q must be diminished, in the case of charged atoms, to

allow for electrostatic repulsion. For hydrogen ions we had q = 45(50, so that as for a giant about

\ of the weight of hydrogen ions is supported by electrostatic repulsion. It is clear, in fact, that

charge and mass both remaining constant during evolution, the ratio of the electrical and

gravitational forces will remain constant. The potential, however, will steadily increase during

evolution, since the electrostatic capacity decreases.

Various phenomena of solar and geo-physics have suggested theories which deinaiid the

emission from time to time of charged particles from the sun—some theories demanding positive

charges only, some negative. It is possible too that electrons or ions or both are discharged from

the sun at the vertices of prominences, either eruptively or owing to the discharging action of a

point. If such di.scharges occur, the above speculation concerning the result of supposing the

charge acquired as an M star to be conserved becomes of no importance. But we can assign

limits between which the jwtential of the sun must lie whenever it is in a quiescent non-emitting

state. If by the emission of positively charged particles the sun ac(iuires a negative potential, or
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a positive potential appreciably less than the value 30 volts calculated above, then due merely to

thermal agitation electrons will escape fi-om the surface until a positive potential of about 30 volts

is restored. If by the emission of electrons due to some cause other than thermal agitation the

sun acquires a positive potential in excess of that capable of just retaining hydrogen ions, then

hydrogen ions will escape until the positive potential is reduced to the latter value.

To calculate this maximum positive potential in the steady state, if E is the positive charge

at any moment the rate of loss is

~17 = 2n,er,- e r„RT„ r„liTJ ^ —--
.

(It \ nii J \nRTo r^RTJ

We know from Table III that GmiM/voRTo = -ioGO. Determining eElr^RTo so as to make the

rate of loss inappreciable (it is almost immaterial whether we consider the loss in one year or in

10' years) we find

0-431. (4.560 - eEr.RT;) = 25,

e£'/)-„iiT„ = 4500,

Eju = 6-3 E.S.U. = 1900 volts.

(This estimate agrees with that of Lindemann*, who calculated it directly from the crude

equilibrium relation eE = GmiM.) Thus when in a quiescent state the potential of the sun must

lie between about 30 and 1900 volts. Notice that the "evolutionary" potential 470 volts lies

between these limits, as it must.

The maximum positive potential that a giant star of type M of the mass of the sun can possess

without losing hydrogen ions may be calculated in the same way to be 44 volts; the minimum is

the value 15 volts already calculated.

§ 16. Application to the earth's atmosphere. It has been shown by many writers that the

earth's atmosphere at its present temperature retains hydrogen if hj'drogen is an existing con-

stituent, and a fortiori helium. But it is of interest to apply our more detailed formulae to the

case of the earth.

We adopt T^ = 219°, the mean temperature of the stratosphere (or at least the base of the

stratosphere) over S.E. England; the value of T^ varies considerably with latitude, but there are

theoretical grounds based on radiation theoryf for supposing that the mean temperature of the

stratosphere over the whole earth is close to the value adopted. The suffix is to refer to the

base of the stratosphere. Taking ?'o
= 6'38 x 10* cms., the value of (/„ for molecular hydrogen is

69'2 and for helium is 137. The density of helium at the base of the stratosphere (12 kms. height,

say) is calculated* to be l'7l x 10"'°. If the determinations of hydrogen content in the lower

atmosphere maybe taken as reliably indicating an upper hydrogen atmosphere, then the density

of this at the base of the stratosphere may be estimated at about 2'1 x 10~'" (corresponding to

about 1 part in 10^ by volume). We then find the following (Table VIII), the calculation being

made as before for iM = h ^i = 755°, ('* = !)•

The helium results must be taken as giving the boundary of the atmosphere if hydrogen is

absent. Assuming a helium atmosphere, we see that the surface region occurs at 630 kms.;

above this height therefore, the molecules are chiefly in free flight without collisions. The small-

ness of this height and the smallness of the "free path" there (130 kms.) are perhaps surprising,

considering the much larger estimates which have sometimes been made. It would be interesting

* Phil. Mag., 38, 674, 1919. f Ibid., 44, 892, 1922.

X Taken from Cbapmau and Milne, Quart. Journ. Rtiy. Met. Soc, 46, 370, 1920.

Vol. XXII. No. XXVI. 67
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TABLE VIII.
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The escape of electrons from the surface of a star is considered. It is shown in agreement

with other writers that the potential of the sun must be positive when in a steady state; and that

it cannot permanently exceed 1900 volts or be less than 30 volts, as escape of either hydrogen

nuclei or electrons would soon reduce it to the first or second of these values respectively. If

electrons could be lost only by diffusion, the potential would have the lower value, as calculated

fi'om the sun's present state; but if the sun has evolved from a giant M star, and has retained

the charge it should then have acquired through the then freer escape of electrons, its present

potential should be about 470 volts. The potential of a giant il/ star should be between 15 and

44 volts.

Some application is made to the earth's atmosphere. The escape-level for helium is about

630 kms., that for hydrogen 1400 kms., though the actual escape is negligible, as is well known.

The corresponding mean free paths are about 130 kms., and 260 kms.

I wish to express my thanks to Mr W. H. Manning, of the Solar Physics Observatory, for

assistance in the preparation of the diagrams.
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1']
. The series in question are

F,(s) = l"^, F,(s) = -E'^^^^, F,(s)^%"''-^*-\ ..., (Ml)
)/'• ?i« n"

where s=(7+it, «„ = a„{d)= [nd] = n0 -[nd]-},, (I'Hl)

6 is irrational, [x] is the integral part of x, and the summation (as always unless the contrary is

stated) extends over positive integral values of n. The general formula for the i'th function is

FAs)-FUs,e)^l^^~^ (1-12)

where <f>k(x) is defined by

<^,,n(«) = P^(.r)+(-l)"'->iJ„„ <l>,,„+,{x) = P,,„^,{x), (0<*>< 1)... (1-131)

4>(x+l) = (f>(x) (1-132)

and the P's are Bernoulli's polynomials*.

The properties of these functions, which are very remarkable, are intimately borind up with

the problem of the distribution of the numbers 7id to modulus 1+.

1-2. The properties of the function F, (.s) have already been investigated by Heeke| when 6

is a quadratic surd. Hecke supposes in particular that = \'D, where D is free from squared

factors and congruent to 2 or 3 to modulus 4. He shows that in this case F^ (s) is meromorphic,

and that its only possible singularities are simple poles at the points

2^1
s = — •>

'/ + ,-^ ,
(1-21)

log??'

where q = 0,1.2, ...; r =...,- 1, 0, 1, 2, ..., (1-211)

and t; is a particular unity of the corpus K(\fl)). His method rests upon the theory of the new
' Zeta-functions ' which he has recently introduced into analysis, and there can be no doubt that

it is the best for the particular problem with which he is concerned.

It is none the less of interest to discuss the function for general values of 0, and by methods

as elementary as possible. When we do this, we find ourselves compelled to treat F, (s) as the

* We follow the notation of Lindel6f(Leca/<;«?(lcsres»rfHS memoir)', Hamburg Hath. Ahh., 1 (192-2), 212—249.

et ses applications a la theorie des fonctions, 32 et seq.). H. Weyl, 'tjber die Gleichverteilung von Zablen mod.

The definition of the functions for integral values of x is Bins', Math. Ann., 77 (1916), 313—3.52.

immaterial. E. Hecke, 'tJber analytische Funktionen und die Ver-

t In regard to this problem see the following memoirs: teilung von Zahleu mod. Bins', Haml/ur;] Math, .ibh., 1

G. H. Hardy and .1. B. Littlewood, 'Some problems of (1921), 54—76.

Diophantine approximation': (1) Proceedini/s of the Fifth A. Ostrowski; (1) 'Bemerkungen zur Theorie der Dio-

International Congress of Mathematicians, Cambridge, 1912, phantischen.\pproximationen',i7;irf.,77—98; (2) 'Zumeiuer

1,223—229; (2)'The fractional part o{n>^e\.icta Math., S7 Note: Bemerkungen u.s.w.', ibid., 250—251.

(1914), 155—190; (3) 'The lattice points of a right-angled H. Behnke, 'Uber die Verteilung von Irrationalitaten

triangle', Proc. London Math. Hoc. (2), '20 (1921), 15—36; mod. 1', ibid., '252—267.

(4) 'The lattice points of a right-angled triangle (second J I.e. supra.
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first of the sequence of functions i^<.(s). We also find ourselves led to the following classification

of irrationals 6.

We suppose, as we may without loss of generality, that < 6 <\, and we write

'^-de: ^' = <ZT^/
•••' (1-22)

where ii,,iu, ... are the partial quotients in the expression of 6 as a simple continued fraction.

We say that is of class X if X is the least number such that

(60, ... ^„_,)^+V^„->0 (1-23)

for every positive e, or, what is the same thing, such that

for every positive e. If no such number exists, we say that 6 is of infimte class. A quadratic surd

is of class 0, and every algebraic number is of finite class.

Our principal results may be summarised as follows. In the first place, Fi; (s) is regular for

,r>cr,= l-j-^: (1-24)

in particular, F, (s) is regular for cr > X/(l + X). This we prove for ^- > 1 in § 2, and for A- = 1 in § 3.

There are alternative proofs of this theorem. When A'=I, it may be derived from Theorem 2

of our memoir (4), or from the sharper Theorem 5, due originally to Ostrowski; but the analysis

of § 3 is necessary in anj- case for our further investigations. When k->\, it has been proved by

Behnke*, by means of the formulae of linear transformation of the Theta-functions. The proof

given here is a good deal simpler.

If X > 0, the result just stated is final; for then o- = <7i is a sincfular line for the function. We
prove this in § 3. We have no doubt that the line is still singular when X = 0, except when 9 is

quadratic, so that the case considered by Hecke is completely exceptional ; but this we are unable

to prove.

In §4 we consider the question of the convergence or summability of the series (111), and

show that the regions of convergence or summability are always as extensive as is consistent with

the analytic properties of the functions and the order of magnitude of the coefficients. Some

theorems concerning convergence have been found already b}' Behnke f. These are included in

ours, which assert the most that can be true.

2-1. Theorem 1. ///,• > 1, and 6 is of claM X, then Fk{s) is regular for

Wehave* <^.,„(«)=' '-^^:^,
^ --^ (mSl) (2111)

,, (-!)'"+ 2 (2Hi+l)!v sin 2i/7ra- ^ /o-no^
<^.,„+. (*) =

- ^2^)-"+^^ ^ 1^^^^^^^ ^'" = ^^ ^^^^^-

It is therefore sufficient to show that the functions

,.(.)-^Ai!i^. /,(.) = vMz!i^ (2-12)

where ^,{u) = l'^^f (A>1)§ (2-121)

are regular for a > aic. We shall discuss only gt(s), observing that our argument remains valid

with a formal change throughout of i)6 into — nO.

' Behnke, I.e., 265—266. 1 BeLnke, /.<•., 266. i Lindeliif, I.e., 34. S We write e {.r) for c'-'"^, following Weyl.
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Suppose first that <r > 1. Then

,.^s) = i\i^^f-^ = l^K (2-13)

where X'") = X<*'' ^. i^) = ^ ^^^^ (2-131)

This function is an integral function of s, and its continuation all over the plane is given by

^^''>=-
v.. /,rb^^^.(-")^-''^-

(2-1*)

where C is a loop enclosing the positive real axis in the clockwise direction, and passing inside

all the poles

x = x,„ = 27r{ (?/i + vd) (»i = . . . - 1 . 0, 1 , . . .)

of the integi'and. We write

X« = X(,,.,w.]<'i^, «.W=,ff^, (2.15)

2"2. There is one and only one of the numbers a;,„ whose modulus is less than tt. We define

a number S = S (v) as follows. If x„, is the x,„ of least modulus, and
|

x„,
|
S Jtt, we take h = ^v.

If
I

x,„
i

< \iT, we take S = f tt. We denote by C, the contour formed by the semicircle \x\ = h,

jarg(— J') & Jtt and the two lines R(a,') £ 0, !I(a?)| =S. The distance of any point of C„ from

the nearest pole is greater than ^tt. Hence, if we write

1 r p-X+ivini

X„(.) = X„(.,6?,.) = 2^.J^^^,^,^,,(-..)-rf^, (2-21)

we have X„(i;)=o(| jg-^j |(-a;)*-'
|
d*|) = 0(1) (2-22)

uniformlj' throughout any bounded domain T in the plane of s.

Now X(..) = Xo(,;) (jx„|g^,r), (2-231)

and X(r) = X„(i.) + (-x™)«-' ('x,„ < ivr) (2-2.32)

,,,, • ^^4")
I he series i.—

ÎT

is, by (2-22), uniformly convergent throughout T, and its sum is an analytic function regular

throughout T. It follows, from (2-13), (215), (2-231), and (2-232), that Qk{s) is regular in any

bounded domain throughout which the series

.S'=S
'^~y"''

(|x,„i<i7r) (2-24)

is uniformly convergent. This is certainly so if the series

» 19 _

where v6 is the difference between vQ and the integer nearest to vQ, is uniformly convergent

:

and this series is, by Lemma 3 of our paper (-I), uniformly convergent in any half-plane

k , k
a 2 1 -;^— . +e> 1 -.

1 +\ 1 +X
In other words, (Tjt(s) is regular for the values of s specified in the theorem.

It follows from (2-15) that ^t(s) is also regular, except perhaps at the poles s= 1, 2, 3, ... of

r (1 — s). Of these, s = 2, 3, . . . are plainly not poles of ^r* (s). When s = 1, X {v), and therefore

(rjt (s), vanishes. Thus g^,, («) is regular also for s = 1, which completes the proof of the theorem.

68—2
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3-1. The method of § 2 fails when k = 1, and more intricate analysis is necessary.

Lemma A. If 6 is irrational and positive, xS.O,y = 6x. andf{0) = r/ (0) = 0, then

S f([vie])ig{m)-g(m-l))+ 1 £r (F^l )(/(")-/(»- l))=/([y])5' (H)-

This is Lemma 7 of our paper (4).

Lemma B. IfoO,^ is real, and

c, = cie, ^, = c-dl I3n={nie}, (3-12)

the^i
_i:^^L-'"^(e-"'«-l) + ^^^ie-"'"'(A''-l) = Tr, (3-13)

In (3-11) take f{u)^l-e-"K g{a)= I - e'"^^,

where c = ^f + ^i > 0, and make x-^x . We obtain

Substituting for [»?i^] and [«/^] in terms of a,,, and /3„, and making some simple reductions, we

obtain (3-13).

Taking the limit of (3-13) as ?^0, we obtain

Lemma C. IfoO and c, = cjd, then

iame-""^+-^-4, i(e^"'-"-l)e-'"^> = w, (314)
I l-e-" 1

0e" 1 e-' e-i"^ e-'^i
^., ,^^^

Lemma D. ^Ve have

ia,ne-'"'+^l3ne-"'' + hoi{^n'-j',)e-"'^ = v + 0{ce-') (3-15)

1 I •

for all positive values of e, where

, = „(c,e) = --^_-^--_^/ --i ^. (3-151)
(1 - e '^)= 2 1-6*^ c l — e '^^

The left-hand side of (3-15) is (e"') = (ce~') if c S 1. We may therefore suppose c < 1.

In (3"14) we may write

-^=':-k + 0(c'), (3-16)
\—g-<: c 24

e^»c_l^/3„c + l/3,rc=+0(c^) (3-17)

Since Ci>c and
{
/3„ j

< 1, we have

for all positive integral values ofp and 5-. Hence the left-hand side of (3-14) takes the form

ta,„e-"" + l^,,e-"'-^ + ^ci^n'e-"'^ + (ce-') (3-18)
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Also, bv (3-1 6),

l_e-ci_e-c, \c 24; !_£-<•, ^
'

= -, ^-'^-^J.e^'^'^ + Oice-') ...(3-19)

Hence (3-14) takes the form (3-15).

3-2. Lemma E. If a is sufficiently large,

f^jy-'v (c, e) dc = 6!;(s -1) - K(^)- ^"'/i\~
^^

(3-21)

This function is an integral function of s.

The equation (3'21) follows at once from (3'151) bj- direct integration. It may be verified

at once that the right-hand side is regular at its only possible singularities, viz. s=\ and s = 2.

3"3. In what follows we denote by D (a) a finite domain in the plane of .s, all of whose points

satisfy a- = a + h>a\ and by R (s, a) a function regular and bounded in D (a). It is to be under-

stood that the upper bound of such a function depends upon the form of D, and in particular

upon S, hut not upon 0, and that the O's which we use are also uniform with respect to 6.

Lemma F. If i|f (c, d) = (c'e~°), where ^ S 0, then

X(s,d) = ^.\'^ylr{c,0)c^-'dc = R{s,-q) (3-31)

For the integral is uniformly convergent in D (— 9).

Lemma G. The function

F,(s,d) + e^F,(s,e,) + ^sd^*'F,(s + i,e,) (3-32)

is regular for o- > — ]

.

Supposing first a sufliciently large, multiply (3'15) by c*~\T(s), and integrate from c = to

C=x . The result then follows immediately from Lemmas E and F. We obtain in fact

F, [s, 6) + e^F.is, e,) + isd'"F,{s+i, e,) = d^{s-i)

-

K(^)-
^'

'fiV^* '^^'^' ~ ^''

(3-33)

and Z, {s) = Z, (s, g) = gg(.- - 1 ) - \^Ks) - ^'~J^^
^^

(3-34)

is an integral function.

As a corollary, we have

Theorem 2. The function Fi (s, 6) -I- ^-^i (s, ^i) is regularfor o- > 0.

For F«{s + \, 6i) is plainly a function R (s, ).

3-4. We have, from (3-33),

F,{s. 0)+ e^F.is. 0,) = Z,{s, d) + R (s, 0) (3-41)

Similarly F, (s, 6,) + d,'F, (s, 6.^ = Z,{s, 9,) + R{s, 0), (3-411)

and so on generally. From the first 7i such equations we deduce

F,{s,0) + (-ir-HOd,-.O,-,yF,(s,dn) = <P,+^„ (3-42)
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where ^„="i\- ly (06, ... d^^.Y Z,{s, 0^) (3-421)

^„=''i\-^r(e0,...6^_,yR(s,o)* (3-422)

We suppose for the moment that a >2.

Then
,

F, {s, 6,,) ,<A

where A is independent of n and s, and the second term on the left-hand side of (3'42) tends to

zero. Similarly the functions 4>„ and ^„ tend to

^{s)= i (-iy(0d,...e,_,yz,(s,0,}, (3-43i)

^{s)^ 1 {-ly(00,...0^_,yR{s,Q) (3-432)

respectively; and F^s, 0) = ^ (s) + "V (s), (3-44)

for o- > 2. This relation between analytic functions holds throughout any region in which each

of them is regular. The function ^(.s) is plainly regular for o- > 0, since 0y0y+i< i. We thus

obtain

Theorems. The/unction F,(s,0)-^is) (3-45)

is regular for o- > 0.

The study of the singularities of F^ (s, 0), for ct > 0, is thus reduced to that of the singularities

of 4> (s) in the same region.

So. Theorem 4. 1/0 is of class X, then each of the functions

FAs,0), *(s)

, , -,
1 X

IS reguuir for "" '^ ""' ~ TTx.
~
T~+X

'

If\ >0, then the line a = a, is a singular linefor each function.

We observe first that Z, (s) = (0^-') + (I) (3-51)

uniformly in 0, on any closed curve C which does not pass through either of the points s = 1 or

s = 2, The series for * (s) is thus the sum of two series, of the types

so(00,... e,.,y, 10(00,... 0,-,y 0.'-'

respectively. The first series is uniformly convergent on C if C lies in any half-plane o- S ? > 0.

The second is convergent if

o--)-(o--l)X>0,

i.e. if a><r,, and is uniformly convergent on C if C lies in any half-plane o- S o-, + S > o-j. It

follows that * (s), and therefore F^ (s, 0), is regular inside any curve C subject to these conditions,

and therefore for tr > tr,

.

It remains to .show that, whoii X > 0, o- = o", is a singular line, and it is plainly enough, after

what precedes, to show that the line is singular for

<|>,(s) = ^^izi}s(-l)«'(^<^,...<^.-,r^/^' = ^~r X(.s) (3-52)

or for X (s). We choose S> 0, and divide the i^'s into two clas.ses v', v", writing v = v' if

0,<{00,...0,.,y-' (3-53)

• /! (», 0) is of course a different function in different terms of this series.
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and V = p" in the contrary case. In virtue of the definition of X, there are, for every 8, an infinity

f/iV s.

We write X(s) = 2 = 2 +S = X'(s) + X"(s) (3-54)
V v' v"

The series for X" is absolutely convergent if o- + (o- — 1) (\ — S) > or

X-8

and the number on the right-hand side is less thano-,. Hence X" is regular across the line

a = (Ji. It is therefore sufficient to prove the line singular for X'.

Suppose that the values oiv are r,, v„, ..., i/^., ..., and write

e-^" = ee,...e,^ (3-55)

Then the series for X' (s), viz.

2 tir* ^ee, ... e,^Y = s ^-^%-'*'

is a Dirichlet's series of the t3'pe 2 ff^e "^**, and

Xi+, - Xi = log ^ ^ -^ ^ log -^— > (\ - S) log^ ^ ^ X

when A; ^ X . It follows, by a theorem of Wennberg*, that the line o- = o-i is singular for X',

which completes the proof of the theorem.

We have supposed < \ < oo . When X = x the result is still valid, o- = 1 being a singular

line; and only trivial modifications are needed in the proof. The case \ = is much more

difficult. It appears to be true that o- = is then a singular line, except in the special case in

which is a quadratic surd ; but we are unable to prove this rigorously. The exceptional case is

that studied by Hecke.

3-6. Suppose in particular that ^ is a quadratic surd. The continued fraction for 9 is then

periodic, and we have

er^U,n = er {v ^ p, k = \/±, . . .),

if p is the number of non-repeated ^'s and m the length of the period.

In this case F..{s, 6) is, by Theorem 1, regular for a >- 1. It follows from Lemma G that

each of the functions

is regular for o- > — 1. But the last function is

{l+{-l)"'-'W-)F,{s,6,).

It follows that F, {s, 6^), and therefore F^ {s, 6), is regular for a>-l, except possibly where

l+(_l)"'-i@s = 0,

at which points it may have simple poles. These points are the points

kni

*~log©

where k is an arbitraiy odd or arbitrary even integer, according as m is odd or even.

* Wennberg, 'Zur Theorie der Dirichlet'schen Eeihen', A„+i-X„>J, X„/;i-»-x.

Inaugural dissertation. Upsala, 1920, 3—7. It has been See F. Carlson and E. Landau, 'Neuer Beweis und Verall-

shown by Carlson and Landau that the result is true under gemeinerungen des Fabryschen LUckensatzes', Goitinger

the more general conditions Nachrichteii, 1921, 184—188.
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3'7. There appears to be no doubt of the truth of the following propositions :

(aJc) F^ (s) is regular for <t> at;

(bk) a = at is a singular line for Fu {s) whenever X > ;

(ck) (7 = (Ttis singular even when \ = 0, except when 6 is quadratic
;

(dk) Fk (s) is meivmorphic when 6 is quadratic; its poles are all simple; and they are situated

at some or all of a doubly infinite system of points distributed at equal distances along the lin^s

a- = l-k-2p (/) = 0, 1, ...);

(ek) Fk(s, 6) + (- If-' 6^+''-' Fi^(s, 6^) is regular for o->o-t+i-l; and cr = (7i+i-l is a

singular line for the function luhen X > :

and a complete theory of the fiinctions would contain proofs of these propositions in full generality.

Of these propositions we have proved (ak). in § 2 when A- > 1 and in § 3'5 when k = 1.

We are unable to prove (ck) in any case. The case in which 6 is quadratic is doubtless best

treated by the deeper methods of Hecke. We have however shown, in § 3"6, that our method

will accomplish something in the direction indicated by (dk).

There remain the propositions (bk) and (ek), of which, at present, we have proved (61) only.

We proceed now to the general proof. The particular case contains most of the leading ideas,

and we have condensed the general argument wherever the ground is familiar. In what follows

the A's, O's, and R(s, «)'s depend on k in addition to the regions D; they are either independent

of 6, as in § 3'3, or at an}- rate, when we have to consider a sequence of irrationals 6, 6^, Oo, ... , oi

the n in ^„.

Lemma H. Ifk>\ we have, throughout D (at),

Ft(s,e) <Aliri=\^<r-i-ls + j^^j^T + A&Alv-'' i^ ;"»-'--•« + J.

This is a straightforward deduction from the results of §§ 21, 2-2. By (2-231) and (2-232),

i (?i (s)
t

S 2
;
X (r) U-* g S

(I
X, («;) j

+ .1
;

x„. ->) v-K

Also Xo (r) i < .4 , by (2-22) ; and, since A' vd' < X-m' <A, -Ke have

!x,„|'-'<.4+.4 li^i'-'.

Hence \Gt(s)\< A-Ev->'\J^\''-' + A < AT + A (3-71)

Let D' be the domain obtained by removing from D circles Cj,C.,, ... of radius JS surrounding

such poles 1, 2, ... of r (1 — s) as fall in D. Then

gt(s) = r(l-«)| \Gt(s)\<AXv-'"^ '-' + A<AT+A (372)

in D'. On C, , 1 — |S S tr ^ 1 4- |S, and it is easily deduced that

,gt(s)\<AI,v-''\i^\-i^ + A<AT + A (373)

on C\. The middle term here is independent of a, and gt(s) is regular for s = l, so that the

inequalities (3'73) are valid also inside C,. Similarly it maybe shown that \gk(s)\< AT + A
throughout Cj, C^, ... , and so, by (3-72), throughout D. A similar argument may be applied to

ht(s), and the lemma follows, since Ft(s) is a linear combination of the two functions.

Lemma K. Throughout D(<7t^,)

Ft+r (s + r, 0.,) <A + A{ed,...0„_,) '-i" "^+*> (l^r&k)*\*

' The important case is (r<0. When o-SS the second term may be absorbed in the first; the proof will be clearer if

7 <0 18 thought of as the standard case.
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The left-hand side is less than

Alv-''" i^„ "-"'-'-i* + .-1 < Alp-''-' iTien]"-''^ + A,

by Lemma H. Let e = h8. (k+l)<S, and A = \ + 1 + e. Then

1 ^
^

.
^-'

.3.74)

where «„ = (^0, ... ^„_,)*-> = (0 ... ^„_,)^+' (3-75)

If now PmjQm is the with convergent of the continued fraction for 6,,, (3"74) implies that

Q,„ < At,-'Q''m-i, by Lemma 2 of our paper (4), and therefore that

\v0n\>At„p->'.
Hence

The index of v is

_i._l_(l + X + e)(l-^ + ^^] = -l-e-(^8-^-^yt^')-\-^8\-8€<-l-e,

so that the series last written is convergent. Hence

1
J^i+. {s + r, dn) \<A + A{e... (?„_,) <--J«' '^+" <A-\-A(^d... 6,,-,)

-"5*' '^+^

the result of the lemma.

3'8. We return now to the identity (3'13), and we equate the coefficients of ^~'/k\ in the

Laurent expansions of the two sides. If we define ^o(*') to be unity, then

e^-1 ,.ro r\

Hence the coefficient in the first term on the left is

S !<^i. («„ + h-<t>k (i)] e-'"' = S .^, ( m0) e-« - </>, (i) Se— (3-Sl)

The coefficient of ^*~'/X'' in the second term is

k(-ef''lu„e-"'', (3-82)

„..„„,).(^4)*-(.-;,(....„)=arT-^) *-')

« = 0,, = /3„ + i = i«^,) (3-822)

— V
r.k+3

sc(ic+2y.

k+l 1 ,,r /.i+2

say ; and it is easily verified that

,*(*), <.4 (x->0) (3-84)

Summing up from (3-81), (3-82), (3-83), and (3-84), we find that the coefficient of f*-'/^-! in the

left-hand side of (3-13) is

S .^i (md) e-™^- + (- 0)*-^ S <f,k
(ne,) e— - + (- ^)*- *i| -^. ^j

S <^,+. (»^0e—

-<#)aJ)Se— -i-<?/-' S'r^ </,,^,(^)j2e—.-^0((*«)2e— (3-85)
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We consider next the coefficient of ^*~V^"- ^^ ^^' ^^le right-hand side of (313). Now W is

regular at f = 0, and, expanding formally, we have

"-tro r'. ^ lU r! \dc) [l-e-'J]

Collecting the coefficient of ^'^^/kl, and equating it to (3-85), we obtain

S <f)i
(md) e-'"' + (- ey-' 1 <f>t

(ne,) e-'"- +*S (- 0)*-'^,^ S .^i^r (n^i) e"'"'

= 0(c'^-^)^ + V,(c), (3-861)

where

(3-862)lie*'
In (3*862 ) we associate a term with and ,

perform some trivial rearnxngements
c e" — 1 e^ — 1

and reductions*, and obtain the alternative expressions

*'-^m"i^-^-h^^ <-->

or n=n.,+ F,,,+ 0(c*+-^)-^ (3-864)

where Vt^i and I'jt.a are the firet and second terms on the right-hand side of (3-863)t.

We DOW multiply (3-861 ) by c^-'^/T (s), integrate from c = to c = oc
, and obtain

F,(s, e) + i-\)'^-^6>--'+-'F,{s. e,) + (- 1)^- '£ g^-^>'^'-
^:^^. p^]j^r ^^,'1 ^

^ F,,r [^ + r. e,)

= R(s,-k-l) + ^^ i'^ { n, ,
(c) + V,_,ic)] (f-'dc

= E{.s,-k-l) + Zt(s,0) (3-871)

say. By (3864) and (3-862).

T't,, + 17,, = n + (c*+-^e-0 = (c*-^e-0 (c > 1).

Further, the formulae which define 7*,, and Ft,., show that these functions tend to limits as

c -> 0. It follows that

J u

exists, and defines a function of s regular for a>0.

Next, we observe that

r(«).'o r(«) .'« le''-i r=o r.
]

' ObsemnRinparticularthat the term forwhioh r= A + l + The expression in curly brackets in the third term is

vanishes, since <t>-^+\ (4) = 0. 0(<^*-).
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exist and deSne functions regular for < <t < 1. Hence

Zk(s,d)= k J,^*-'-77,(s) + 0*-e(s), (3-88)

this equation giving, moreover, the analytic continuation of ^^ wherever 17,. and z are regular.

Now ri,- and z do not contain 6 ; they belong to a well-known class of integrals ; and it may be

shown that they are regular everywhere, except possibly for simple poles at certain positive

integral values of s*. This being so, and if we suppose positive integral values of s to be excluded

from D (— i — 1) by circles of radius 8, we have

S Ar6>'-''n, (s) = R{s,-k-l):

for only positive powers of 6 occur on the left-hand side. Hence, from (3'871),

Ft is, e) + {-l )*-' <?*-'+' Ft (s,0,) = R{s,-k-l) + $'-' z (
*•

) + Q (*-, e,), (3-89)

where Q (s, e,) = (-l f 'i' g^-+»^--^, ^ ^^^ ^^
'^J'^ ^^

F^^, {s + r, g.) (3-891)

3"9. We are now in a position to prove that cr = ctj; is a barrier for Ft{s, 6) when X > 0. The

case A. = X is comparatively trivial, and we suppose that < X < x . Then

O-i > 1 - A', (Tit > Ck+i-

We write 0,._i for 6 in (3-89), multiply by {- If" {60, . . . ^„_o)*-'^^ and sum as in |3-4. We then

apply our former argument, which shows on the one hand that

S (- 1)*" (6... 0„_,)*-+* Ris,-k-l)

is regular for a>l—k (except possibly for certain positive integral values of s), and therefore

regular aci'oss o- = cr^
',
and on the other that

S (-!)«••" (<?...^.,-.)*-'+'C;z(«)

has cr = o-fc for a barrier. To complete the proof of (bk) it is sufficient to show that

S(-l)*"(^.--^n-../-+-Q(«, ^,.)

is regular across (T = a-k', and this is true pi'ovided that, for some cr' < cri^, the series

S(<^...^„_,)*-+-jQ(s, ^„)1 (3-91)

is uniformly convergent in the part of Z) (o-a,+i) for which a — a'. Now every term in (3"89l)

contains 6 to the power i — 1 -h o- at least ; hence, by Lemma K,

and the general term in (3-91) is less than

A (d... 0„_,)*-'+^' + A(0... ^„_Jt-i-i-^'+'^--5«MA-FS).

The first index is positive if at — <t' is small enough, since cr^ > 1 — k ; and the second is

i-l+o-i.-fo-t(X-h5)-(crt-o-')(l-hX + S)-iS(X-t-8) = X-f-8o-t-(ffi.-o-')(l-f-X-h8)-iS(X-|-S),

and is positive if S and o-^. — o-' are small enough. This establishes the uniform convergence of

the series (3'91), and so finally the general result (6A*).

There remains (eZ:) ; and for the proof of this the material we have already is sufficient.

We observe that

<7t+i - 1 2 - A- - 1, o-i+, £ o-t+i (/-Si).

* See for example A. Hurwitz, 'Ueber die Anwendung eines functionentheorctischcn Frincipes auf gewisse bestimmte

Integrale', Maih. Annalen, 53 (1900), 220—224.
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From these facts, and from (3-871) and (3-88), it follows that the only possible singularities of

G, (s) = Fu {s, e) + {-i )^-' f?'+*T, (s, e,\

in <r>a-A.+i-l, are the singularities of Z* in this region. These can occur only for positive

integi-al values of s. On the other hand (3-87 1) shows that (when X < x )
* Z; is regular in o- S o-',

where ct' < If. Hence Z^ and Gk are regular in o- > <Tk~i - 1.

On the other hand, if \ > 0,

0"A-I-1 - 1 > - ^N

and (Tt+r is a strictly decreasing function of r. It follows from (3"871) that Gk and

{-ife^^^^^sFk^As + he,)

are equi-singular in the region o- >Max(- A-- 1, cri+.>-l). Since Fk-i{s+\, 6^) h;is a barrier

<T= ffi+i— 1 in this region, this line is also a barrier for Gk-

We have therefore proved

Theorem 5. IfK. > 0, the line a - o-j is a singular line ofFk{s, 0).

Theorem 6. If X > and 6 = l/(Oi + ^i), then the function

Fk{s. 0) + (-l)>'-'6'+''-'Fk{s, 6,)

is regular for a > Ok^y. — 1 ; and the line a = 0-/..+, - 1 is a singular line of the function.

4- 1. We conclude with a brief discussion of the problem of the convergence or summability

of the series 2<^a. (h0) n~^ in the region of existence of the corresponding function /\. (s, 6). It

will be seen that our conclusions may be roughly expressed by saying that whatever could be

true is true. A Dirichlet's series cannot be summable outside its half-plane of regularity, and it

cannot be summable {C, r) unless its «th term is of the form o{n''): we shall show that our series

is summable (with least possible order) except when these restrictions apply.

Theorem 7. The series 'Z<f>k ("^) n~^ is convergent if o- > o-^ . o- > : and suinmable (C, — <7+S).

for every positive B, if cr> <Tk, cr < 0.

The case X = » is trivial, since o-^ = 1, and we suppose that X < x . We may confine our-

selves also to the case A- > 1 ; for the result for A- = 1 is an immediate deduction from the

formula
1

- + e\
•11)Sa„=0f./"i + ^^'')=0(..-' + ^): (4-

We shall in fact prove rather more than wi- have stated, when k > 1, viz. tliat the series is sum-

mable ((7, - 0-'
-t- 8), where a = Min (or, 1).

When k>\, <l>k{n6) is of the form A{y^t,{n6) t-^^K- nd)), where ^k{"^) »* the function

(2-121). It is therefore sufficient for our purpose to show that the series

lyJTk (nO) n-\ ^f^ {- n0) n'",

are summable (C, —a' + B) for a ><7k. Further, it is enough to prove this for real values of s,

and hence also, since <|r^.(n0) and ^^^.(- nO) are then conjugate imaginaries, enough to prove it

for the first series. This we do by a series of lemmas.

• The case \ = a> is a trivial dedaction from (3-89). gularity at most a simple pole at » = 1, the residue being a

t Thus Xi is an integral function of « when \ «; » . This rational function r (0) of $. Since r {t>) vanishes for every S

conclusion may be extended also to the case \ = 00 . For our for which 0<\< » , it must be identically zero.

argument shows that, in any case, Z,, can have as a sin- J See our paper (4), Theorem 2.
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4'2. Let ^ be a (large) positive integer, and Iet0<</)<1,— l<a</9sa+l

S{<f>)= lira Sn-e^^"'*?-".
l--»l-0

h'*^'

Let A, be the contour Xj + /// of the figure (in which the sense of description is indicated by

an arrow), A. be L..+ L^, and A be A, + A.,. Finally, let C be the indented rectangle

In what follows ^'s denote positive constants depending only on k; or, and /S, and the O's have

a corresponding meaning.

Lemma L: \S{^)[< A <f>-'-'+'K

This is a particular case of a known result. In fact the function /{z) defined, for z < 1, by

the series Sn^a", has z=l for its sole singularity, and

1/(^)1 <^ 1-5 !-<»+".

so that
I

'S(<^)
I

= l/(e'*'>) |

< ^
1
1 - e^"* ;-"+" < A <^--+".

Lemma M: S
gizwi _ 1

dz.

This is a particular case of a very general formula in the theory of residues*.

* See Lindelof, I.e., eh. v, § 53.
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4-3. Lemma X. If <\<l>\< ^, then Sift, <)>)- S{<j>)\< A\<l>-'-^+'' fi'-».

We may suppose that < <^ < ^, and we begin by showing that

''^''''^^^Il,.l;'{^~^}
i7^'i^+o(n (4-31)

'SW=f ^'£^dz+0(T), (4-32)

where T= <^~^^+"/i'"^. In the first place, by the theorem of residues, we have

S(,^,<i>)=\^z'{l--^ ^.^dz , (4-33)

e'-"'* Mg-^"*" (y>A)
rsow < -

\J '

e^"-l: [Ae^'i^-f).« (y<-A),

and so |_r!^j<^4e-^«;»l (iyl>4).

Hence the contributions of Jfj and i/o to the right-hand side of (4"33) are of the form

(/i«+i e-^"*) = (T) (p(f>f+' e-^"* = 0{T),

since ^ + 1 > 0, so that {ij.(f)y+^
g-JM* < ^. Similarly the straight portions of N^, iVj contribute

Lastly, the curved portions of N^ and *Vo contribute 0(fx,°~^}= 0{T). Thus the contour G,

less Zj +2,2, contributes (2}, and (,4-31) is proved.

For S{^) we have

This is (4-32).

From (431) and (4-32) we deduce

.SOX, *)-sw-J^.^^ •-{(' -y - i|,-S:ri''' + 0(n

(

2
1 - - ) - 1 < .1

I

-

on L, + L.,. Hence the straight portions of Z, + L, contribute

O^f^y.^. e- ••'** dy\ =
(

I

V • (-

)*~°
• e- -'**

(^^) = (/i—^)
f
/ e"^** dy = 0{T),

since /9 - a S 1 and yl/j.^ 1. Finally the curved portions contribute

y^l) = 0(At'-*) = 0(r).

This completes the proof of Lemma N.

4'4. We can now deduce that ^yfri:{n6)n~' is summable {€', —a' + B) for cr Xrt- We may
suppose that a<l, since a convergent series, whose general term is 0(l/n), is summable

(C,—l + B)*. Also o-j;< 1, sinceX< » . Hence we may suppose that o-i< a = <r' < 1. This being

• G. H. Hardy and J. E. Littlewood, ' Contributions to the arithmetic theory of series ', Pror. London Math. Soc. (2),

11 (1912), 411— 47H (462, Theorem :H7).
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so, we take a= — o-' = — o->— 1, ^ = — cr' + B = a + B>a. We shall further suppose, as we may,

that B<a — aie and 8 < 1, so that y8 — o < 1.

Now
M-l / ^\S to (1-1 / «\3M-1 / «\P to (1-1 / 7i\S

S AlrtO!^))!-"!! --) =S ,/-* S e(w!^)«Ml --)
n = l V fJ'/ ..= 1 .1 = 1 \ M/

= -2v->=Si(ve))+I. v-'^{S(fi,ive))-S{{p0))] (4-41)
l'=l l-=l

provided that one of the series on the right converges. But

S(fi, {v0)) - S {{v0))
i

= i (S (m, i^) - ,S' {^) <A^ -(3+1) /:*-«,

by Lemma N. Also, since — ^ = a- — S >ak, the series

is convergent. Hence S z/"*-"
|

S {(jl, v9) — S {v8)
,

i'=i

is convergent, and its sum tends to zero (like /x""*) as /i ^- x . It now follows from (4'41) that

Iv-^SiivO)) (4-42)

converges, and that the series S ^k (nO) n~'

is summable (C, ,3), i.e. (C, -a' + B), the sum being given by (4-42). This completes the proof of

Theorem 7.
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I 1. Introduction. Various writers have pointed out that on the basis of the kinetic theory,

certain molecules moving in the outer reaches of an atmosphere may, as a result of a series of

favourable collisions, receive sufficiently high velocities to take them out of the planet's

gravitational field. On this view, the atmosphere of a planet is subject to a continual dissipation.

The question of primary interest is the rate at which dissipation occurs, for this decides whether

or not a planet may be regarded as retaining its atmosphere.

A simple treatment of the problem has been given by Jeans*, who obtains a formula for the

rate of escape of molecules past any atmospheric level. According to this formula, the number

of escaping molecules increases when the height of the level increases, as of course it should.

But the result depends on the particular atmospheric distribution of molecular density there

considered. If, instead, a corrected formula, recently given by Milne +, had been used, Jeans'

formula would have indicated the anomalous result that the higher the level considered the less

the number of molecules which escape past it, and if the level considered be taken at an infinite

distance, as it logically should, the formula would lead to a zero result. This difficulty is avoided

by choosing an arbitrary height which is virtually regarded as the ceiling of the atmosphere, so

that any molecule passing it with a velocity sufficient to escape from the gravitational field may

be regarded as definitely lost. This method involves the neglect of all collisions beyond the

arbitrary height and the disregard of all losses from the atmosphere above it. It can hardly be

regarded tis satisfactory for these considerations require the arbitrary level to be as high as

possible, while, as Jeans J himself points out, other considerations require it to be as low as

possible.

Moreover, the method bj' which the molecules escaping beyond this arbitrary ceiling are

enumerated involves the use of a formula, which is shown in the present paper to be valid only in

a gas of uniform density. The value of the molecular density used in the formula is that

appropriate to the position of the ceiling, but since, by hypothesis, the ceiling is so high that the

atmosphere above it can be neglected, the free paths of the molecules in this region must be so

enormous (hundreds, possiblj', thousands of kilometres) that there is a sensible change of density

along a free path, and a mathematical treatment can only be regarded as satisfactory which

takes this into account. This is especially necessary in the case of escaping molecules, since they

move from parts of the atmosphere where the density is finite to parts where it is zero.

In oi-der to remove some of the arbitrariness which attaches to the method given by Jeans,

Milne§ has recently considered the mechanism of escape in more detail. He has investigated

* Jeans, Dij inimical Theory of Ga$es, 3rd edition, 1921, atmosphere itself,

p. 342. t Jeans, lac. cit., p. 344.

+ Milne, Tram. Camb. Phil. Soc, Vol. xxii, p. 483, 1923. § Milne, loc. cit.

.\ccount is taken of the gra\'itational attraction of the
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the chance of escape of a molecule from the atmosphere without a further collision by intro-

ducing the assumption that all the other molecules of the atmosphere are at rest. This leads

to the conception of a 'surface level' from below which escape is impossible and to the

idea of 'cones of escape' which open continuously from zero angle at the surface level to 90 at

infinity.

Although Milne has thus considered the conditions for escape in more detail than hitherto,

he has yet adopted the same method of enumerating the numbers which cross a given surface.

He is thus led to the result that the number of escaping molecules rises from zero at the surface

layer to a maximum and then falls to zero again at infinity. But since the escape of a molecule

implies its removal to an infinite distance, the function which expresses the loss from below a

given level must increase continuously with increasing height and will strictly give the correct

result only in the limit when the level considered approaches infinity.

In the present paper, the problem has been considered from a somewhat different point of

view. It has thus been found possible to consider the mechanism of escape without the restriction,

introduced by Milne, that all the molecules of the atmosphere are at rest; in fact, no assumption

about the molecular velocities has been made beyond their distribution according to the

Maxwellian law. The method has involved a discussion of free paths in a non-uniform i-arefied

gas, where the free path of a molecule is a function not only of its velocity but also of its

origin and its direction of motion. General formulae for the free paths have been obtained

and, for purposes of illustration, applied to the earth's outer atmosjihere. It is shown that,

under certain conditions, investigated in detail, a molecule may have an infinite free path,

that is, maj- escape from the atmosphere. For this to occur, the molecule must have its last

collision above a certain critical height and must subsequently move within a certain 'cone of

escape' appropriate to the point of collision.

The same methods have been used to show that the usual formula for the number of molecules

of specified velocities crossing a plane is not applicable when the gas is rarefied and non-uniform,

and so Ccinnot legitimately be used to calculate the loss of an atmosphere. The dissipation has

been calculated in this paper not b}^ using the formula just referred to, but by considering the

collisions in each element of volume of the upper atmosphere and b}- enumerating those which

result in one of the molecules having a velocitj' of such magnitude and direction as to satisfy all

the conditions for escape. The molecules thus lost from this evaporation region we may suppose

replaced by diffusion across the critical level from the lower parts of the atmosphere.

According to the methods of this paper, the rate of loss is proportional to the first or the

second power of the basic molecular concentration according as the critical level is free or fixed.

In general this level .sinks as the dissipation proceeds and only becomes fixed when it has

descended to the surface of the planet. For this reason the character of the escape of a gas

from a planet depends on whether or not it exists alone. Both cases have been considered.

In all cases a gas once having been present never escapes completely. The time taken for the

gas to reach such a state of attenuation as to preclude the possibility of detection is in all cases

longer than the time given by Jeans for complete escape. Thus the time necessary to reduce the

molecular density by 10'" is about 10 times as long as that given by him for total escape. All those

atmospheric constituents which Joans considers as lieing retained by the various planets will

therefore be retained according to the present method and so his main conclusions regarding

the constituents of the atmospheres of the planets of the solar system are unaffected. There are

cases, however, where the retention of a gas is open to doubt according to previous work and the

])resent method of calculation is then necessary. This applies, for instance, to the case of helium

on Mai-s which at certain temperatures would definitely be lost by the more approximate method,
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but may be regarded as present according to this investigation. This case is considered in some

detail and numerical values are given.

The general agreement between these two methods in the case of isothermal atmospheres

further justifies us in assuming that the results of Milne obtained for stt^llar atmospheres of non-

uniform temperatures would also be confirmed by the present more detailed analysis.

I 2. The Free Paths of Molecules in a Non-unifonib Gas. The only information usually

necessary about the free paths of molecules in a gas is the length of the 'mean free path.' While

this statistical mean has a definite significance in the case of a uniform gas, where the most

probable distance travelled by a molecule between collisions is independent of the direction of its

motion, its meaning becomes obscure in the case of a gas such as exists in the upper parts of an

atmosphere where there is large variation of molecular density. The path will depend on the

direction of motion and may, in fact, be infinite in some directions, while finite in all others. We
are therefore led to consider the general problem of the free paths of individual molecules in a

gas of non-uniform density. To this end, we confine our attention to a particular molecule moving

with known velocity and enquire into its chance of a collision with any other molecule at every

point of its path. This has already been done by Tait* in the case of a uniform gas, but the

same method can easily be- applied to the more general case.

For simplicity, we suppose the molecules of the gas to be rigid elastic spheres. Their diameter

we denote by cr and their mass by m; the number per unit volume we denote by v.

Consider a molecule of velocity c. The chance of a collision with a second molecule of velocity

c' in an element of lime Bt is equal to the number of molecules of this kind contained in a cylinder

of base area tto-'' and of length VBt, where V is the relative velocity. If the direction of c' with

respect to that of c be described by the usual Eulerian angular coordinates 6 and <^, then the

number of molecules in this cylinder, having velocities between c' and c + dc and moving

in directions lying between 6 and 6 + cW, <^ and
<f>
+ d<f>, is given by

fhm\i ,
' c'-dc mi e ded(f> X ira-Vht, (2-01)

where h is inversely propoi-tional to the absolute temperature, being given by 2h = IjkT.

The velocity V is given, of course, by

F- = c= -h c'- - 2cc' cos 61 (2-02)

If we denote by 0(c)Si'the chance of a collision with any other molecule in the same interval of

time, we have

B (c) = '^"L)' iiL-'""'"' c' Vdc' sin 6 dOdtf,, (2-03)

the limits of integration being to oo in the case of c', to tt in the case of and to 2-77 in the

case of <}>. Taitf found that this expression reduced to

©(c)= ^'^'i|r(cVAw) (2-04)

where f (.c) = .le"^^ + (2x^ + 1) f 6""= rfy (205)
J

In passing, we may note that the value of ©(c) in the case of a stationary molecule is

2-7r^i'a"/{hvi)^, so that if a molecule of hydrogen at normal temperature and pressure were once

* Tait, Edin. Trans., 1886.

t Tait, loc. cit.; Jeans, Dynamical Theory of Gases, 3rd edition, p. 2.55.
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at rest it would remain so on the average only for 10"'" seconds. The chance of collision increases

continuously with increasing velocity, becoming infinite for an infinite velocity, as is otherwise

obvious.

The chance of a collision of a molecule of velocity c with any other molecule in describing any

8s
element of its path 8s is clearly (c) — and hence the length of its path is given by

where in a non-uniforui gas j/ is a function of s. When a„ is known, this is an equation to determine

s and therefore the length of the path X.

In the absence of an external field of force, the path of the molecule will be rectilinear and

its velocity will remain unchanged throughout its path. In this case we have

r ,ds^--,- -^"i-_, (2-07)
•'*,. -Tria-yfricWhni)

which determines a length X<, for each value of the velocity c. In the particular case of uniform

density the formula simplifies to

''''"'' '
(2-08)

Another case of some interest is when c '•/hni is large. This is the same as c large compared with

the mean velocity of thermal agitation G, for AmC- = 3'2. In this case

ylf(c\/hm)

and formula (2'07) becomes

C-hm Jo
^

= \ TT,

r vds= ^
, (209)

' „ Trrr-

This equation merely gives the length of that cylinder of b;xse area ttct- which contains on the

average one molecule. It gives the upper limit to the length of the free path and is evidently

the same as that which would be obtained if one molecule was supposed to be moving among a

number of other molecules at rest. In the case of uniform density this again reduces to

X = --^, (2-10)
TTI'O-

which is a well-knuwn result.

§ 3. Probability of a Free Path of given Length. Thf usual furmuia for the probability that

a molecule will describe a path of given length also needs generalisation in the case of a non-

uniform and rarefied gas such as we consider in the present paper. We have found in the preceding

section that there is a certain length X^ associated with a molecule moving with a velocity c

in a known direction. It does not follow that every such molecule will actually move through this

distance. This length must i-ather be regarded as the average path tra\ei-sed by a large number

of molecules leaving the same point in the same direction with the same velocity. In general, the

lengths of the paths will be distributed about X^ according to some definite law. It is now our

purpose to investigate the nature of this law.

Let us denote by / the probability that a molecule moving with velocity c in a diivction ot

angular coordinates and (^ shall describe a free path at least equal to /. The chance of a collision
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in describing a further distance dl beyond the length I is dl . © {c)lc and lience the probability

that the molecule will describe a path of length I + dl is

f.^l-dl^).

But by definition this must be the same as /'(/ + dl). We deduce that

%'-f^ <->

Now (c) involves i> and therefore the right-hand side of the above equation is a function of

I, of the angular coordinates 6,
(f>

of the molecule's motion, as well as of the coordinates of the

starting point of the free path. Writing

where .r„, y„, z^ are the coordinates of the starting point, and putting

®i£) = ,(,) =^t^^^, (3-011)
vc c-hm '

we have

/=e -"'''' J-"'", (3-02)

on using the condition that /(O) = l. It follows that the probability of a path of length between

I and I -\- dl '\s

-0(c)f,dle-^^'^^^''^ (3-O.S)

When V is constant, equation (3-02) reduces to

/=e-^('-)'=,-''l- = e-'/\ (3-04)

while formula (3'03) becomes

-^e (3-0o)

These are the formulae given by Jeans*. That X,. is the average jjath is easily verified, for

le~ ''
' dc= \-

.

J

§ 4. Fi'ee Paths in an Upper Atmosphere. When account is taken of the variation of a planet's

gravitational attraction with increasing height, it is found that the molecular density of any con-

stituent of its atmosphere at a distance ;• from its centre is given b}'"!"

a{r-<i)

v = v,e ~'""o ~7 (4'01)

where v^ is its value at the base of the isothermal part of the atmosphere |, h is inversely pro-

portional to the temperature (2/( = l/kT), g is the value of gravity at the surface and a the radius

of the planet. This formula, however, gives a finite density at an infinite distance and under such

conditions no molecule ever could be said to have escaped from the atmosphere. If account be

taken of the gravitational attraction of the atmosphere itself on its outer fringes, it is found that

at very large distances the molecular density fells olT according to an inverse square law. Milne§

suggests as an appropriate formula applicable at all distances, the law

.=.,(';:)%-''(-7), (4-02)

* Jeans, ?oc. cit., p. 347. See Chapman and Milne, Quart. Jmiriml Hoy. Met, Soc,

t Jeans, toe. cit., p. 343. Vol. 46, 1920.

J This is not quite the same asthe base of the stratosphere. § Milne, /oc <;/(., p. 491, equation 25.
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where r,, refers to any convenient level in the atmosphere and

q: = '2hngr,-2 = q,-2 (403)

This formula we propose to adopt in the present investigation. We shall take 7\ to be the radial

distance of the base of the isothermal part of the atmosphere.

Suppose now that a molecule, having collided at a point distant r from the centre, moves with

a velocity c in a rectilinear path making an angle with the radial direction at that point.

Strictly its subsequent path will be hyperbolic if, as in the cases we consider, the magnitude of

c is such that the kinetic energy is greater than the gravitational potential. Since such velocities

are large, the curvature of the jjath will at any rate be small and we may regard the path as

rectilinear.

If s denote the path described from the origin of its new velocity and R denote the radial

distance corresponding to s, we have

R = (r- + 2rs cos 6 + s")i,

and the length of the free path is given by

r v(R)(h= ,

'^^'"'-
(404)

J » IT- (T-yfr (c \/hm)

This equation is true only when c remains constant along the whole path, but we may apply

it without sensible error- to the case of molecules moving in an upper atmosphere. When the path

is sufficiently long to make an appreciable change in c, the molecule has by that time reached parts

of the atmosphere where the molecular density is negligible.

A further simplification can be introduced by writing

R = r + scose (4-05)

This is equivalent to neglecting the curvature of the layers of equal density through which a

molecule may be supposed to pass. The equation (4-04) to determine the free path then becomes

/,

5 g 9.1 r + s COS fl e^" c'hm

I « (;• + A- cos 6y ^i ^^
„..

,.^2 ^ (g ^/^„j)

'

which reduces to

e^'-e'^o'^'^
rVe^«'cos(?c°/»H

^^.^^^

rr-Voa-r„-\{r{c'^hm)

When r, c and 6 are given, this equation determines R and therefore s, the free path, from

the relation

s = (--K — r) cos 6.

Ur again, if r and 6 are given, it can be regarded as an equation to give the velocity necessary

to describe a path of given length. In particular, the relation which must exist between the

three quantities r, c and in order that a molecule may escape from the atmosphere is

g9o'7_j^J/o'e'lcos^c"-A»i_
^^.Qy^

TT- VoO-" ro -^ (c "^hm)

Moreover, if in this equation we put = and c==o, we have an equation to determine the

lowest level fi-om which escape is possible. Thus, using r^ to denote the height of that critical

layer, we have

e»«7,-l= ^^'^ (408)
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We note that the raolecidar concentration at the critical level is given bj'

n-a- J'o

and so, when q^' is large, b}- qj/irff-ro approximately. The order of this expression is deter-

mined almost entirely by that of a" and »•„, and as these are of the same order for all molecules,

we find the interesting result that on any planet the molecular density at the critical layer is

always of the same order, whatever its value at the base or whatever the constitution of the

atmosphere. The order is 10' in the case of the earth.

Corresponding to any value of 7" greater than ?•<., there is a range of values of for which

escape is possible. The limiting value will clearly be a function of r, and so we denote it by 0r.

It is oriven bv

or, using equation (4'08), hy

cos^. = ^'^i^'fe'''7°-lV (4-09)

r,,

cos0, = ^ (4-10)

e'"r^-l

For escape from this height a molecule must move within a cone of semi-angle 6,-. This cone

we shall refer to as the cone of escape.

For purposes of illusttation, we now apply these formulae to the case of the earth's outer

atmosphere; here ?(,= 6-39 x 10' cms., the temperature is usually considered* to be —54° C, and

assuming the outer constituent to be hydrogen+ for which:^ — = 4'127 x 10', we have

= 67-37.

o — 7^'

III

9

We may, therefore, neglect the unit terms in equations (4-08) and (4-10), and write

COS0. = /"Vr J (4-11)

Again, for hydrogen we have§ o- = 2-72 x 10' cms., while|| !/„ = I'SO x 10'^ and we thus find

?-c
= l-238?-„. The critical la}-er is thus at a height of 1521 kilometres above the base of the

stratosphere. The 'cone of escape' opens very rapidly above this height, as the values in the

accompanjnng table testify.

TABLE I.

Variation of Cone of Escape luith Height (Earth's Hydrogen).

Or
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The cone of escape thus opens from 0^ to 45' in a distance of 50 kilometres and from 0° to 85°

in a distance of 370 kilometres.

It is not to be implied that all molecules moving in directions within the 'cone of escape' can

eventually escape from the atmosphere without collision. We have already seen that the velocity

must be sufficiently large to take it out of the earth's gravitational field. But this velocity may

not be sufficiently high to ensure that its subsequent motion will be free from collision. For this

condition to be satisfied, a certain velocity ^r,% (a function of r and Q) must be exceeded. This

value oi'Wr e is ea.sily obtained from er4uation (4.-07) and is given by

(.'•7--i).TTI/oO-ro

q^'e'^' cos

cos^,

cos 6
.(412)

The value of i/r(a;) can only be obtained for particular values of x by quadrature, but a sufficient

number of values have been given by Tait* and reproduced by Jeanst to deduce the value of

^,_j \^km for particular values of the right-hand side. A few values of i/r (x) and x~l\{r (x) are given

in the accompanying table.

TABLE II.

x
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gravitational potential of the planet. A certain mininiuiii VL-locity c, must be exceeded to ensure
that the molecule will escape from the gravitational field. It may be that this velocity is less

than the minimum vahTfe of '??,.,9 or it may be that it is more. In the latter case, the region in

which the end point P of the vector must lie is no longer VA V but only that portion of it above
the spherical cap of radius c,-.

•*

Fig. 1. Velocities necessary for escape in different directions (d..=i5'').

In the actual case considered above, the gravitational attraction is very large and the corre-

sponding value of cv is 1001 x 10" cms./sec. This velocity is larger than '&r,» through a range of

6 of 44'5° and is therefore the dominating factor. We shall return to a discussion of the relative

magnitudes of Cr and '&r,t in the general case later in the paper.

If after a collision in the upper atmosphere a molecule moves in a direction outside the 'cone

of escape,' its free path will be of finite length, however great its velocity. The length of this

path will of course vary according to the direction, being a minimum for a molecule moving

vertically downwards. For purposes of illustration, the free paths of molecules leaving a given

point in the upper atmosphere with various velocities in different directions have been worked

out and are represented in the accompanying figure. The particular point of departure considered

is that for which the 'cone of escape' has an angle of 45° {r = l'246co). The formula used is

e f -

TT^c^hm cos 6

f (c ^/hm) cos Or

'

.(4-13)

Vol. XXII. No. XXVIII. 71
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derived from equations (4'06) and (4'09); except for values of r which are large compared with

j"o, this equation can be simplified to

TT-c^hvi cos 6^
9o

Vr(cVAw)COS^r/
.(4-14)

Fig. 2. Free paths of molecules leaving a given poiut in the npper atmosphere

with various velocities in different directions.

(C = mean velocity of thermal agitation = l-G-tO x lO'cms./sec. at -51° C.)

I 5. The Number of Molecules of specified Velocities which ci'oss a given Plane. The main object

of the present paper is to evaluate the rate of loss of molecules from the earth's atmosphere, and

as the calculations of previous writers have all depended on the use of a formula for the number

of molecules of given velocities which cross a given plane, it seems worth while to enquire

whether this formula, like the formula for the length of the free path, requires correction in a

gas which is both non-uniform and rarefied. The formula in question is*

v(^~Y e''""^""'-^'"'+'"'hcosedudvdwdS (.VOl)

This purports to give the number of those molecules whose cnmpouent velocities lie between

{u,v,w) and {u + du, v + dv, %ii + div) which cross an element of area dS per unit time. It is

obtained by counting the number of such molecules which at any time lie in a cylinder of base

dS and length c dt drawn in tiie direction of the resultant velocity c, 6 being the angle between

the axis of the cylinder and the normal to dS.

It is to be observed that the value of v in (o'Ol) is that appropriate to the position of dS.

In a rarefied gas, however, molecules will have travelled lai'ge distances before reaching the plane,

and if the gas is of variable density, it follows that such molecules have arrived from parts of the

gas where the molecular density i' is appreciably diHerrnt from that at thf position of the plane.

In order to investigate whether this will introduce any moditication in the expression (5'01), we

propose to develop a more fundamental method of calculation than that previously u.sed.

* Jeans, Inc. cil., p. 343 ; Milne, lor. cit., eiiuation (28).
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We consider only the case of a gas which has reached a steady state, that is one in which the

molecular density and the distribution of velocities about their mean do not vary with the time.

We make no assumption about the nature of the velocity distribution function. It need not be

Ma.xwellian, although in the applictitious which we are likely to make of the results this will

usually be the case.

All the molecules which cross an element of area dS with velocities lying between (u, v, w)

and (u +(lu, v + dv, w + dio) must have had their origin, that is have had their last collision, in a

cylinder of infinite length drawn in the direction of the velocity c on the base dS. We consider

those which collided last in a thin slab of this cylinder of thickness dx. What we require first is

the number of collisions in this element of volume such that one of the molecules aftei- collision

h:is a velocity lying in the specified range. Since the gas is in a steady state, this number is

equal to the number of collisions in which one of the molecules had the specified velocity before

collision. If/'("> *'. *'') be the fraction of the molecules in any element of volume possessing com-

ponent velocities between («, v, w) and {u + da, v + dv, w + dw), the number of collisions of the

type considered per unit time is

vf{u, V, lu) dudvdtu B (c) dx dS, (5'02)

since (c) is the chance of collision per unit time of any molecule moving with velocity c. In

the notation of § 3 we may rewrite this expression in the form

irf{u, V, w) c 6{c) dudvdiudxdS (503)

The fraction of these which reach the area diS will depend on the distance of the slab from

the area. Let us suppose that the distance measured along the axis is equal to I. If 6 is the

angle between the axis and the normal to dS, we have then dx = dl cos 6. In the section just

referred to, § 3 above, we found that the probability that a molecule moving with velocity c should

travel along a path at least equal to I was given by e~ ^
'''

. Hence the number of molecules

which leave the slab dx dS per unit time with the prescribed velocity and reach the area dS is

vfiu, V, iv)c cos 0{c)e'^^'''>>'"" dudvdwdldS, (.5-04)

and hence the total number arriving at the area dS from all parts of the cylinder is obtained by

integrating the expression with respect to I irom to oo . We have

dN= f(u,v,'w) c cos 0{c)dudvdwdS I v-e~ - dl (o*05)

In any given problem, v will be a known function of I.

In the case of uniform density, the formula reduces to

fLV = v/(u, V, tv) c cos dudvdiv dS (5'06)

the usual formula: but it is only in this special case that the two are identical. It may, however,

be used with sufficient accuracy in any gas of normal density whether uniform or not. For in

this case we have

rv'0{c)e-^^'^^'""dl=rve-"d>/, (5-07)
Jo J I)

where i/ = 0(c) I vdl.
Jo

Now if, as we have supposed, v is large, y becomes ver}' large even for values of I which are very

minute on ordinary standards of measurement, so that au\- variation in v in finite distances is

rendered negligible by the factor e~'>. It follows that in such cases the integral I ve'" dij may
J »

71—2
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be evaluated as though v were constant, leading of coui-se to the value v. In the case of a gas

like the upper atmosphere, the formula (o"06) is not correct and must be replaced by (5'05).

A simplification can be introduced into formula (o'Oo) by supposing that all molecules which

leave any point with a given velocity c travel the same distance \c, given by equation (2-07).

All the molecules which cross dS with the prescribed velocity will then have had their last

collision in a cylinder of base dS and length X^ drawn in the direction of c. We infer that the

number required will then be obtained by integrating the expression (5'03) throughout the volume

of the cylinder. We find

dX =f{ii, V, w) ccose e (c) du dvdw dS f"-dl (5-08)

This formula, like (5'05), reduces to the usual expression (5'OG) whenever the molecular density

is uniform or does not change appreciably along a free path.

To illustrate the difference between the usual formula (.506) and the formula (.5-05) we con-

sider a particular case. Let us conceive of a hypothetical atmosphere in which the densit}- falls

ofif linearly fi-om a finite known value at its base to zero at its ceiling, so that

vo (a — x)

a

•with an obvious notation, and let us calculate the number of molecules of specified velocities

which arrive at the ceiling. According to formula (5-06) the number is zero for the molecular

density at the ceiling is zero and it is that value which is to be substituted in the formula. On

the other hand, formula (o05) gives, on putting cos 6 dl = d.i;

dK = f{u, V, w) cd (c) dudvdw dS v' e 2" cos e dx
J

= fhi, V, w) cO (c) dudvdw dS 4 I fe 2acoss dy.

and so if a is large, :\s we may suppose it to be, we have

dX =/(«, V, w) =\/'
^''''ffT^

dudvdw dS,
ad{c)

where c is the magnitude of the velocity and is the angle between its direction and that of the

axis of a-. The total number of molecules which cross unit area per second is therefore given by

A'=ll(f(u, V, tv)cJJ ^'"'''"''^ c^ sin OdOdHc
JJJ' V aff-yjr{c\'hm)

and assuming a Maxwellian distribution function, this becomes

o VflffV V TT / .',1 V
yfr (c \' lini)

- (""-)
\aa-J

* 1

If this law of density represented the case of the earth's density, where for hydrogen v„ is of the

order of lO'", <7- is of order 10-", and hm is of order lO-"', we should get N to be of order lO'^a
'

'
.

If

a be of the order of the earth's radius 10' cms., we then find that 10" molecules cross unit area

of the ceiling per second. This is in contnvst to the zero result obtained by the ordinary method.

§ 6. C'omlitioiis for the Escape of a Molecule. Before proceeding to the calculation of the

rate of escape of molecules from an atmosphere, it will be convenient to summarise the conditions

necessary for escape.
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(i) The point of the hist collision of the molecule must be higher than a certain critical height,
the precise value of which depends on the nature of the gas (»• > /-j).

(ii) The direction of niotion after collision must fall «-ithin a certain 'cone of escape,' the size

of which depends on the position of the point of collision {6 < 6,).

(iii) The velocity must be sufficient!)- large to take the molecule out of the earth's gravitational

field ( c> c, where Cr" > ^^^ ]

.

(iv) The velocity must be sufficiently high to avoid further collisions (c>7/r,B, where '&r,B

depends on the point of collision and on the direction of motion).

In general then there will be a stratum in which Wr,e is greater than c,. and in which the sole

criterion for escape is the possibility of an infinite path without a collision. The upper boundary
of the stratum will be determined by ^l^^o = Cr and above it the dominating condition for escape

is that the velocity of a molecule shall exceed c^.

§ 7. The Loss of Molecules from a Simple Isothermal Atmosphere. The methods of § 4 can

now be applied to find how many collisions take place per unit time in an elementary slab of the

atmosphere such that after collision one of the molecules satisfies all the conditions mentioned

in the preceding section. For the present we shall confine our attention to an atmosphere which

consists of one constituent only. Such an atmosphere we shall refer to as a simple atmosphere.

The work can easily be extended to a mixed atmosphere, as we afterwards show, but to do so at

the present stage would introduce unnecessary complications. From equation (5 03) we infer that

the number of molecules which in unit time undergo collisions in a spherical shell of thickness dr

and thereby receive a velocit}-, whose magnitude lies between c and c + dc and whose direction

makes an angle of ^ to + dd with the vertical, is

v"f{u, V, w) -Ittc^ d (c) sin Odddc -iTTi-^dr ('"01)

If the magnitude of c exceeds the values \ 2ga-/r, (c^) and W,;e, and lies within the cone of

escape appropriate to the value of r, then all the molecules given by (6'01 ) will escape from the

atmosphere. The total number of escaping molecules is therefore given by

dL = v-8-rr'r-dr
\

"^
f{u, v, w)<f e(c)sm0d0dc, (7-02)

Cr'o

where we have written C,- for the greater of the two quantities Cr and ^r.»- In an isothermal

atmosphere the distribution may be regarded as Maxwellian, and we put

/-(v)'«-"--

Introducing this value for /" in equation (6'02) and substituting for 6{c) its value fi'om equation

(3011),

^ _ -7r^~ g-'ylr {c \'h^t)
" (C) — „ / ,

,
-'^

re,.

we find dL = 8Trr(hm)i v-r-dr e"'"""' cyjf (c -Jhrn) sin 6d0dc
J CrJo

= Stto-^ {hm)i irr^dr e"*"^- cy^{c •Jhm) {1- cos 0)dc, l^'OS)
JCr

where, as before, ^^ (x) = xe-^' + (iar + 1) e-^'dy.
Jo
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There is, as explained in § 4, a limiting value of for each value of c, so that cos 6 is a function

of c. The required relation is contained in equation (-l-OT), viz.

lo-f ^_ qoe''- cos 0c-hm

TT- v,,a^r„yjr (c vhm)

but this can be expressed more neatly by using the fact that the lowest value of c for escape from

a given level is given by

'if,r-hm

e"r_i^_j/oe^-^-u..o»,»_
^ ^^.Q^^

o?,^„. , - (7-05)

so that for any direction other than the vertical

cos^ = 7=^ (7-0o)

We accordingly have

dL = 87raHhm)^v'r'-dr f e-^\vy}r{.'c)(l
^^'^"— t^^Ada- (7-07)

Owing to the nature of >/»-(.i), this integral is too complicated to be evaluated in the general case

except by quadrature, but in certain cases the work can be very much simplified. In the first

place we observe that, even for comparatively small values of x, the term I e~"'dt/ occui-ring in
-'o

^|r (x) diffei-s very little from its limiting value ^17/2. Thus, when *• = 2, we find that its value is

(•99532) \/7r/2. Furthermore, for such values of x, the term xe"'^' is quite small. For the value

x=2, we find a value of '03664. In all cases therefore in which x is larger than 2, very little

error will be introduced by supposing that

^ (.,.) = ^2,.-^ ,7-08)

We find further support for this approximation in that

I e-^'x f(x)=i e-'''a?dx + I e",^' ( 2ar< + x) dx \e-v-dy
.' .0 .'0 JO

V'^ = -7071n'^,

V7
whereas I e"-''*- (2.e- \-\)—~-dx = -75 vV,

Jo

so, that even when integrated through the infinite range, the diti'erence between them is small *

* It will be as well at this stage to enquire what values considered (r). If we take an extreme case, viz. that of the

of the lower limit C, we are likely to meet in the application moon, where the gravitational potential is least, and consider

of this work to actnal planetary atmospheres. At the critical hydrogen molecules for which m is least, we find at a tem-

level, of course, its value is infinite by definition. At perature of - 100° C,

higher heights, its value decreases until C, is equal to the c^ Jhm= S-93 >JrJr.

•gravitational' velocity c^. We then have
1 • u. . j , 1 • .u j- r »uHence even np to a height of 4ry (r^ being the radius of the

Cf ,Jhm= ^/2hmiirtf'lr= ^/g^ro/r. moon), were it possible to conceive of an atmosphere of such

Its value therefore depends on the temperature of the atmo- extent, our work would still apply. We may, therefore,

sphere, on the mass of the molecules, on the gravitational safely regard the analysis as applicable to the escape of mole-

potential of the planet at its surface, and on the level eules (aa distinct from electrons) from any known planet.
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Making this substitution for yfr(x) in ^juation (7'07) we then find

47r- a^ v-r-dr
dL =

(/(?»)-

e-'J

Now for large values of « we can write*

J X

so that taking the fii-st terra only where x = hmCr-, we have

,, 'iir- a'-v-i'-dr . ^„
ri/, = g-hmCr-

+ hmV,.- Vtt 1 p=^ +

(7-09)

We note in passing that if in this result dr be replaced by ~t= , we get a formula for L
v2 7r&-v

which is almost identical with that used by Jeansf. What differences there are, are due principall}'

to the introduction here of the idea of 'angles of escape.' Now this operation is obviously equivalent

to integrating (7-09) through a length —= as though the function were constant, and since
V2 TTcr-/'

this length is equal to the mean free path in a gas of uniform density v, we are led to an inter-

pretation of Jeans' formula. Instead of giving the escape of molecules past a given level from cdl

parts of the atmosphere below it, this gives only the escape from a certain slab of the atmosphere

of a certain definite thickness; this thickness is equal to the mean free path appropriate to the

gas at the upper boundary of the slab, and throughout the slab the density is regarded as constant.

When the upper boundary is raised, the slab thickens .somewhat, but even so the lower boundary

is also raised with the result that however high the level considered, the formula never gives the

complete loss from all parts of the atmosphere.

To obtain the total loss of molecules from an atmosphere by the present method, we have

now to integrate the expression (7"09) over all values of r from r^ (the critical level) to infinity,

but in doing so we must remember that C,. may be one of two different functions of r. As pointed

out in the preceding section, there is a stratum in which '&'r >Cr, while above it Cr>'Wr- So

that in one case C,- is to be associated with '{F,- and in the other with c,-. At the boundary of the

two regions ^r is equal to c,.. This height we shall denote by ?v- Its value is determined by

the equations

,r%.=/r»* -''"'"

.(710)
i^(^,V'/imT) ,,!Lo

e
''

''o — 1

and ^V=c/=2£r^ (7-11)
' d

* Bromwich, Theory of [nfuiite Series, p. 326.

t Jeans, loc. cit.. p. 343.
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The equation for the height of r,. has already been given in equation (4-08), but for convenience

it can be repeated here*.

Jo'f
1 = .(7-12)

In the region /> to r^, we are to substitute for C,. in (7'09), before integrating, its vahie

given by

ItrhmCr'
.loi

.(7-lS)

e 'rf —

1

while above r^, we get the simple relation

C;' = Cr- = 2ga"-/,- (7-14)

In formulae (711) and (714), a is the radius of the planet, but this may be equated to the value

of »•„ appropriate to the base of the isothermal part of the atmosphere. (In the case of the earth,

a= 6370 kilometres, while ro= 6390 kilometres.)

It is convenient first to calculate the loss from above jv. Making the necessary substitutions

for V, c,. and "^r, this is given by

J. _ 47r^o-^»o^>Ve-% /"°e^[

(hmy-

47r^ff=Vo^?Ve-=«o

(hm)^qoro

|-27r^\(e'"'- 1) +
q«r„

X5o5(e'«^-l) + ^(e''«^ -l)\dr

.""F.ii + 'hr^ + xli + q:^
>'d V >'d

-Xe<
.(715)

None of the integrals calls for comment except

l

=" 2j„!f >

When an obvious change of variable is made, this is seen to consist of the difference of two

logarithmic integrals, each of which diverges but whose diflerence remains finite. For large

values of r\i (and it is always large), we find that the integral is equal approximately to 5,.^.

For brevity, we have put

\ = '"^'''"= -J- -

'.

(7-16)

e '< — 1

It is large only when r^ is large compand witli (/„)„, that is when there is appreciable density at

heights above the surface of the planet equal to several times its radius. Clearly there is no

In the earlier part of the work we used an approximate

formula for the distribution of atmospheric density, given

by Milne. This is a sufficiently close representation of tlio

actual distribution both in the very high and in the very

low parts of the atmosphere when 70 's large. In the general

problem, now being investigated, which we hope to be ap-

plicable to all planets, q„ may be small (see footnote,

page 548). In such cases, Milne's formula, while sulliciently

accurate for most purposes, does not give the critical level

with sufficient closeness. And so, in the present application,

we introduce a new approximation which removes the ob-

jection just mentioned and at the same time gives a close

representation of the actual distribution in the parts of the

atmosphere with which we are mainly concerned. The

formula in question is

the ((/„ - 2) of Milne's formula being replaced by g,,-



AND THE ESCAPE OF MOLECULES FROM ISOTHERMAL ATMOSPHERES. 551

need to discuss such cases. In the planetary atmospheres as wc know them, »v. is of the sjiiiie

order as )\ and so X will be a very small quantity. (In the case of the earth r, is largest for

hydrogen, and even in that case we have seen above that it is equal only to l-238?o; the

corresponding value of \ is 10~^.) We have retained all the terms containing \ so that the

tiirmula for L,i might be applied to cases, if there be any, where X is no longer small. For our

present purpose, we may now wTite

,v:(j,M.)_,,X(,.|I_.)] ,,n,

As we have seen, this expression does not give the complete loss. We have still to calculate

the escape from the region r^ to r^, viz.

,* Jr.

i7r-tr'vo-r„'e~^' i ''e'-"e^'^''^ -hm^^

(hm)-

where ^^,. is a function of r determined by equation (7-13). This relation is so complicated as

to preclude any hope of effecting the integration by analysis. Its value can only be obtained

accurately in particular cases by quadrature. It is very easy, however, to get an idea of its order

of magnitude. For since in this region %", > c,-, the value of the above integi-al is less than it

would be if '&, were replaced by c,- It follows that the actual loss is less than Lc—the expression

obtained by changing r^ to r^ wherever it occurs in (7-17)—while it is greater than L^. Now

Ld _ re e "'"i 2 — \e "''<!

e r. 2 — \e >,

very nearly. But by definition, equation (7"16),

Xe''°'-.= 1 +X
= 1

very approximately, so that

Lc I'd

ratio

seen above, equations (7'1()) and (7"11), that

1 <i
—

which clearly depends pi-imarily on the ratio of e "u to e "'"c. This we can easily find, for we have

1 fj
—

ylr(s/q,r,/ra) , ?L«

e ».- 1

= e'°''°tr^) (7-18)

approximately. The value of the left-hand side of this equation is easily obtained in particular

cases from Table II, on page 542. It is small only when qo rj^r^ is small. A rough calculation

shows that if hydrogen existed on the moon with a molecular density at the surface of 10" per

unit volume, q„ro/ra is slightly less than 3'93 and the expressions (7'18) are equal approxi-

mately to "5.
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In such a case the region t\. to i\i supplies at most a number of molecules equal to those which

escape from above ?•,/. We shall accordingly regard Lc as giving with sufficient accuracy the loss

in all other cases. So finally, we have, changing ?•,; to ?> in equation (7'17) and substituting for \,

-•2n.. 9or

L = 4Tr-cr-ro-?Ve "'" e

V2r,~V

,1
.(7-19)

(hm)- Tc

We may suppose that the statical molecular distribution, which is disturbed by the escape

of these molecules, is restored by processes of diffusion so that the loss occasioned by the evapor-

ation of molecules from the region above r,. is made good by the diffusion of an equal number of

molecules across the critical layer.

If for any reason the level fc could be regarded as fixed, equation (7"19) shows that the rate

of loss would be proportional to the square of the molecular concentration at the base. In

general, however, the height of this critical level is itself a function of i/^ and will gradually

diminish as a result of the escape of molecules. The relation between it and i'„ has been given

above, equation (7'12), and when substituted in the expression for L we find a remarkable

simplification. Thus

^ _ 2'^iq,n^e-^ovo ^ ^i7rhin)igr,^e-^'^'"'"«v,
^^,^^^

(hniprc '"

which not only is independent of the size of the molecules but depends only on the first power

of v„. In calculating the time for an atmosphere to stream away, to which we proceed in the

next section, we shall require both formulae, (7'19) and (7'20), for L.

§ 8. The Time to lose a Simple Atmosphere. In an ideal atmosphere, such as we aie now con-

sidering, which consists of one gas only, the critical level ?'<; will continue to descend until it

reaches the surface of the planet. As we have seen the rate of loss of the atmosphere during this

stage is given by equation (720) and is proportional to the fiist power of the molecular density

at the base, but the critical height having become fixed, the formula (7"19) must be used and this

involves the square of the density.

In the first stage we have, if N be the total number of molecules present.

dt Vc
.(«01)

/•oc yx ''ii

Now N is given by N = I 4fTrf- vdr = v^l-n-r,- e"i« I e r dr.
J

>-o
-' )•„

This is a divergent integral, but the difficulty is only formal and can be avoided by consideiing

the atmosphere to have a ceiling of large radius R. \\v then get (using the first term of an

asymptotic oxjjression)

N= •iTrv,.r„-
e~''' -e"^'n

'

f/o'\...

47r/'„»v
.(8-02)

'Jo

lowing Jeans*, we can get N by a very simple methixl, thus: suppose the atni(is[)lu'ro to

* Jeans, loc. cil., p. 345.
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be equivalent to a layer of thickness H of uniform molecular density v.,. Then at the base, the

pressure of the gas is v„m(tH. But it is also id2li. Hence H = .,
=-" and so X^-ivro-H us^ o c/

2ii)tiij cy,

above.

The equation (8-01) can accordingly be written

-j7 = ^1— i'o = -fcii'o, (803)

which gives the law of diminution of v^ in the first stage of escape. Although k\ contains i\, it

may with sufficient accuracy be regarded as constant. It is only when Vc occurs in an exponential

term that it is important.

Suppose that at time i = 0, the value of v^ is (i',,), and the corresponding value of the critical

level is r^. The cori'esponding value of v„ when the critical level reaches the surface of the planet

is easily seen from equation (712) to be

^J^, = ^l^M'-'i) (8-04)

^""^
.<:-!

approximately. The value of ;/,, at any time is clearly

i'o = («'o)oe-*'* (8-05)

and so the time for the change from {vX to (vo)' is

r^=ilog,Mo = 25fi_M
k\ ^' («/„)' k, \ rj

go \ rJ

y27rrce(^C

V35rr„

if C is the average velocity of thermal agitation of the gas.

In the second stage of the escape we have

dX 2-iri<T'ive-''' „ ^^„,= ^,-, (8 07)

.... dva jr^a-e~''' .

which gives -j- = r v^-
dt 2 {hm)i

^-k-,v,', (8-08)

say.

The escape now proceeds much more slowly, for we have

^-J-, = k,t, (809)
Vo (Vo)

and so the time to change from {v^)' to (v„)" is

^^=MA'-A'} ^^'1^)

If (v,,)'' is one nth part of (voYi we can write

T,= l-, (8-11)

{'-?) ^«-<^«)

o •->
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if n is large. The time now depends directly on the ratio » of the densities, whereas in the first

stage it depended only on the logarithm of n.

For example, suppose that the atmosphere of Mars consisted only of helium and that at a

certain time in its history the molecular concentration at the surface of the planet was 10'^ Then

supposing the temperature to be — 100' C, the time required for the critical layer to reach the

surface of the planet is 6'98 x 10' years, the corresponding time for a temperature of 0° C. being

3'88 X 10^ years. At the end of this period the basic molecular concentrations are 6'6 x 10" and

4-17 X 10" respectively. Afterwards the dissipation takes place much more slowly. It is easily seen

that at the lower temperature it takes a further 1-4 x 10"'» years to reduce the density at the

base to one nth of 6'6 x 10'. Various numerical values are given in the table at the end of the

next section, where the effect of other atmospheric constituents is considered.

§ 9. The Loss of a Mixed Atmosphere. Actually an atmosphere consists of one or more con-

stituent gases and, according to the law formulated by Dalton, each is distributed as though it

alone were present. We have already given a mathematical expression for the law of distribution.

It is clear that the density falls off least rapidly in the case of the lightest gas, and so at very

great heights the atmosphere consists of this constituent alone. Its loss by escape proceeds as in

the case of a simple atmosphere just discussed if its critical level is at such a height tliat the

density of the other gases present is there negligible. In the course of time, however, this critical

level, in its gradual descent, will enter the region of the next heaviest and will then sink more

slowly. At the same time, the character of the escape will change for the light gas will escape

not only owing to collisions among its own molecules but also owing to collisions with the

molecules of the second gas. The net effect of these two considerations requires investigation.

The work of § 2 on the chance of a collision of one molecule of a gas with any other can easily

be extended to a mixture of gases. Denoting as before the chance in time U by {c)ht, we find

in the case of two gases

0(c) = 0,,(c) + 0,,(c), (9 01)

where 0,.!^)= .,»
" ^^'^-^

The symbol o-,., denotes the sum of the radii of the two different kinds of molecules. Arguing

as before, the length of a free path is seen to be given by

VW V>-(cVA» f ^'^.rJnc'Jhm.) f^^^^
^9.03^

c-hnii J c-hnu J

Using the law of distribution

>'i = («'.)o(5)%""('"'^"). (9-04)

w ith a corresponding expression for v^, we find for a molecule moving from a point r in a direction

making an angle 6 with the vertical,

"o ''"I
V7rq-ia- ifr (c "Jh ni^) (v^X e ^'^ i\

c-hm^q.

Tf. r-

= cos 0.^^l-e<'Bij-rrffn-
yf
f (c VAwti) (^1)06

C-hm, (ji

The critical level for the first gas is obtained by putting c= x
,
R=x

,
and = 0. The equation

becomes

^<^n'Mo^-^' p' ^° - 1] + -rra,^ (".X ' ''
'""9-u

e«=.v-l = 1 ^905)
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The unit terms in the brackets are in nearly all cases small in comparison with the other terms

and can be neglected. The relation can then also be written in the form

+ = — ;,— , (U'Od)
'»?, 111., l\"rr ^ '

where (y^)^ and (y.^^ are the respective molecular densities at the critical level.

The escape of molecules from a spherical shell of radius r is then given by

dh = iirr-v^fi (u, V, w) 2-n-c- sin ddddcdr {@„ (c) + 8,2 (c)j,

and, using the methods of § 7, we then find

dL = JLn + dLt,,

where rfX„ is the same as dL given in equation (7"03) and

dL,, = '- ^

^^y^
I e-'""-'- cfic \//( w,.) (1 - cos 0) dc.

It can be shown that when this expression is integrated from the critical height ?\. to infinity,

i,2=
km., q^r^ r:('s'>')-'-^'(«"-o]

km„i\

approximately. Hence

.(907)

j^^27^-o'(v,\{hm,)h '' —

"

(9-08)

We have already found a relation (equation (9'06)) for the function in the brackets and so wo
find a remarkable simplification,

»(,

This is precisely the same expression obtained for the escape of a simple atmosphere when
the critical level is sinking. In this case the critical level will never become fixed until the

heavier gases of the atmosphere have themselves streamed away to such an extent that the total

den.sity is so small that the critical level for all constituents is at the surface of the planet. The
escape of the lightest element may be regaixled as given by equation (9'09) throughout its entire

escape, and is proportional at all times to the first power of the basic molecular concenti-ation.

As in the preceding section, we thus find

dv„ .

as the law of escape, with the same meaning of k\ as before. The time to reduce the density to

one wth of its initial value is therefore given by

The loss of helium from Mars, assuming the presence of heavier constituents such as water

vapour, has been calculated according to this law and the results are compared in the following

table with the loss supposing it existed there alone.
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TABLE III.

The Loss of Helium from Mars. (Time in years.)

"0
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